PICARD STACK OF A WEIGHTED PROJECTIVE STACK

BEHRANG NOOHI

Abstra ct. We provethat the Picard stack of a weighted projectiv e stack over
an arbitrary base scheme S is naturally isomorphic to Z BGm:s

1. Intr oduction
The purposeof this note is to prove the following result.

Theorem 1.1. Let S be an arbitrary base scheme. Then, there is a natural iso-
morphism of stacksover S

Z BGy = Pic Ps(no;ng;  ;ny) ;

where the left hand side means disjoint union of Z copies of the classifying stack of
Gm;s .

We presert two proofs for this result. The rst proof is completely elemenary,
but rather long. It occupiesSection 2 to Section5. The secondproof (Section 6),
which is essetially due to Angelo Vistoli, is a standard application of the (stack
version of) Grothendied's basechangetheorems.
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2. Some element ary facts

In this section we prove a few lemmas which will be usedin the course of the
proof of the main theorem.

Lemma 2.1. Let S be a scheme,and r a positive integer. Let X = Ag” be the
ane spaccoverS, andU = Ars+1 f Og the complementof the zerm section. Denote
the basemap X ! S byp, the inclusion U ! X byj, andthe basemapU ! S by
q=p j.
i: If Sisnormal, thenp : PicS! PicX is an isomorphism.
ii: If Sis normal, thenq : PicS! PicU is an isomorphism.
1
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iii © Supmse S = SpecK [']=("?), wher K is a eld. Then, PicX is trivial.
The sameis true for PicU if r 6 1. (See Lemma 2.3 for the caser = 1.)

Proof of (i). Let CI stand for the divisor class group. We will make use of the
fact that, for any integral schemeY, the natural map Pic(Y) ! CI(Y) is injective.
(This is an easyconsequencef Krull Hauptidealsatz).

Let :S! X be a sectionfor p, say given by xo = = X, = 1. We claim
that andp areinverseisomorphismsbetweenPic(X) and Pic(S). We know this
is true in the caseof classgroups ([3], II. Proposition 6.6). In the caseof Picard
groups, the equality p = id is obvious. The other equality follows from the
following commutativ e diagram:

Pic(X) — Pic(S) > Pic(X)

b b b

Cl(X) — CI(S) -2~ clIx)

-~
id

Proof of (ii). Weshaow that the natural mapj : CI(X) ! CI(U) isanisomorphism.
When r 1, this follows from ([3], Il. Proposition 6.5.b). When r = 0, we know
by ([3], Il. Proposition 6.5.c) that j is surjective, and that its kernel is generated
by the image of the divisor Z : xo = 0. But this divisor is trivial, soj is an
isomorphism. To prove (ii) we can now simply repeat the argumert of Part (i),
with X replacedby U.

Proof of (ii). Let X% = X,eq, that is X = SpecK[x1; ;x;]. Similarly, set
U% = U = X% f0g. We will usethe isomorphisms H(X%Oxo) = PicX
and H*(U%Oyo) = PicU. For instance, in the latter case,this isomorphism can
be realized as follows. Consider the standard covering U = [ [, Ui, where U; =
SpecR[xo;  Xr:X 1. Let ff;g be a Cech 1-cacyclerelative to this covering with
valuesin Oyo. Then, the 1-cocycle with valuesin O, de ned by f1+ f;"g givesthe
corresponding line bundle on U.

SinceX %is ane and Ox o is quasi-coheremn, we have H (X % Oy o) = 0, soPic X
is trivial. Sameis true for U whenr = 0, becausein this caseU is ane. We now
compute H1(U% Oyo), for r 2, using the Cech complex assaiated to the covering
U = [ [, Ui. This complexlooks as follows:

Kxo; ixrix ]! KXo;  5XeiX; 5% 11!

i i<

! KXo;  5XeiXp 5% 5% ]!
i<j <k

Writing out the cocycle condition for triple intersectionsU; \ U; \ Uy, and using
the fact that r 2, we seethat a 1-cocyle in this complexis necessarilyof the form
ffij G+ g0« ,wherefi; 2K[xo; ;x/],andg 2 K[xo; ;Xr;x; ] hasthe
property that all of its monomials contain negative powers of x;. This 1-cocycle
is equal to the boundary of the 0-chain fh; = f1; + gg,, wherefy.; := 0. Thus,
PicU = H(U% Oyo) is trivial.
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Remark 2.2. Lemma 2.1i and ii hold evenif S is not normal. All we needis S be
integral. The reasonfor assumingnormal is to make life easierby quoting ([3], II.
Proposition 6.6). The point is that, condition ( ) of loc. cit. is often redundart in
the treatment of Weil divisors. For instance, for every f 2 R, whereR is a domain
(that is not necessarilyregular of codimfnsion one), div(f ) can be de ned by

div(f)=  Ip(f) Y;
ht p=1

where, by de nition, 1,(f) is the length of the Rp,-module Ry=(f), and Y, is the

prime divisor corresponding to p. This de nition has all the expected properties,

and so doesthe corresponding notion of Weil divisor classgroup. With this de n-

ition of divisor classgroup, Proposition 11.6.6 of [3], which is all we neededin the

proof of Lemma 2.1, is true (with the sameproof) for any integral scheme X ..

Lemma 2.3. LetK bea eld, R = K[']=("?), and S = SpecR. LetU = AZ fO0g,
and let U = Uy [ Uy be the standard covering of U. Namely, Uy = SpecK [x; y;x ]
and Uy = SpecK [x;y;y 1]. LetV be the k-vector space spanned by the monomials
fx'yl j i;j < 0g. For eachf 2 V, let L; be the line bunde over U given by gluing
the trivial line bundes over Uy and U, along Ux [ Uy, = SpecK [x;y;x Yy 1] by
the function 1+ "f 2 R[x;y;x ';y 1] . Then, the correspnden@f 7! L induces
an isomorphismV | PicU.

Proof. Usethe Ced complex appearing in the proof of Lemma 2.1.ii .

Exercise. Notation beingasin Lemma 2.3, let s;t 2 K be constarts, with t 6 0,
and let m; n be arbitrary positive integers. Considerthe automorphism' : U! U

XU (t+"s)"x; y7! (t+"s)"y:
Prove that, for every f 2 V, we have' (L;) = L. ¢, where' f is dened by
YR y) = (M ty).
3. Line bundles on weighted projective stacks
Let S = SpecR be an ane sdeme,and let G, = Gns = SpecR[t;t 1] be
the multiplicativ e group schemeover S. Let U := A"l f0g, r 1. Givena

sequenceof positive integers ng; ny; ;nr we de ne the weight (ng;ny; ine)
action G,, U! U of G, on U by the ring homomorphism

Rlxo; X! RItt 5xo  5xe];

Xi 7! t™ix;:
In other words, t acts by multiplication by (t"o;t":;  ;t"r).

The quotient stadk of this action is called the weightel projective stackover S of
weight (ng; ny; ;np), andis denotedby Ps(no; ny; ;Ne) or Pr(ng;Nny; ine).
Sincethis construction is local on S, we can talk about weighted projective stacks
over an arbitrary baseschemeS. (Equivalertly, we can de ne Ps(ng;ny;  ;n;)
by pulling back Pz(ng;n;;  ;n;) alongS! SpecZ.)

Togivealine bundle onPs(ng;n1;  ;n;) isthe sameasto givea Gy, -equivariant
line bundle on U. Recallthat, a G, -equivariant line bundle on U meansa line bun-
dle L on U, together with an isomorphism" : pr L ! L, wherepr; : G, U!

U are the projection and the multiplication morphisms, respectively. We require
that ' satis es the obvious cocycle condition on G, G, U.
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Supposethat S = SpecR, where R is a normal domain, or R = K[']=("?). By
Lemma 2.1 every line bundle over U is trivial . Therefore, in this case,to give

a line bundle over Pgr(nho;ny; ;Ny) is equivalent to giving an invertible elemen
f (t; Xo; X)) 2 R[t;t 1 xo; ;Xr] which satis es the following cocycle condi-
tion:

f(tsixo; ;%) = f(s;tMoxo; T xe)f (6 X0; 5 X):

Sudh anf givesrise to the trivial line bundle if it is a coboundary. Namely, if there
exists h 2 R[Xp; iXr] sud that

f(t;xo; ;%)= h(tMxe; t™x)h(xo; %) L
(Note that, when R is an integral domain, this meansh = a for someunit a2 R
In particular, if two cocycledi er by a coboundary, they should actually be equal.)
In fact, we have beenslightly sloppy in the above discussion,because,a priori,

f is a function on ArR+1 fOg and it is not guaranteed to be a polynomial. But the
following Hartogs like lemma validates our argumert.

Lemma 3.1. Let R be an arbitrary ring and f a glotal section of the structure
shaf of U = ArR+1 fOg. If r 1, thenf extendsuniquely to a glokal section of
AR

Proof. Let U, = SpecR[Xp; P X X 11 and consider the covering U = U
We shaw that the restrictions f; := fjy, are polynomials for every i. To seethis,
obsene that, except possibly for x;, all variables occur with positive powersin f;.
To show that x; alsooccurswith a positive power, pick somej 6 i and usethe fact
that x; occurswith a positive power in fjju\ u; = fijun u; -

So,all f; actually lie in R[Xo; Xrs X 1]. Sincefjjy, = fijy,, it is obvious that
all f; are actually equal to ead other and provide the desired extension of f to
AL

For any xed integerd 2 Z, the polynomial

fatixe,  5x0) =t
satis es the above cocycle condition. The corresponding line bundle is denoted by
O(d). The map d 7! O(d) givesrise a group homomorphism

Z! Pic Pr(ng;ng; ine)

In the casewhereR is a eld, it is awell-known fact that this is an isomorphism. It
follows from the main theorem of this paper that this is indeedtrue for an arbitrary
local ring R. In the next lemma we prove a special casewhere R is normal.

Lemma 3.2. AssumeR is a normal local domain. Then any line bunde L over
Ps(ng;ny;  ;n;) is isomorphic to O(d) for somed 2 Z.

Proof. Sinceewery line bundle on A{;l fOg is trivial (Lemma 2.1ii), L can be
described by a cocyclef (t; xo; ;%) 2 R[t;t Y;Xo;  ;%/]. That is,

f(ts;xo; %) = f(sit"oxo; T xe)f (8 Xo; i Xr):

We canwrite f = t9g, whered 2 Z and g2 R[t; Xxo; ;%] is a polynomial that is
not divisible by t. Sinceg also satis es the cocycle condition, by substituting s = 0
in the cocycle condition and observing that the left hand side does not involve t,
we seethat g must be a constart polynomial. Of course,by the cocycle condition,
the only choice for this constart is 1. Therefore, f (t; x1; ;%) = t9.
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4, Statement of the main resul t

For an arbitrary algebraic stadk X over S, the Picard stadk Pic(X) is the stack
de ned by assaiating to any T ! S the groupoid of line bundles (and isomorphisms
betweenthem) on X1 = T s X. By decert theory, this is always a stack over S.
When X is nice enough,it is indeed an algebraic stac.

Theorem 4.1 ([1], Theorem 5.1). AssumeS is an ane schemeover an excellent
Dedekind domain. If X is proper and at over S, then Pic(X) is an algebaic stack.

Picard stad is functorial, in the sensethat Pic(Xt) = T Pic(X). Our goalis
to study Pic Ps(ng;ni;  ;n;) . We prove the following theorem

Theorem 4.2. Let S be an arbitrary base scheme. Then, there is a natural iso-
morphism of stacksover S

Z BGps = Pic Ps(ng;ny;  ;ny)

whete the left hand side means disjoint union of Z copies of the classifying stack of
Gm:s -

Corollary 4.3. A line bunde L on Ps(nhg;ng; ;Ny) is isomorphic to a line
bunde of the form f (M) O(d) for somed 2 Z, and a line bunde M on S,
where f : Ps(ng;ng;  ;n¢) ! S is the projection map. Furthermore, d and the

isomorphism classof M are uniquely determined by L.

Corollary 4.4. Let S = SpecR, wher R is an arbitrary local ring. Then any line
bunde on Ps(ng;ni1;  ;n;) is isomorphic to O(d) for somed 2 Z.

5. Proof of the main theorem

Fix abaseschemeS. Throughout this sectionwe denotePic Ps(ng;ns; ine)
by P. Obsene that, sincePic Ps(ng;nz; ;) =S Pic Pz(no;ng; ine)
this is represenable by an algebraic stadk (Theorem 4.1).

Lemma 5.1. AssumesS is connected. Let L be aline bunde on Ps(ng;ny; ine).
Then, for any point y: Speck ! S, the restriction Ly of L to Px(ng;nz; ine)
is isomorphic to O(d), for someinteger d that is independent of y.

Proof. Wemay assumeS = SpecR isa ne. Also, sinceevery line bundle is de ned
by nite data, wecan nd a nitely generatedsubring of R over which L is de ned.
Sowe may assumeR is Noetherian. By replacing S with S;¢q We may assumes is
reduced. Sinceit is enoughto prove the statemert for ead irreducible componert
of S we may also assumethat S is integral. Sincethe normalization of S surjects
onto S we may assumesS is normal. Finally, it is enoughto prove the result for
every local ring Oy, X 2 S. Sowe may further assumethat R is local. The result
now follows from Lemma 3.2.

The above lemma shows that we have a decomposition P = ,,, Pq4. Let P be
the fppf sheafon Schs assaiated to the presheaf

V 7! fisomorphism classesn P(V)g:

This is what is called the “S-espacegrossier' assaiated to P in [5]. Then, we have
adecomposition P =, Pq, where ead Py is a subsheafof P.

For any ring R, the global sectionsof Pg(ng;n; ;n;) are precisely R. This
is easyto shaw, becausesuch global sectionsare precisely the global sections of
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AL which are G -invariant. Therefore, we seethat, for any integer d, the group
of automorphisms of O(d) on Pr(ng;ny; ;ny) is R . This implies that P is a
Gn -gerbe over P, and for each d 2 Z, Py is a Gy, -gerbe over Py.

Prop osition 5.2. For everyd 2 Z the natural map Pg ! S is an isomorphism
and Py is a neutral Gy, -gerke over Py.

Before giving the proof of the above proposition, let us note that the main result
of the paper is an easyconsequence

Theorem 5.3. Let S be an arbitrary base scheme. The natural morphism
:Z BGp ! Pic Ps(ng;ni; ;ny)

which on the d-the component is given by the line bundie O(d) is an isomorphism
of stacksover S.

The morphisms in the above theorem can be interpreted as follows. For
any schemeT over S, a T-point of the left hand side corresponds, by de nition,
to a pair (d;M), where d in an integer and M is a line bundle over T. Then,

sendsthis to the T-point of Pic Pr(ng;ni1;  ;n;) corresponding to the line
bundlef (M) O(d) onP+t(ng;n1; ;n;). Usingthis interpretation Corollary 4.3
follows immediately.

To prove Proposition 5.2 we needa couple of lemmas.

Lemma 5.4. For everyd 2 Z, the shaf Py is representableby an algebaic space
andf :Pg! Sis semrated and locally of nite presentation.

Proof. Represerabilit y by an algebraic spacefollows from Corollaire 10.8 of [5] be-
causefor every schemeU, the group schemeGn,y is at and of nite presenation
over U. Separatednesof f follows from valuative criterion for separatednesspe-
causef f inducesa bijection on T-valued points whenewer T is normal (use Lemma
3.2).

Soall we needto shaw is that Py is of locally of nite presenations. That is, we
have to show that, for very projective systemfU;gi,;, of ane sdemes(over S),
the natural map

|Irﬂ Pd(Ui) = Pd(lim Ui)
is a bijection. This follows from the fact that, for any ane U, a line bundle over

Pu(no;ny;  ;ny) can be given by a 1-cocyle relative to the standard covering
of Py(no;ny;  ;ny) by ane patches(and sothere are only nitely many data
involved).

Lemma 5.5. Letf: X ! S beamorphism of scheme.Assumef is locally of nite
type, is bijective, and admits a section. Also, assumethe bers of f are reduced.
Then f is an isomorphism. The samestatementis true if X is an algebmic space
and f is seprated.

Proof. We may assumeS is a scheme. Let x 2 X be an arbitrary point. We
prove that the induced map of local rings f, : O; () ! Oy is an isomorphism. Let
A =0 and B = Oy, andlet m A be the maximal ideal of A. Then, B is
an A algebraand, by assumption, the natural map A! B admits a right inverse
g: B! A. Let| := kerg be the corresponding ideal in B. The assumption that
f is bijective, implies that A'! B induces a bijection on the set of prime ideals
(and the inverseis provided by g). Therefore, | is a nilpotent ideal. On the other
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hand, we have a natural decomposition B = A | as A-modules. The fact that
f hasreduced b ersimplies that M=mB = R=m |=ml is reduced. Therefore,
I=ml = 0. So, if we prove that | is nitely generated,it follows from Nakayama's
lemmathat | = 0, which is what we want to prove.

To prove that | is nitely generated,note that B is of nite type over A. Let
fa + tjg bea nite generatingset, wherea; 2 A andt; 2 1. Let T be the setof all
monomialsin ftjg. Then T generatesl asan A-module. Finally, obsene that T is
nite becausel is nilpotent.

To prove the secondstatemert, note that f is quasi- nite, locally of nite pre-
sertation and separated. Therefore, by ([4], II. Corollary 6.16), X is a scheme.

Proof of Proposition 5.2. We shaw that the mapf : P4 ! S satis es the hypotheses
of Lemma 5.5.

We know by Lemmab5.4that Py ! S is separatedand locally of nite. The fact
that f is a bijection follows from the fact that, for any eld K, all line bundles
over Px (no; Nny; ;ny) are of the form O(d); seeLemma 3.2. A section for f is
provided by the line bundle O(d) on Ps(ng;ny;  ;ny).

All that is left to ched is that f hasreduced b ers. Let K be a eld and set
R = K[']=("?). We must showv that the only line bundle on Pr(ng;ns; iny)
whoserestriction to the special b er is isomorphic to O(d) is itself isomorphic to
O(d). To prove this, rst we twist by O( d) and reduceto the cased = 0. Let L
be a line bundle on Pr(ng;n1; ;n;) whoserestriction to the special b er is O.
Letf 2 R[t;t ;xo; ;x;] bethe cocyclerepreseting L, asin Section3. (Here
we are implicitly using Lemma 2.1iii and Lemma 3.1; also seethe exerciseat the
end of Section2.) Recall that the cocycle condition meansthe following identit y:

f(ts;xo;  ;%xr) = f(s;t"°%xq; stV x)f (X0, iXr):

Since the restriction of L to the special b er is trivial, we can, after modifying
f, assumethat f = 1+ "g, whereg 2 K[t;t 1;xo; ;X,] satis es the following
cocycle condition:

gts; xo; ;%) = g(sit"xo;  t" )+ g(t Xo;  iXp):
We will shawv that this cocycle is a coboundary, in the sensethat, there exists
h2 K[x; ; Xr ] sudh that
ot xo; %) = h(t™xo;  t™ %) h(Xe;  X):

We can expressg uniguely in the form
X
g(tixo; X)) = gy (X:
J
Here J runs through a nite set of r-tuples (jo;  ;jr) of positive integers, x?
stands for the monomial xi  xir, and g; (t) is a Laurant polynomial in t. The
cocycle condition for g now reads

83; y(ts) = g ()’ "+ gy (1);

wheren = (ng;  ;n,), and standsfor dot product of vectors. The above identit y
implies that g; is indeed a polynomial in t, becausea negative power of t supplied
by g; (t) on the right hand side can not correspond to anything on the left hand
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side. Seta; := ;(0) 2 K. By plugging s = 0 in the above equality, we seethat
() =a(t’" 1). Set «
h(Xo; iXp) = agx’:
J
It is easily veri ed that

ot xo; %) = h(t™xo;  t™ %) h(Xe;  iX):
This provesthat g is a coboundary. The proof is complete.

Remark 5.6. The last part of the above proof can be interpreted as saying that
H! Pr(ng;ny; ;n;);O = 0, whereR = K[']=("?).

6. Al terna tive appr oach

It was pointed out to me by Angelo Vistoli [7] that there is an easy way to
prove Theorem 4.2 using Grothendiedk's base change results ([3], I1l. Theorem
12.11). Here is how the proof goesin the caseof the usual projective spaceP.
The appropriate modi cations that are neededto make this proof applicable to the
general caseof weighted projective stacks will be explained afterwards.

An alternative proof of Theorem 4.2 for Pg. We show that, for any connectedbase
schemesS, a line bundle L on Pg is uniquely expressedin the form f (M) O(d),
where M is a line bundle on S and f : P5 ! S is the basemap. Furthermore,
under this identi cation, anisomorphism' : L ! L%is of the formp ( ) id, for
a unique isomorphism : M ! M©

The proof of the above statemert is quite easyusing ([3], IIl. Theorem 12.11).
First, we can reduceto the casewhere S is ane. Sincea line bundle on P§ is
given by nitely many data, we may assumeS is nitely generatedover Z, and in
particular Noetherian.

Step 1. First we prove that there exists an integer d sud that L, = O(d) for every
point x 2 S. This of coursewas already proved in Lemma 5.1, but we give a direct
proof.

Since S is connected, it is enoughto prove that, for every x 2 S, the statement
is true in someneighborhood of x. After tensoring L by O( d), we may assume
that Ly = O. In particular, H(P,;L) = 0. By semiconinuity, the sameis true in
someneighborhood of x. So, after shrinking to this neighborhood, we may assume
it is true for every point on S. The maps

Yy): RY (L) k(y)! HY(PLy)

are now surjective, for all y 2 S. Hence,by ([3], IIl. Theorem 12.11.a), *(y) must
be an isomorphism for every y 2 S. In other words, the b ers of the coheren
sheafRf (L) are zeroat every point y 2 S. This implies that R*f (L) = 0. In
particular, Rf (L) is locally free. It follows now from ([3], I1I. Theorem 12.11.b,
with i = 1), that, for everyy 2 S,

oy): f (L) k(y)! HO(Py;Ly)
is surjective, hencean isomorphism, by ([3], Il1I. Theorem 12.11.a). On the other
hand, f (L) is locally free of rank 1, by ([3], IIl. Theorem 12.11.b,with i = 0). We

concludethat the dimension of HO(P; Ly) is 1 for every y. This means,Ly = O,
for everyy 2 S.
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Step2. We show that, if Ly is trivial for every y, then there exists a line bundle M

onSsuc that f (M) = L. The claimisthat M := f (L) hasthe desiredproperty.

We have already showvn above that M is locally free of rank H 0(P;;Oy) = 1. By
adjunction, we haveanatural mapf M ! L. Weclaim that this is anisomorphism.
Sincethe statemert is functorial, we may replaceS by smaller open setsand assume
that M is free of rank 1. Choosea generators for it and let be the image of s in

L under the adjunction mapf M ! L. We show that is a generator for L by
proving that it is nowhere vanishing. This is quite easy becauseif vanishedat a
point x 2 Pg, it would vanish along the ertire b er P, wherey = f (x). But this
would then imply that s vanishesat y which is impossible.

Let us summarizethe key facts that made the above proof possible.

A: Themapf:Pg! Sis at and proper, sowe can use Grothendiec's Base
Changeand Semicoriin uity.

B: For every eld k, we have H(P};0) = 0.

C: For every eld k, every line bundle over P} is of the form O(d). If for aline
bundle L we have the equality dim H® P,;L ™ = 1 for every m 2 Z,
thenL = O.

(In fact, in (A) knowing the equality with m = 1 was already enoughto show
that L = O. But, for weighted projective spacesthis in generalwill not be enough.
More precisely in Step 1, after reducing to the caseL, = O, we will have to repeat
the argumert for every tensor power L ™))

All of the above three facts are indeed true for arbitrary weighted projective
stacks, as we will seeshortly. So, once we have Grothendied's basechange (and
Semicorinuity) for stacks, Theorem 4.2 follows (see Appendix ).

Let usverify (A), (B) and (C) for arbitrary weighted projective stacks. It is well
knows that f : Ps(ng;ny; ;ny) ! Sis proper and at; this takes care of (A).
Remark 5.6 implies (B). To prove (C), obsene that H°(P};O(d)) is naturally
isomorphic to the k-vector spaceof homogenousmonomials of degreed in weighted
variablesfxi;  ;X,g, wherex; is of weight n;. Hence,dimy H°(P}; O(d)) is equal
to the number of solutions of the equation

ajng + apnp + +an, =d

in non-negative integers a;. It is not in generaltrue that if the number of suc
solutions for d and d° are equalthen d = d® Howewer, it is true that if the number
of such solutions are equal for md and md® for all integersm, then d = d° This
shows that (C) is true, completing our argumert.

7. Appendix I: Gr othendieck's base change resul ts for algebraic
stacks

In this appendix | presen a proof, essetially due to Vistoli, of Grothendiec's
basechangeand semiconin uity theoremsfor the special caseof weighted projective
stacks.!

Prop osition 7.1. Let S be an arbitrary base scheme. Let G be a diagonalizable
group scheme(in the senseof [2]) over S, and p: X ! S a schemeseprated over
S endowa with a G-action with nite stabilizers. Assume X can be covered by

IMartin Olsson [6] has explained to me that the base change theorem can be proved in full
generality using the results of his papers.
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invariant open subschemeX suchthateachp: X ! Sisane. LetX = [X=(C]

be the stack quotient and Xog = X=G the geometric quotient, with  : X! Xpoqg

the moduli map. Let : Qcoh(X) ! Qcoh(Xmoq) be the pushforward map. Then
has the following properties:

i is exactand sends at (over S) quasi-@oherent sheavesto at (over S)
guasi-oherent sheaves.

ii . Formation of the coarse moduli space commuteswith arbitrary basechange,

and sodoes . More precisely, for everyS°! S, the following diagram is

cartesian,

XSO %- XS

) | s

(Xs9)mod e (Xs)mod

andwehaveu (s) =( s0) V.

Proof. For eadh , the geometric quotient X =G is given by Speqp Ox )C. That
iS, Xmod has an ane (relative to S) covering by Spec(p Ox )©. For any quasi-
coherern sheafF on X, viewed asa G-equivariant sheafon X, its push forvard F
is given on eact Spec(p Ox )© by (p F)©. The proposition now follows from the
fact that, for any diagonalizablegroup schemeover S, and any G-equivariant quasi-
coherert sheafA on S, sud asp Oy ol\r/lp F, we have a natural decomposition

A= A ;
2
whereeadh : G ! Gy, is a character of G, and is the set of all characters. In
particular, for every , the functor A 7! A isexact,sendsat (relativeto S) quasi-
coheren shearesto at quasi-coheren sheares,and commutes with arbitrary base
changeS®! S. Applying this to our situation, with  being the trivial character,
the proposition follows.

Corollary 7.2. If in the alove proposition Xnoq ! S is proper and S is Noether-
ian, then Grothendieck's semi@ntinuity and base changetheoremsare valid for the
morphism X ! S.

Proof. Push forward everything from X to Xm0 and apply the relevant results for
the map Xmog ! S.

Example 7.3. Let X = Ay fO0g, and considerthe weight (no;n1;  ;n;) action

of G = Gns on X. Let fX;g_; be the standard covering of X, where X; =

SpecOs[Xg;  ;Xr; X 1. Then the conditions of the proposition are satis ed.
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