Numerical and theoretical considerations for sensitivity calculation of discontinuous flow

Chris Homescu, I.M. Navon ∗

Departmentt of Mathematics and School of Computational Science and Information Technology Florida State University Tallahassee FL 32306

Abstract

Linearization of 1-D Euler equations about a discontinuous solution is discussed from both the theoretical and numerical point of view. Estimates for the norm of the solution of the linearized system are shown to be valid for the case presented. Numerically, the linearization is performed following the guidelines of tangent linear model and sensitivities with respect to a flow parameter are computed, being in better agreement with the analytical value when compared with previously reported results.

Key words: sensitivity, Euler equations, discontinuity, linearization, sensitivity estimates, tangent linear model

1 Introduction

Sensitivities (which are derivatives of the variables or cost functionals that describe the model with respect to parameters that determine the behavior of the model –e.g. initial conditions, boundary conditions, shape parameters etc.) were extensively studied in the last decades for problems involving continuous functions. Research was performed also in the presence of discontinuities but many questions in this area remain yet unanswered.

∗ Corresponding author.

Email addresses: chome@math.fsu.edu (Chris Homescu),

navon@csit.fsu.edu ( I.M. Navon).

Preprint submitted to Elsevier Science 7 September 2001

Sensitivity analysis in the case of a model with discontinuities was applied in areas like fluid dynamics, aerodynamics, chemistry, financial analysis, meteorology or environmental studies, to name but a few.

Studies include shape optimization for fluids (Burgreen and Baysal [1], Newman et al. [2], Taylor et al. [3], Mohammadi and Pironneau [4]), noise analysis and optimization of electronic circuits (Nguyen et al. [5]), control of contaminant releases in rivers (Piasecki and Katopodes [6]), control of water movement through sytems of irrigation canals (Sanders and Katopodes [7]), shallow water wave control (Sanders and Katopodes [8]), aeroelastic analysis (Giunta and Sobiesczanski-Sobieski [9]), shock sensitivity evaluations of dynamic financial strategies (Gourieroux and Jasiak [10])and meteorological applications (Navon et al. [11]).

Theoretical and computational aspects of sensitivity calculation in the presence of discontinuities were presented also by Ulbrich [12], Godlewski and Raviart [13], Bouchut and James [14] and DiCesare and Pironneau [15].

2 Model formulation

We chose to perform linearization of 1-D Euler equations and sensitivity computation for this discontinuous flow, since the one-dimensional shock-tube problem from gas dynamics contains many potential ”troublesome” characteristics of a flow with discontinuities, including shock waves, rarefaction waves and contact discontinuities.

The one-dimensional equations of gas dynamics can be written in conservation law form as:

U_t + F(U)_x = 0 (1)

where

U = ρ m e , F(U) = m m^2

ρ + P

(_m ρ ) (e + P ) (2)

and where ρ is the density, u is the velocity, m = ρu is momentum, P is the pressure and e is the internal energy per unit volume. The variables are related by e = ρε +^1_2 ρu^2, where ε =^P_{(γ−1)ρ} is the internal energy per internal mass with γ the ratio of specific heats (which is taken to be 1.4).

We study the Riemann problem which can be described as follows. There is a shock tube with 2 gases separated by a membrane. Initially both gases are at rest and are at different pressures and densities defined by P_4 > P_1, ρ_4 > ρ_1, and u_4 > u_1 where the subscript refers to the region in which the variables are defined (initially region 4 at the left of the membrane and region 1 is at the right of the membrane; afterwards region 4 is first region from the left boundary and region 1 is the first region from the right boundary (see Figure 1). The exact solution can be found explicitly as a function of x and t (see Liepmann and Roshko [16]) and its plot (numerical solution versus analytical solution) is shown in Fig. 1. The solution has several distincts regions: a region of low pressure and density; an area between shock and contact discontinuity; an area between contact discontinuity and rarefaction wave; ararefaction wave and a region of high pressure and density.

3 Tangent linear system approach for the sensitivity computation

We consider a symbolic form for a time-dependent system of equations ∂X ∂t = N(X) (3)

Then the perturbed solution (X(t) + δX(t)) satisfies the equation

∂(X(t) + δX(t)) ∂t = N(X(t) + δX(t)) =

N(X(t)) + ∂N ∂X (X(t))δX(t) + O(δX(t))

where ∂N ∂X is the Jacobian of the nonlinear function N with respect to the variables X. Upon retaining only the first order terms in δX the previous equation becomes

δX(t)) ∂t = ∂N ∂X (X(t))δX(t) (4)

To determine the sensitivity with respect to a parameter α we differentiate equation (3) and assuming that we can interchange the order of differentiation we obtain ∂ ∂t ( ∂X ∂α ) = ∂N(X) ∂X ∂X ∂α (5) which implies that the sensitivity ∂X ∂α with respect to the parameter α satisfies also the tangent linear equation (4). This provides the rationale for the numerical computation of the sensitivity using the tangent linear model.

4 Linearization of the Euler equations

Given a solution of (1), called basic solution, we study the behavior in time of solutions of the linear hyperbolic system obtained by linearizing (1) at the basic solution. Since the basic solution is discontinuous the linearized system has discontinuous coefficients and it is not well posed in any class of functions. The solution of the linearized system consists of the sum of a function and a measure caused by the discontinuity of the basic solution.

Let U = U(x, t) be the basic solution and

U^ϵ = U(x, t) + ϵV(x, t) U^ϵ = U(x, 0) + ϵV(x, 0) = U_0(x) + ϵV_0(x)

with ϵ > 0 a small parameter.

The first order perturbation V = V(x, t) is solution of linearized problem

∂V ∂t + ∂ ∂x (J(U)V) = 0 (6) V(x, 0) = V_0(x)

where J(U) denote the Jacobian of F(U).

The basic solution U presents a discontinuity along the line L = {(x, t), x = Φ(t), t ≥ 0} where the function Φ(t) is determined by the location of the shock (in our case

Φ(t) =

( γP_1 ρ_1

) 1_2 ( γ − 1 2γ + γ + 1 2γ P_2 P_1

) 1_2

+ x_0

where the subscript refers to the region in which the variables are defined and x_0 is the initial position of the diaphragm (at t = 0). U presents at most weak discontinuities outside the line L. For t small enough the problem retains the same characteristics but the perturbed solution U^ϵ presents a discontinuity along a different line L^ϵ = {(x, t), x = Φ^ϵ(t) = Φ(t) + ϵΨ(t), t ≥ 0} and at most weak discontinuities outside L^ϵ.

We introduce the equation of the front of the discontinuities as one of the unknowns and we use a change of variables to reduce the problem to a fixed domain :

x̂ = x − Φ^ϵ(t) (7) Û^ϵ(x̂, t) = U^ϵ(x̂ + Φ^ϵ(t), t) (8)

The function U is now discontinuous along the fixed line x̂ = 0 and is the solution of the Cauchy problem

∂Û^ϵ ∂t + ∂ ∂t (F (Û^ϵ) −

∂Φ^ϵ ∂t Û) = 0 (9)

U^ϵ(x̂, 0) = U_0(x̂ + Φ^ϵ(0)) + ϵV(x̂ + Φ^ϵ(0))

Moreover Û^ϵ satisfies the Rankine-Hugoniot jump relations across x̂ = 0

[F (Û^ϵ)] =

∂Φ^ϵ ∂t [Û^ϵ] (10)

Recalling that

Û(x̂, t) = U(x̂ + Φ(t), t)

Û^ϵ = Û + ϵÛ + · · · Φ^ϵ = Φ + ϵΨ

we obtain that the pair (V̂, Ψ) satisfies the linearized equations and the Rankine-Hugoniot relation:

∂V̂^ϵ ∂t + ∂ ∂x̂ (( J(Û) − ∂Φ ∂t ) V̂ − ∂Ψ ∂t Û ) = 0 (11)

V̂(x̂, 0) = V_0(x̂) + Ψ(0)dU^0 dx (x̂) [ (J(Û) − ∂Φ ∂t )V̂ ] = ∂Ψ ∂t [Û]

We define V̄(x̂, t) = V̂(x̂, t) − Ψ(t) ∂Û ∂x̂ (x̂, t). Then the pair (V̄, Ψ) satisfies the equations and jump condition:

∂V̄^ϵ ∂t + ∂ ∂x̂ (( J(Û) − ∂Φ ∂t ) V̄) − ∂Ψ ∂t Û ) = 0 (12)

V̄(x̄, 0) = V_0(x̂) [( J(Û) − ∂Φ ∂t ) V̄ ] = ∂Ψ ∂t [Û] + Ψ ∂Û ∂t The equations (12) have a unique solution (Godlewski [13]). The solution V of the system (6) is defined as the sum of a function and a measure whose support is L

V(x, t) = V̄(x − Φ(t), t) − Ψ[U]δ_L (13)

where δ_L is the Dirac measure with support L.

5 L^2 estimates for the solution of the linearized Euler equations

L^2 estimates for the solution of the linearized system are obtained following the approach of Majda [17] and Metivier [18]. Let Ω = R×[0, ∞] and ω = {x = 0} the boundary of Ω. We define L^2_η = e^{ηt}L^2 and H^1_η = e^{ηt}H^1 and in these spaces we consider the norms

||u||^2_L2_η = ∫ Ω e^{−2ηt}|u(x)|^2dx = ||e^{−ηt}u||^2_L2

||u||^2_H1_η = ||e^{−ηt}u||^2_H1 (14)

The solution ( V̄, Ψ ) ∈ H^1(Ω) × H^1(ω) of (12) satisfies the estimate

η||V̄||^2_0 + ||V̄|_{x=0}||^2_0 + ||Ψ||^2_{1,η} ≤ C η ||e^{−ηt}F||^2_0 (15)

where C is a constant, η ≥ η_0 with η_0 given and by definition ||u||_L2_η = ||u||_0, with ||u||_0 being the usual norm in L^2.

6 Numerical considerations

To solve the Riemann problem we chose a code written by S. Li [19] which employs a method of Adaptive Mesh Refinement in conjunction with a Riemann solver of Roe-type (LeVeque [20]). The numerical solution is in very good agreement with the analytical solution and this eliminates a major source of errors in the numerical computation of the sensitivities.

The tangent linear model is obtained at the level code and it is the discrete equivalent of the linearization around the basic state. We computed the sensitivity of the flow variables (pressure, density and velocity) with respect to an initial parameter (the high pressure initial condition at the left of the membrane). Our results (see Figure 2) show a marked improvement over previous numerical results (Gunzburger [21]). This improvement can be especially seen in regions where discontinuities are present and it can be characterized by a smaller size of the ”spikes” appearing due to nondifferentiability.

Among the reasons which contributed to the ”better” accuracy of the sensitivity one may enumerate the adaptive mesh refinement and the employment of a special error estimator for the tangent linear code (in addition to the error estimator implemented in the original code).

7 Concluding remarks

Theoretical aspects of linearization for Euler equations were presented. The solution of the linearized system of equations and the sensitivity with respect to a model parameter satisfy the same tangent linear system. The tangent linear model provides a numerical value of the sensitivity which is in better agreement with the analytical solution than any previously published results.

References

[1] G.W. Burgreen and O. Baysal, Three Dimensional Aerodynamic Shape Optimization Using Discrete Sensitivity Analysis, AIAA Journal , 34 (9), 1996, 1761-1770.

[2] J.C Newman, A.C. Taylor, R.W. Barnwell, P. Newman and G. J.W. Hou, Overview of Sensitivity Analysis and Shape Optimization for Complex Aerodynamic Configurations, AIAA Journal , 36 (1), 1999, 87-95.

[3] A.C. Taylor, P.A. Newman, L.L. Green and M.M. Putko, Some Advanced Concepts in Discrete Aerodynamic Sensitivity Analysis, AIAA Paper, 2001-2529.

[4] B. Mohammadi and O. Pironneau, Applied Shape Optimization for Fluids, 2001,Oxford Science Publications.

[5] T.V. Nguyen, A. Devgan and O.J. Nastov, Adjoint Transient Sensitivity Computation in Piecewise Linear Simulation, 35th Design Automation Conference , 1998, ACM.

[6] M. Piasecki and N. Katopodes, Control of Contaminant Releases in Rivers. I: Adjoint Sensitivity Analysis, Journal of Hydraulic Engineering , 123 (6), 1997, 488-492.

[7] B.F. Sanders and N.D. Katopodes, Control of Canal Flow by Adjoint Sensitivity Method, Journal of Irrigation and Drainage Engineering , 125 (5), 1999, 287-297 [8] B.F. Sanders and N.D. Katopodes, Adjoint Sensitivity Analysis for Shallow Water Wave Control, Journal of Engineering Mechanics , 2000, 126(9), 909-919.

[9] A. A. Giunta and J. Sobieszczanski-Sobieski, Progress Toward Using Sensitivity Derivatives in a High Fidelity Aeroslastic Analysis of a Supersonic Transport, AIAA Paper 98-4763, 1998.

[10] C. Gourieroux and J. Jasiak, Nonlinear Innovations and Impulse Responses, ideas.uqam.ca/ideas/data/Papers/fthinseep9944.html, 2000.

[11] S. Zhang, X. Zou, J. Ahlquist, I.M. Navon and J.G. Sela, Use of Differentiable and Non-Differentiable Optimization Algorithms for Variational Data Assimilation with Discontinuous Cost Functions, Monthly Weather Review ,128 (12), 2000, 4031-4044.

[12] S. Ulbrich, A Sensitivity and Adjoint Calculus for Discontinuous Solutions of Hyperbolic Conservation Laws with Source Terms, Technical Report 00-10, 2000, Rice Univ.

[13] E. Godlewski and P.A. Raviart, The Linearized Stability of Solutions of Nonlinear Hyperbolic Systems of Conservation Laws. A General Numerical Approach, Mathematics and Computers in Simulation , 1999, 77-95.

[14] F. Bouchut and F. James, Differentiability with Respect to Initial Data for a Scalar Conservation Law, Proceedings of the 7th International Conference on Hyperbolic problems Zurich98, International Series num. Math. 129, Birkhauser, 1999, 113-118.

[15] N. DiCesare and O. Pironneau, Shock Sensitivity Analysis, Compuational Fluid Dynamics Journal , 9(2), 2000, 1-6.

[16] H.W. Liepmann and A. Roshko, Elements of Gas Dynamics , 1965 John Wiley and Sons.

[17] A. Majda, The Stability of Multi-dimensional shock fronts, Memoirs of the American Mathematical Society, 275, 1983.

[18] G. Metivier, Stability of multidimensional shocks, in Advances in the Theory of Shock Waves, Birkhauser,2001, 25-103.

[19] S. Li, Adaptive Mesh Methods and Software for Time-Dependent Partial Differential Equations, PH.D. Thesis University of Minnesota, 1998.

[20] R. LeVeque, Numerical Methods for Conservation Laws, 1991, Birkhauser.

[21] M. Gunzburger, Sensitivities, Adjoints and Flow Optimization, International Journal for Numerical Methods in Fluids , 31, 1999, 53-78

(a) (b)

(c) Fig. 1. Exact solution of the shock-tube problem: numerical (⋄) and analytical (—) for a) pressure, b) density and c) velocity.

(a) (b)

(c) Fig. 2. Sensitivity with respect to the high initial pressure: numerical (red line) and analytical (—) for a) pressure, b) density and c) velocity.