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ABSTRACT. We generalize a Hardy-Littlewood inequality for LP-norms of conjugate
harmonic functions to horizontal components of quasiregular mappings on Carnot groups.

1. Introduction

In [1], Hardy and Littlewood proved the following result.

Theorem 1.1 If u+1v is analytic in a disk D centered at zy, then there exists a constant
C, depending only on p, 0 < p, such that

/]u — u(z0)|" dxdy < C’/ 0| dxdy. (1)
D D

A natural generalization of analytic functions to n-dimensional Euclidean space are
quasiregular mappings.(See [2] and [3].) An analogue of Theorem 1.1 for quasiregular
mappings in John domains in Euclidean space appeared in [4]. Recently the analytical
tools used in the proof of this result have been generalized to Carnot groups. We give
an account of some of these advances and obtain an analogue of Theorem 1.1 in this
context. A Carnot group is a connected, simply connected, nilpotent Lie group G of
topological dimG = N > 2 equipped with a graded Lie algebra G = V; @& --- @ V, so
that [V1, V] = Vi for i=1,2,...,r-1 and [V4, V] = 0. This defines an r-step Carnot group.
As usual, elements of G will be identified with left-invariant vectors fields on G. We
adopt when possible the elegant notation from [5]. We fix a left-invariant Riemannian
metric g on G with g(X;, X;) = d;;. We denote the inner product with respect to this
metric, as well as all other inner products, by (,). We assume that dimV} = m > 2
and fix an orthonormal basis of V; : Xy, X, ..., X,,,. The horizontal tangent bundle of
G, HT , is the subbundle determined by V; with horizontal tangent space HT, the fiber
span[X(z), ..., Xm(x)]. We use a fixed global coordinate system as exp : G — G is a
diffeomorphism (since G is simply-connected and nilpotent). We extend X7, ..., X,, to an
orthonormal basis X, ..., X,,,T1, ..., Tn_,, of G. All integrals will be with respect to the
bi-invariant Harr measure on G which arises as the push-forward of the Lebesque measure
in RY under the exponential map. We denote by |E| the measure of a measurable set E.

1



We normalize the Harr measure so that the measure of the unit ball is one. We denote by
@ the homogeneous dimension of the Carnot group G defined by @ = >"'_, ¢ dimVj. The
dual basis of G is denoted by dxy,...,d%,,,71,...,Tn—m With the pairing (,) : T, x T — R.
Notice (Xj,dz;) = (1},dx;) = 6;;, and (X, ;) = (T}, dz;) = 0. Also a vector field X is
called horizontal if (X, 7;) = 0 for all i = 1,..., N — m. We write |[v|? = (v,v), d for the
distributional exterior derivative and § for the codifferential adjoint. We use the following
spaces where U is an open set in G :

AFT : k-forms in the tangent bundle of G,

Cs° (U, A%): infinitely differentiable compactly supported k-forms in U,

LP(U, A*): k-forms with coefficients in LP(U), p > 0,

WLP(U, A¥) : Sobolev space of k-forms u € LP(U, A¥) such that du € LP(U, A*~1),

HW?(U) : horizontal Sobolev space of functions u € LP(U) such that the distribu-
tional derivatives X,u € LP(U) for i = 1,...,m.

When u is in the local horizontal Sobolev space HW?(U) we write the horizontal
differential as dyu = Xjudz; + ... + Xudz,,. ( The horizontal gradient Vou = XjuX; +
...+ XnuX,, appears in the literature. Notice that |dyu| = |Vou|.) The family of dilations
on G, {d§; : t > 0}, is the lift to G of the automorphism ¢, of G which acts on each V;
by multiplication by #!. A path in G is called horizontal if its tangents lie in V;. The
(left-invariant) Carnot-Carathéodory distance , d.(z,y) , between x and y is the infimum
of the lengths, measured in the Riemannian metric g, of all horizontal paths which join
z to y. A homogeneous norm is given by |z| = d.(0, ). We have |0;(z)| = t|z|. We write
B.(z) ={y € G : |z 'y| < r} for the ball centered at z of radius r. Since the Jacobian
determinant of the dilatation 4, is r® and we have normalized the measure, |B,| = r%.
For o > 0, we write 0B for the ball with the same center as B and radius ¢ times that of
B. As references for Carnot groups we mention [6],[7],[8] and [9].

Example 1.2 Fuclidean space R™ with its usual Abelian group structure is a Carnot
group. Here QQ =n and X; = 0/0x;.

Example 1.3 Each Heisenberg group H,, n >1, is homeomorphic to R**1. They form
a family of noncomutative Carnot groups which arise as the nilpotent part of the Iwasawa
decomposition of U(n,1), the isometry group of the complex n-dimensional hyperbolic
space. Denoting points in H, by (z,t) with z = (21,...,2,) € C" and t € R we have the
group law given as

(z,t) 0 (2, t) = (z+z’,t+t’+221m(zjz;)>. (2)

With the notation z; = x; 4 iy;, the horizontal space Vi is spanned by the basis

0 0
0 0

The one dimensional center Va is spanned by the vector field T = 0/0t with commuta-
tor relations [X;,Y;| = —4AT. All other brackets of {X1,Y4,...,X,,Y,} are zero. The



homogeneous dimension of H, is QQ = 2n + 2. A homogeneous norm is given by
[(z,1)] = (2" + 2", (5)

Example 1.4 A Generalized Heisenberg group, or H-type group, is a Carnot group with
a two-step Lie algebra G = V1 &V, and an inner product (,) in G such that the linear map
J : Vo — EndVy defined by the condition

<J2(u)av> = <Z> [U,UD, (6)
satifies
J? = —(z,2)Id (7)

for all z € Vy. For each x € G, let v(x) € Vi and z(x) € Vi be such that x = exp(v(x) +
z(x)). Then

o] = (Jo(@)|" + 16]2(x)[*)* (8)

defines a homogeneous norm in G. For each m € N there exist infinitely many generalized
Heisenberg groups with dimVy = m. These include the nilpotent groups in the Iwasawa
decomposition of the simple rank-one groups SO(n,1),SU(n,1), Sp(n,1) and F; .

See [10] for material about these groups.

2. Subelliptic equations

We use the fact that the horizontal components of quasiregular mappings on Carnot
groups satisfy a certain nonlinear subelliptic equation.

Definition 2.1 An, a.e. x € G continuous map A, : ALHT, — A HT, is a Carathéodory
function if
x— Ay (w(x)) 9)

is a measureable section of the horizontal cotangent bundle HT* = AYHT whenever w
s and there exists 1 < a < 0o and v > 0 such that

(A,(6),€) > vI(E, )2 (10)
and
|4 (&) < wlg|*! (11)

for a.e. x € G and all € € A'HT,.



Given such a map A, ,we say that a function u € HW,>*(U) is a solution to

6 A, (dou) =0 (12)

in U if

/U (Az(dou), don) = 0 (13)

for all n € C§°(U).
For example when A, (&) = |£[P72£ , (12) is the sub-p-harmonic equation

5(’d0|p_2d0U) =0 (14)
which is the sublaplacian Y ;" | X?u = 0 when p = 2. A solution, u, to (2.1) enjoys the

following three properties. The first in a version of a Poincaré-Sobolev inequality found
in [12] (see also [13]): For 0 < p < oo there exists a constant C such that

1 l/p 1 l/p
(|Br B’“‘“Br'p> SC”"(|B| B’dO“'p) ' (15)

Second is a Caccioppoli estimate (see [5]) : There exists a constant Cy such that, for the
exponent « in Definition 2.1,

1 1/a 02 1 1/a
|dou|a) s—( |u|a) ] (16)
(rBrr N - B L,

Third are the so-called weak reverse Holder inequalities (see [5] and [4]) : For 0 < s,¢ < oo,
there exists a constant C3 such that

1 1/s 1 . 1/t
ul® < C U . 17
(|Br| . ‘) < 3(|Br| - ') a7)

3. Quasiregular mappings

Definition 3.1 Suppose that f : U — G is in I/Vlicl(U) ( so that the formal derivative
fo 1 Ty — Tz ewists a.e.). We say that fis a (generalized) contact map if

Vi (18)

a.e. (So for each X € HT,, f.(x)X € HTy) a.e.)

Writing 7 =7 A+ - - A Tn_pm and f*7 for the pullback of the form 7 under f we see that
Definition 3.2 is equivalent to the existence of a function A in U such that

frr= A (19)



This coincides with other definitions of a contact map on a contact manifold. In the basis
X, .0, Xon, 11, ..., T, the matrix of f, has the form

Hf, *
( : A) (20)
where Hf, is the map f.|HT, — HTyu) with (f.);; = X, fi and detA = X with \ as
above. We use the following notation:

HL()| = _max_ [Hf(2) (21)
and
HL@) = _min_ [HL (] (22)

Definition 3.2 A quasiregular map is a continuous (generalized) contact map f : U — G
in WoN(U) which satisfies:

loc

|H f.(2)|% < K det f.(x) (23)
and
det f.(x) < KU[H f.(2)]? (24)

for some K < 0o and a.a. x € U.

For some constructions of quasiregular mappings and rigidity results in Carnot groups,
see [11] and [5].
We Assume throughout this section that f : U — G is K-quasiregular. Notice that

dofi(x)] < K*%dof;(x)] (25)

forae. z€Uandi,j=1,..,m
Next define A, : HT, — HT, by

Aa (&) = (G4(€),©) VG, (9), (26)
where
G.(€) = [det f(@)]Y[H f.(a)] M H fu(2)] Vg, (27)

whenever det f.(x) # 0 (so that H f.(x) is invertible), and G,(§) = £ otherwise. From
this we define A, : A'HT, — A'HT, by A, = v o A, o 4! where v, is the linear map
which sends basis elements of HT, to those of A'HT, and ' = 47 !. Notice that since f
is K-quasiregular, A, is a Carathéodory function with p = @ and v = K.

With A, defined in this way we have the following result which appears as Corollary

3.20 in [5].

Theorem 3.3 The first m components of a quasiregular mapping f are solutions to
A, (dou) =0 (28)
in U.



4. The Hardy-Littlewood inequality and John domains

Definition 4.1 A bounded proper domain Q C G is a §-John domain, 6 > 0, if there
exists a distinguished point xy € ) such that each x € §) can be joined with zy by a
curve v = v : [0,l] — Q parametrized by arclength such that v(0) = z,v(l) = x¢ and
de(y(1), ) = ot.

We define Muckenhoupt weights. See [14].

Definition 4.2 We write w € A},(Q),1 < ¢ < 00,1 <M < oo, when w > 0 a.e. and

)

for all balls B C (.

Muckenhoupt weights satisfy a reverse Holder inequality,

/w5§0‘3|(1ﬁ)/5/w (30)
B B

for all balls B C 2 and some g > 1.
We now state the main result of this paper.

Theorem 4.3 Suppose that f = (f1,..., fn) is K-quasiregular in a 0-John domain with
center zp, 2 C G, w € A%, () and p > 0. There exists a constant C, independent of f,
such that

i — JilZ ”w_C’ jpw
/Q|f filzo)Pw < er| (31)

foralli,j=1,...m. Here C = C(d,p,N,Q, M, K).

John domains in homogeneous spaces satisfy a Boman chain condition, see [15], which
allow the patching together of weak local LP- estimates into global estimates. A proof
of the following result appears in [4] in the Euclidean case and the proof extends here
verbatim.

Theorem 4.4 Let 0 < p < 00,0 > 1,w € A},(Q) and let u and v be measurable functions
defined in a §-John domain €). Suppose there is a constant A such that

inf/ ]u—c|”w§A/ [v|Pw, (32)
ceR Jp oB

for all balls cB C 2. Then there is a constant B, independent of u and v, such that

inf/ |u—c|pw§B/ lv|Pw. (33)
ceR [ Q



Applying Theorem 4.4, we obtain the main result by proving the local result. The proof
is similar to that in [17]. We first prove an unweighted inequality. Combining (15),(25)
and (16),

/2 1= (sl (34)

< Cyr / ol (35)
< Cyr /2B |do f;]” (36)
< Cs /43 |3l (37)

Next we use the Holder inequalities (17) to get the local weighted result (32) with o =8

as follows.
1/p
( / - (fi>23|pw) (39)

() (o)™
<o [ w)l B ( /23|fi—<fi>23|a)l/a (10)
<cr(fou) "o (o)
o[ v) "y ([ 1

)"
(Lo (L) ) (L)
< ¢, ( | rfj|pw) | (44)

Because balls B C G are John domains, we obtain the following corollary. We use the
notations for the Hardy-Littlewood sharp maximal function and the sharp BMO norm in
an open set U:

(41)

(42)

M) = sup u(B) P [ Ju— oy, (45)
BcU a€eR B
x€B

and

Jull£31° = sup M, ) ). (46)

Here dpy = wdx for w € A4, (U).



Corollary 4.5 Suppose that f : U — G is a qusiregular mapping. Then

M (fi 1) (x) < CME(f;, 1) () (47)

forx e U and

AT < CllAllT (48)

fori,5 =1,....m where C' is a constant independent of f.

REFERENCES

1.
2.

G.H. Hardy and J.E. Littlewood, Some properties of conjugate functions, J. Reine
Agnew. Math.,167(1932),405-432.

O. Martio, S. Rickman and J. Viisala, Definitions for quasiregular mappings, Ann.
Acad. Sci. Fenn. ser. A.I. Math,448(1969),1-40.

B. Bojarski and T. Iwaniec, Analytical properties of the theory of quasiconformal
mappings in R™, Ann. Acad. Sci. Fenn. Ser. A.I. Math.,8(1983),257-324.

T. Iwaniec and C.A. Nolder, Hardy-Littlewood inequality for quasiregular mappings
in certain domains in R", Ann. Acad. Sci. Fenn. Series A.I. Math., 10(1985), 267-282.
J. Heinonen and I. Holopainen, Quasiregular maps on Carnot groups,/. Geom.
Anal.,71(1997),109-148.

G.B. Folland, Subelliptic estimates and function spaces on nilpotent Lie groups, Ark.
Mat. 13 (1975),161-207.

G.B. Folland and E.M. Stein, Hardy spaces on homogeneous groups, Princeton Uni-
versity Press, Princeton, N.J.,1982.

M. Gromov , Carnot-Carathéodory spaces seen from within, Institut des Hautes
FEtudes Scientifiques,6,1994.

P. Pansu, Metriqués de Carnot-Carathéodory et quasiisometries des espaces
symetriqués de rang un,Ann. of Math.,(2)129(1989),1-60.

. J. Berndt, F. Tricerri and L. Vanhecke, Generalized Heisenberg groups and Damek-

Ricci harmonic spaces, Lecture Notes in Mathematics 1598, Springer-Verlag,1995.

. A. Koranyi and H.M., Bounded Analytic Functions,New York, Academic Press,1980.
. 5.M. Buckley, P. Koskela and G. Lu, Subelliptic Poincaré inequalities: the case p j

1,Publ. Mat.39(1995),313-334.

. P. Hajlasz and P. Koskela, Sobolev met Poincaré, Maz- Plank-Institut fiir math,Leipzig,

preprint 41, 1998.

. J.B. Garnett, Bounded Analytic Functions, New York, Academic Press,19 80.
. 3.M. Buckley, P. Koskela and G. Lu, Boman equals John, Proceedings of the XVI Rolf

Nevanlinna Colloquium(Joensuu 1995),91-99.

. J. Boman, L? estimates for very strongly elliptic systems,Department of Mathematics,

University of Stockholm,Swenden(1982),Reports no. 39.

. C.A. Nolder, Hardy-Littlewood theorems for solutions of elliptic equations in diver-

gence form, Indiana Univ. Math. Jour., 40(1991), no. 1, 149-160.



