ON A BURGERS’ TYPE EQUATION

CHUN-HSIUNG HSIA AND XTAOMING WANG

ABSTRACT. In this paper we study the dynamics of a Burgers’ type
equation (1.1). First, we use a new method called attractor bifurcation
introduced by Ma and Wang in [4, 6] to study the bifurcation of Burgers’
type equation out of the trivial solution. For Dirichlet boundary condi-
tion, we get pitchfork attractor bifurcation as the parameter A crosses
the first eigenvalue. For periodic boundary condition, we get bifurcated
St attractor consisting of steady states. Second, we study the long time
behavior of the equation. We show that there exists a global attractor
whose dimension is at least of the order of v/A. Thus it provides an-
other example of extended system (see (1.2)) whose global attractor has
a Hausdorff/fractal dimension that scales at least linearly in the system
size while the long time dynamics is non-chaotic.

1. INTRODUCTION

In this paper, we study the dynamics of the following Burgers’ type equa-
tion on [0, 1]

Ut = Ugy + AU — AUU,,
(1.1) {

u(z,0) = uo(x),

where )\ is a positive real parameter. This Burgers’ type equation can be
casted into an extended system on the interval [0,v/A] via a change of vari-
able X = Vz, 7=\, U=+V)u,

(1.2) Ur=Uxx+U—-UUx.

Equation (1.1) can be derived by differentiating the following Burgers’
type equation with respect to spatial variable x and changing a variable
t=17/A

1
(13) 5 — 51}1. = vax +v—<w >,
where < v >= fol v(x,7)dx. The interested reader is referred to ([1]) for the
physical relevance of this equation in flame front propagation and results on
steady states and their stabilities.
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There are two goals in this manuscript. First, we use a new method called
attractor bifurcation developed in [4, 6] to study the bifurcation of this
Burgers’ type equation (1.1) with either the Dirichlet boundary condition

(1.4) u(0,t) = u(l,t) =0,
or the periodic boundary condition
(1.5) u(z + 1,t) = u(x,t).

Second, we study the long time dynamics of the Burgers’ type equation.
We show that there exists a global attractor whose dimension grows at
least linearly to the square root of the parameter A\. This tells us that the
dimension of the global attractor scales at least linearly with the length
(volume) of the system in the alternative form (1.2). On the other hand, it
is known that the Burgers’ type equation cannot possess chaos ([8]). Thus,
the Burgers’ type equation provides an example of extended system whose
dimension of attractor scales at least linearly with the volume (length) of
the system while the long time dynamics is non-chaotic. This tells us that
the criterion of dimension of attractor proportional to the system size itself
is not sufficient to guarantee chaos, let alone extensive chaos ([2], [10]).

We recall the general setting and definition of attractor bifurcation in
Section 2.1. In Section 2.2, we recall a criterion to determine the asymptotic
stability which is useful when attempting to apply the attractor bifurcation
theorem, Theorem 2.3. In Section 2.3, we recall generalized center manifold
theory as an important tool to reduce the dynamic bifurcation equations and
we demonstrate the skill to compute the approximations up to third order
terms which makes things clear when we want to specify the bifurcation
type and determine the structure of the bifurcation.

The main results of the first part are put in Section 3. Theorem 3.1
states that pitch-fork attractor bifurcated from trivial solution occurs when
the parameter \ crosses w2 in Dirichlet boundary condition case. For pe-
riodic boundary condition, we get S' attractor consisting of steady states
bifurcated from trivial solution when A crosses first eigenvalue 472. We
achieve this result in Theorem 3.2 , 3.3. Namely, in Theorem 3.2, we look
for solutions in the odd function space to get the approximation of bifurcated
solutions. In Theorem 3.3, we prove the existence of the attractor bifurca-
tion in general case, and get the bifurcation structure based on the result
of Theorem 3.2 and the translation invariance of Burgers’ type equation.
Finally, we extend this result to Theorem 3.4 which asserts S' invariance
set bifurcation occurs when A crosses each eigenvalue as a completion of the
story.

The main results of the second part are contained in Section 4 where we
demonstrate that the system is dissipative and possess a global attractor uti-
lizing a technique similar to those used by Nicolaenko, Scheurer and Temam
([9]). We also show that the Hausdorff and fractal dimension of the attrac-
tor grows at least linearly in v/\. In another word, in the form of extended
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system of (1.2) on the interval [0,v/A], the dimension of the global attractor
scales at least linearly in the volume of the system. This is achieved via
an upper bound utilizing the Constantin-Foias form of the Kaplan-Yorke
formula in terms of global Lyapunov exponents ([9]), and a lower bound in
terms of the dimension of the unstable manifold associated with the trivial
solution. Nevertheless, the dynamics of the extended system is non-chaotic
due to a result of Matano ([8])

2. DYNAMIC BIFURCATION THEORY

2.1. Attractor Bifurcation. We recall in this section a general theory on
attractor bifurcation developed in [4, 6].

Let H and H; be two Hilbert spaces, and H; — H be a dense and
compact inclusion. We consider the following nonlinear evolution equations.

du
u(0) = uy,

where u : [0,00) — H is the unknown function, A € R, is the system
parameter, and Ly : H; — H are parametrized linear completely continuous
fields continuously depending on A € R!, which satisfy

Ly=—-A+ B, a sectorial operator,
(2.2) A:H — H a linear homeomorphism,
By:H — H the parametrized linear compact operators.

It is easy to see that L, generates an analytic semi-group {e_tLA}tZO.
Then we can define fractional power operators L§ for any 0 < o < 1 with
domain H, = D(LY) such that H,, C Hq, if oy > a9, and Hy = H.

Furthermore, we assume that the nonlinear terms G(-,\) : Hy, — H for
some 1 > a > 0 are a family of parametrized C" bounded operators (r > 1)
continuously depending on the parameter A € R! such that

(2.3) G(u,\) = o(|Jullg,), VY XeRL

In general, we are interested in the sectorial operator Ly = —A + B,
such that there exist an eigenvalue sequence {p;} C C and an eigenvector
sequence {eg, hy} C Hy of A:

Az, = przg, 2k = ek + ihy,
(2.4) Repp — o0, as k — oo,

|Impy/(Repy + a)| < C, for some constants a, C' > 0,
such that {ey, hy} is a basis of H.

Condition (2.4) implies that A is a sectorial operator, hence we can define
fractional power operator A% with domain H, = D(A®). For the operator
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By : Hi — H, we assume that there is a constant 0 < # < 1 such that
(2.5) By : Hy — H bounded, V X\ € R.

Let {Sx(t) }+>0 be an operator semi-group generated by the equation (2.1),
then the solution of (2.1) can be expressed as

u(t) = Sx(t)uo, t>0.

Definition 2.1. A set ¥ C H is called an invariant set of (2.1) if S(t)X =X
for any t > 0. An invariant set ¥ C H of (2.1) is said to be an attractor
if ¥ is compact, and there exists a neighborhood U C H of ¥ such that for
any ¢ € U we have

(2.6) tlim distg (u(t, @), ) = 0.
The largest open set U satisfying (2.6) is called the basin of attraction of .

Definition 2.2. (1) We say that the equation (2.1) bifurcates from (u, \) =

(0, A\g) to an invariant set Qy, if there exists a sequence of invariant
sets {Q, } of (2.1) such that 0 ¢ Q,, and

lim A, = Ao,

n—oo

lim max |z| = 0.
n—oo z€Qy,

(2) If the invariant sets Q) are attractors of (2.1), then the bifurcation
is called attractor bifurcation.

(3) IfQy are attractors and are homotopically equivalent to an m—dimensional
sphere S™, then the bifurcation is called S™—attractor bifurcation.

A complex number 5 = a7 +ias € C is called an eigenvalue of Ly : Hy —
H if there are x,y € H; such that

Lyz = Bz, z = x + iy.
Now let the eigenvalues (counting the multiplicity) of Ly be given by

ﬁl(A)uﬁQ(A)7 Tt 7/8k()\)7 e € (C
Suppose that

<0 if A< X

(2.7) Refi(A) =<1 =0 if A= )Xo (1<i<m)
>0 if A> XN

(2.8) Refj(No) < 0. Vm+1<g.

Let the eigenspace of Ly at Ay be

Ey = U U{u,v € Hy | (Ly, —ﬁj(Ao))kw =0,w = u+iv}.

1<5<m k=1

It is known that dim Ey = m.
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Theorem 2.3 (T. Ma and S. Wang [4]). Assume that the conditions (2.2)-
(2.8) hold true, and uw = 0 is a locally asymptotically stable equilibrium point
of (2.1) at X = Xg. Then the following assertions hold true.

(1) (2.1) bifurcates from (u,\) = (0, o) to attractors Ly for X > Ao,
with m — 1 < dimXy < m, which is connected as m > 1;

(2) The attractor ¥y is a limit of a sequence of m-dimensional annulus
My, with My C My, especially iof ¥y is a finite simplicial complez,
then ) has the homotopy type of S™~1;

(3) For any uy € Xy, uy can be expressed as

Uy = vy + O(HUAHH1)7 vy € Fy;

(4) There is an open set U C H with 0 € U such that the attractor
Y\ bifurcated from (0, o) attracts U\T' in H, where T is the stable
manifold of uw = 0 with co-dimension m.

Next, we mention a sufficient condition which implies that the bifurcated
attractor 3y of (2.1) from an eigenvalue with multiplicity two is homeomor-
phic to a circle S1. Let v be a two-dimensional C”(r > 1) vector field given
by

(2.9) ua(x) = Az — G(z, N),
for z € R%. Here

G(x,\) = Gi(a, ) + of|2["),
where G}, is a k—multilinear field, which satisfies
(2.10) Clz|M! << Gr(z, \), z > < Colz P,
for some constants Co > C1 >0, and k =2m + 1,m > 1.

Theorem 2.4 (T. Ma and S. Wang [6]). Under the condition (2.10), the
vector field (2.9) bifurcates from (x,\) = (0,0) on A > 0 to an attractor Xy,
which is homeomorphic to S*. Moreover, one and only one of the following
15 true.

(1) Xy is a periodic orbit,
(2) X consists of only singular points, or

(3) X\ consists at most 2(k+1)=4(m+1) singular points, and has AN +n
(N +n > 1) singular points, 2N of which are saddle points, 2N of
which are stable node points (possibly degenerate), and n of which
have index zero.

2.2. Global Stability. In this section, we recall a useful theorem proved
in [5] to check the asymptotic stability of the equation

du
2.11 — =1L
(211) = Lu+Glu)
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where L : Hy — H is symmetric, therefore all eigenvalues of L. are real.

Let the eigenvalues (i of L satisfy

=0, 1 <i:<m(m>1),

012 6 (m>1)
Bj <0, m+1< 5 < oo.

Set
Ey={ue H; | Lu =0},
(Eo)t ={u e Hy |< u,v >p=0,Yv € Ey}.
Theorem 2.5 (T. Ma and S. Wang [5]). Let L : H; — H be symmetric with

spectrum given by (2.12), and G : Hy — H satisfy the following orthogonal
condition

(2.13) < G(u),u >g=0, Yu € H;.

Then one and only one of the following two assertions holds true:

(1) There exists a sequence of invariant sets {I'y,} C Ey of (2.11) such
that

0¢7T,, nh_)n(r)lo seurp |z| g = 0.
xeln

(2) The trivial equilibrium point u = 0 of (2.11) is locally asymptotically
stable under the H-norm.

Furthermore, if (2.11) has no invariant sets in Ey except the trivial one {0},
then uw = 0 is globally asymptotically stable.

2.3. Center Manifold Approximation. In this section, we derive an ap-
proximation formula of central manifold reduction, which was used in [6].
For convenience, we introduce the center manifold theorem in infinite di-
mensional spaces. Let H; and H be decomposed into

H, = E} @ E3,
(2.14) ~ ~
H=FE} o Ej,
for A near \g € R!, where Ei\, Eg‘ are invariant subspaces of Ly, such that
dim F} < oo,
E} = B},
EQ = the closure of E} in H.

In addition, L) can be decomposed into Ly = £f @ E% such that for any
A near \g,

E%:LA|E>‘:E{\—>E€\7
(2.15) \ L
EzzLA’EQA:Ez—)Eza
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where the eigenvalues of E%‘ possess negative real parts, and the eigenvalues
of E{‘ possess nonnegative real parts at A = \g. Thus, for A near A\g, equation
(2.1) can be written as

dx

a - Ei‘l’ + Gl(x7y7 )\)7
(2.16) g

% = [’%x + GQ(x7y7 )‘>7

where u = z +y € Hy, » € E}, y € E}, Gi(z,y,\) = PiG(u,)), and
P:H— EZA are canonical projections. Furthermore, let
E3 () = the closure of E in Hy,

where o < 1 given by (2.3). The following center manifold theorem is
classical.

Theorem 2.6 (See D. Henry [3]). Assume (2.2), (2.3), (2.14) and (2.15).
Then there exists a neighborhood of Ao given by |\ — Xo| < § for some § > 0,
a neighborhood Uy C E7 of x =0, and a O function ®(-,\) : Uy — E3(a)
depending continuously on X, such that

(1) ®(0,\) =0, D,®(0,\) =0;

(2) the set

M)\ = {(«T,y) € Hl ’ S U)\vy = (I)(JE,A) € E;‘(Oé)},

called the center manifolds, are locally invariant for (2.1), i.e. for
each ug € M)y

U)\(t,’LLQ) € M, V0§t<t(u0)
for some t(ug) > 0, where ux(t,ug) is the solution of (2.1);

(3) if (xA(t),yr(t)) is a solution of (2.16), then there is a By > 0 and ky
depending on (zx(0),yx(0)) such that

ya(t) — @(ax(t), Mg < ke M

We now recall an approximation of the equations restricted on the cen-
ter manifold which will be used later; see [6]. In our application, Ly is
symmetric and G(-, A) is bilinear. Hence the eigenvalues of L) are real and
the eigenvectors of L) form an orthogonal basis of H. Suppose that the
eigenvalues (counting the multiplicity) and the eigenvectors are

B1(A) = Ba(A) = -+ = B(A) > Bmr1(A) >,-- -,
er(x,N),ea(xz, A), -, em(z, N, em+1(a: Ay

and Ef‘ = span{er, e, - ,em}, By = E>‘ , T = Zx]e]
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With help of Theorem 2.6, the bifurcation equation of (2.1) can be reduced
as

dwk 1

2.17 — = — <G 03 A
(2.17) It Pray + <erensn <Gz +®(x),\), ek >n
for k =1,2,--- ,m. It is known that the center manifold function
oo
O(x,A) = Y Pu(x,Nen
n=m+1

satisfies the following defining equation

0
(2.18) D, (z,\) = / e BTy < G(z(t,x) + ®,\), e, >p dr,

— 00

where pe is a C* cut-off function and z(t,z) = )" 2;(t, z)e; satisfies

dz; /76(2)
i B =P Gy N, e >,
(2.19) g "t e sy G e ei>n
2i(0) = z;.
Hence, we have
(2.20) zi(t, ) = ™t + o(|z]).

Inserting (2.20) in (2.18), by tangency of ® we get
m 0
D, (z,\) = Z J:lml(/ 6(2’61_6”)Td7')><
(2.21) i,l=1 -
< Gleg e, N, en >g +o|z]?).

By (2.17) and (2.21), we conclude that

dxy, . k S k 3
(2-22) dt = ﬁlxk + Z bi7j.%‘7;.7,'j + Z aid’ll‘il‘jl‘l + 0(|3§‘| ),
ZJ:]' Z7j7l:1
where
1
k = — . .
VT < ey en > < Glei ey M) ex >,
aj ;= i ! < G(ei e, ), en >n
P (201 = Ba) < ensen >m<er e >m

X < G(ej,en,)\) +G(en,ej,/\),ek >H,
for k=1,2,--- ,m.
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3. ATTRACTOR BIFURCATIONS OF THE BURGERS' TYPE EQUATIONS
3.1. The Case with Dirichlet Boundary Condition. Consider the Burg-
ers’ type equation with the Dirichlet boundary condition. We define

H = L*0,1),
Hyjo = Hp(0,1),
Hy = H?*(0,1) N Hy s.

Then the original Burgers’ type equation (1.1) with Dirichlet boundary con-
dition (1.4) can be written into the following abstract form in H :

du

u(z,0) = uo(z),
where Ly : H] — H is the operator defined by
Pu
Ox?
and G(-,\) : H,;3 — H is a bilinear operator defined by

G(u,\) = —)\u%.

Lyu = + Au,

The main result in this case is

Theorem 3.1. Burgers’ type equation (3.1) defined in H possesses pitch-
fork attractor bifurcations from trivial solutions to attractors % when the
parameter X crosses the critical value Ao = ©2. Namely,

(1) u = 0 is a globally asymptotically stable solution of (3.1), for A < w2,
(2) When X\ > 72, u = 0 is not asymptotically stable and the system

bifurcates to two steady state solutions uy, uy which are local attrac-
tors. Both bifurcation solutions can be written as

uy = a(\) sinmz 4 o(|a(N)]),
uy = —a(N) sinmz + o|a(N)]),

a(\) = /2(472 — XN)(A — 72) /A

(3) There exist an open set U C H with 0 € U and a number w2 < n <
4% such that if ™ < X < n, the stable manifold T C H of u = 0 with
codimension one separates U into two open sets Uj\L and Uf, which

are basins of attraction of u1 and us respectively, i.e. U = Ui UUi.
Proof. We shall prove this theorem by using Theorem 2.3, 2.5 together with

the Lyapunov-Schmidt reduction procedure. We proceed in several steps as
follows.
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STEP 1. It’s easy to see that the symmetric operator Ly : Hi — H is
a sectorial operator. It is known that the eigenvalues and eigenfunctions of
L)y are given by

Be(A) = A — (km)?,
er(z) = V2sin(krz),

for k = 1,2,---, and satisfy the conditions (2.7) and (2.8) with m = 1 at
A = Ao = 2. Next, if u is a solution of (3.1), then

1
1
(GuN)u)e = =\ [ wusde = ~(t,2) 2=
0

Hence G(u, \) meets condition (2.13). Moreover, when \g = 72 the equa-
tion (3.1) has no nontrivial invariant set in Ey = span{sinmz}. Hence by
Theorem 2.5, u=0 is a globally asymptotically equilibrium point of (3.1) at
A = A\g = 72. This proves Assertion (1).

STEP 2. For u € Hy 5, by Kondrachov compactness theorem, we have
1
2 2 2,2 201,112 2 2, 114
nawwmzAAu%wsaAMMMMWS@Mme

for some constants C1 and Cy. Hence, G(u, A) = o(||ul| g, ,) is a C*° compact
operator. Thus, by Theorem 2.3, (3.1) bifurcates from (u,\) = (0,72) to
attractors X, for A > 72. By the third assertion of Theorem 2.3, for any
u) € Xy, u) can be expressed as

Uy = Uy + O(HU)\||H1)7 vy € Ey.
Assertion (3) follows from Assertion (4) of Theorem 2.3.
STEP 3. In this step, we use the Lyapunov-Schmidt procedure to calculate

the approximation of the attractor ¥). The steady state equation of (3.1)
is given by

d%u ou
u(0) =u(1) =0.

Let u € H be expressed as u = ", zpep(x). By the Lyapunov-Schmidt
reduction procedure, the bifurcation equation of (3.2) can be expressed as

1
(3.3) Brn(N)zp — )\/ u;i—u(\@sinnﬁx)dx =0, n=1,2,3,---.
0 T
We know that
d oo
(3.4) uﬁ = Z Jjegxi(sin(k + j)mz + sin(k — j)wz).

k?]:1
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It follows from (3.3)-(3.4) that

n— o0
(3.5) Vnlp — T Z KxpTy,_p +7mn Z TrTpar =0,
k=1 k=1

where 7, = ﬁﬁ;()‘), forn =1,2,3,---. Inductively, we infer from (3.5) that

™
Ty = 73:12 + 0(|x1|2),

(3.6) V2

T = O(|z1|™), form > 2.

Plugging (3.6) into (3.5) for n=1, we get the bifurcation equation
2
(3.7) Y11 + 7%13 + 0(‘371’3) = 0.
2

Since 9 < 0 for A near 72, and ~; changes signs when A crosses 72, by
Krasnoselski’s bifurcation theorem, the steady state equation of (3.1) bifur-
cates from the trivial solution to steady state solutions determined by (3.7).
Comparing this with the third assertion of Theorem 2.3, we obtain that
the bifurcated attractor Xy of equation (3.1) coincides with the bifurcated
steady state solutions of (3.7). Thus, the bifurcation solution of (3.1) is
given by
ut = a(A)sinmz +o(|a(M)]),
uy = —a(N) 81n7m+0(|a()\)|)

A) = /2(4m2 — — m2) /.

This completes the proof. O

3.2. The Case With Periodic Boundary Condition. The Burgers’
type equation in one dimensional space with the periodic boundary con-
dition is given by

du  0%u ou
E a 9.9 + )\u — )\uam
(3.8) u(z,0) = uo(x),

u(z + 1,t) = u(x, ),
with constraint
1
(3.9) / u(z,t)dr = 0.
0

We shall study the attractor bifurcation of (3.8) and (3.9) in the following
two cases:
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(1) CASE WITH ODD SOLUTIONS. In this case, we look for solutions of
(3.8) and (3.9), which are odd functions with respect to x. Hence
we set

_ 1
H(odd) = {v e L2(0,1) | /0 o(z)dz = 0},

H,y5(0dd) = {v € H(odd) N Hy,,(0,1) | v(—z) = —v(x)},
Hi(odd) = H, j5(0dd) N HZ,,.(0,1).

(2) GENERAL CASE. In this case, we look for solutions without oddness
assumption. Let

_ 1
H={veL20,1)] /O o(z)dz = 0},

ﬁl/Q — ﬁ ﬁ H;BT(O, 1),

Hy = HnNHZ,.(0,1).
In both cases, we define the operators Ly and G(-, ) by
2
Lyu= 0842, Gl N) = X,
Thus, the problem (3.8) and (3.9) can be written as
du
— =1L A
(3.10) g~ Dt Gl ),
u(0) = UU(x)7

in space H(odd) or H. The results for odd solutions case is:

Theorem 3.2. For Burgers’ type equation (3.8) and (3.9) defined in H(odd),
the following assertions hold true.
(1) uw =0 is a globally asymptotically stable solution of (3.8) and (3.9),
for \ < 4x2.
(2) When A > 4n?, uw = 0 is not asymptotically stable and the system
bifurcates to two steady state solutions u{‘, u%‘ which are local attrac-

tors. Both bifurcation solutions can be written as
uy = () sin 27z + o(|a(N)]),
uy = —a(X)sin 27z + o(|a(N)]),
a(\) = /(1672 — \)(\ — 472) /V2)T.
(3) There exist an open set U C H with 0 € U and a number 4w% <
n < 1672 such that if 47> < X\ < 1, the stable manifold T C H

of uw = 0 with codimension one separates U into two open sets U)\1
and Uf, which are basins of attraction of u1 and ug respectively, i.e.

U=0U,uT,.
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Proof. The eigenvalues and eigenfunctions of the sectorial operator L :
Hi(odd) — H(odd) are given by

Bre(X) = A = A — (2km)?,
ex(z) = V2sin(2knz),

for kK = 1,2,---. The rest part of the proof is similar with the proof of
Theorem 3.1. U

For general periodic case, we have the following result.

Theorem 3.3. In space H, the Burgers’ type equation (3.8) and (3.9) bi-
furcates from (u,\) = (0,472%) on X\ > 472 to an attractor ¥). X is homeo-
morphic to S', which attracts any bounded set in U\L', T the stable manifold
of u = 0 with codimension two in H and U some open neighborhood o fu = 0
in H. Moreover, ¥y consists of steady states of (3.8) and (3.9).

Proof. STEP 1. The eigenvalues and eigenfunctions of sectorial operator L
: Hy — H are given by

(3.11) Bon-1(A) = Ban(N) = A — (2nm)?,

(3.12) eon_1(x) = V2sin2nmz, es,(x) = V2cos2nmz, n > 1.

Condition (3.11) satisfies the conditions (2.7) and (2.8) with m = 2 at
A = Ao = 472 It’s easy to see that the conditions of Theorem 2.5 are
satisfied by Ly, and G(u,Ag). Since the equation (3.8) and (3.9) has no
nontrivial invariant set in Ey = span {e;(z), e2(x)}, u=0 is globally asymp-
totically stable at A = 472. Thus Theorem 2.3 asserts the existence of the
attractor bifurcation.

STEP 2. In this step, we apply the center manifold reduction to calculate
the structure of the attractor. Let E} = Ey = span{er,es}, B3 = (Ep)*
and ®y(z1,x2) be the center manifold as mentioned in Theorem 2.6. Let

[e.e]
u = Z Zn(t)en(x) , the reduction equations can be expressed as
n=1

day _ Bi(Nz1+ < Gz + @(2)),e1 > g,
(3.13) d‘if
L2 (Mart < Gla+ 9(@).e2 >

where x = x1€1 + x2e2. By formula (2.22), equation (3.13) can be expressed
as

2
dr
ditl =1 ( Nz + Z azl’j’lxixjxl + O(|$‘3)7
i,J,l=
(3.14) o
dx
CE BNzt Y o +oflaf),

1,7,l=1
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where
> 1
k
a; i = < G(ej e, N), en >5 X
i 7;3 (261 - ﬁn) < én,en >I‘_j< €k, €k >[T] ( ! ) tTH
< G(ej, en, A) + Galen, €5, N), e, > 5, fori, 3,1k =1,2.
Note that
L de
< Glej e N, en >g= —)\/ ej—epdx =0 forn > 5.
0 dﬁl?
By direct calculation, we obtain that
L 2
R weS
a%22 =0,

1 1 1
azy +ajg +agy =0,

Q199 + A19 + G291 = PENIEL
and
2
ai;p =0,
9 —2m2\?
G2 = 5 gt
—272)\2
2 2 2
G311 + aja; + ajp = PENIL

2 2 2
ajge + G313 + azg = 0.

Hence equation (3.14) translates into

dl’l 27‘(’2)\2

i (A —dr?)ay — N8 (2} + 2123) + o(|z]*),
3.15

W :()\—47[' )$2—m(x1x2+$2)+0(|$| )

It’s obvious that equation (3.15) fits the conditions of Theorem 2.4, it follows
that the attractor of (3.15) bifurcated from (z,\) = (0,472) on A > 472 is
a circle S*.

STEP 3. Finally we verify that ¥, consists of singular points of (3.8)
and (3.9). By Theorem 3.2, the problem (3.8) and (3.9) has a steady state
solution uy = «a(\)sin 2wz + h(z), where h(z) = o(Ja())|). Because of the
invariance of (3.8) and (3.9) for the translation

u(z,t) — u(x +0,1),
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the functions
ur(x + 0) = a(N) sin(z + 0) + h(z + 0), § € R
are steady state solutions of (3.8) and (3.9), and the set
I'={a\)sin(z+60)+ h(x+0) | —o0o < < +o0}
is a circle S' in H. Therefore ¥y = I'. This completes the proof.

3.3. Bifurcation From General Eigenvalues.

Theorem 3.4. In the space H, the problem (8.8) with (3.9) bifurcates from
(u, \) = (0,4n272) on A > 4n27? to an invariant set $) = S, which consists
of steady state solutions of (3.8) and (3.9).

Proof. For u € H , it can be expressed as
(o]

(3.16) u=> " zp(t)en(x)
n=1

en as given in (3.12). Then the reduction equation of (3.10) to the center-
manifold near A = 4n?7? is in the following form

dxron—1

dt
(3.17) e
dt

The same as the proof of Theorem 3.3, (3 17) can be expressed as

= fBonTon-1+ < G(u, \),e2n—1 >,

= ﬂgn.rgn"i‘ < G(u )\) €on > i

dxon—1

P = fonTan—1 + Z i Yoo + o|z]?),
i,7,l=2n—1
(3.18)
dm‘g
% = Bonton + Z ”la: zjx; + of|z|?),
i,J,l=2n—1
where x = (z2,—1, Z2,), and
N 1
k
cy ., = X
bt Z (2820 — Bm) < em,em >F< ek ex >f

m=1,m#2n—1,2n
< G(ej, el M), em >5< G(ej,em, A) + Ga(em, ej, A), e > s

for i,5,k,l =2n —1,2n.
By direct computation, we get

dxop— 2272 )2
(2;; 1 = ()\ - 4n271—2)1‘2n—1 W(xg” 1+ Ton— 133271) + 0(‘1’| )
dl‘g 27127T2A2
dtn = ()\ - 471271'2)'%'271 - m<m2n71x2n + xgn) + 0(‘.%.’3)
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The rest part of the proof is the same as the proof of Theorem 3.3, and
the theorem is complete.
O

4. DIMENSION OF ATTRACTOR

In this section, we investigate the long time behavior of the Burgers’ type
equation (1.1). In particular, we are interested in the existence of global
attractor and the estimate of its dimension. In the first subsection, we show
that the system is dissipative utilizing a technique developed by Nicolaenko,
Scheurer and Temam for the Kuramoto-Sivashinsky equation ([9]). This
technique utilizes the nonlinear advection term to stabilize the linearly un-
stable low modes (with the help of the 2nd order dissipative operator of
course). The first subsection also contains (optimal) estimates on the size
of absorbing ball in the L? space and estimates on the long time average
of the leading order dissipation. These estimates imply the existence of a
global attractor (see for instance [9]) and will then be used in the second
subsection to derive an upper bound on the Hausdorff and fractal dimension.
The derivation of the upper bound relies on the Constantin-Foias form of
the Kaplan-Yorke formula with global Lyapunov exponents (see for instance
([9])). In the third subsection, we derive a lower bound on the dimension of
the global attractor via estimating the dimension of the unstable manifold
associated with the trivial solution (v = 0). The number of unstable modes
associated with the trivial solution is at least v/A for large X\. Thus the
dimension of the global attractor scales at least linearly in v/A. In terms
of the alternative formulation as extended system on [0,v/A] (1.2), we see
that the dimension of the global attractor scales at least linearly in the sys-
tem volume (in this case, length). Nevertheless, the long time dynamics is
non-chaotic (let alone extensive chaotic) since all trajectories converge either
to a time periodic orbit or steady states ([8]). Therefore, the Burgers’ type
equation studied here suggests that the mere criterion of dimension of global
attractor scale linearly in the system volume is not sufficient to guarantee
extensive chaos as suggested early (see for instance [2], [10]).

4.1. Dissipativity and Basic Estimates. In this section we show that
the Burgers’ type equation (1.1) is dissipative in the sense that it possesses
bounded absorbing balls in L? and H' which implies the existence of a
global attractor (see for instance ([9])). The Burgers’ type equation (1.1)
resembles the Kuramoto-Sivashinsky equation ([9]) in the sense that the
linearized (around the trivial solution) dynamics is not stable global in time
(see section 4.3 below), and as we shall demonstrate below, the nonlinear
advection term stablizes (together with higher order linear dissipative term)
the system.

Just as in the case of Kuramoto-Sivashinsky equation studied by Nico-
laenko, Scheurer and Temam ([9]), we consider a translation of the unknown
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by a translational function v,
(4.1) u=v+1Y

where 1 is stationary and will be determined later.

Here we have focused on the (simpler) Dirichlet boundary condition only.
The Dirichlet boundary condition is equivalent to periodic boundary condi-
tion with odd symmetry. The general periodic boundary condition can be
handled similarly allowing time dependence of 1 (see for instance ([9]) and
the references therein for the Kuramoto-Sivasinsky equation case).

It is easy to see that the translated unknown v satisfies the following
equation

(4.2) Vf = VUzp + AU — AUz — MUz — A0y + Ype + AP — A1)y

Multiplying the above equation by v and integrating over the domain
= [0,1], we have
(4.3)
ld o 2 2 A 2
**|U|L2 = —|U$|L2 + /\|U|L2 - / Yev° dr — / (Y2vy + Apv — Apapyv) d
2 dt 2 Jo Q
Therefore, we naturally hope that ¢, ~ 4 (in fact any number greater than
2 will work) in order to ensure dissipativity (uniform in time boundedness of
|v|z2). This is equivalent to the desire of ¢ ~ 4z. Unfortunately 4z violates
the given boundary condition. We then propose the following modification
of 4x as our translational function

4z, 0<x<1-9,

4.4 T) = — _
(4.4) ¥(z) 4(1 52(1 x)7 l—§<z<l
where § > 0 is a positive constant and is specified as
1
4.5 0= —.
(45) .

With this choice of translational function v, we can easily derive, with
the help of Poincaré inequality etc, the following estimates
ol < ~glunlda + S lola + 5A
where here and below k denotes a generic constant independent of .

This leads to, with the help of Gronwall type inequality, the existence
of an absorbing ball in L? for v of the size independent of A and an upper
bound on the time averaged leading order dissipation, i.e.

lv(t)|e < kK, fort>T,

1 [T
limsupT/ lugl3s < KA
0

T—o0

(4.6)

This further implies, thanks to the translational relation (4.1) and the ex-
plicit form of translational function ¢ (4.4), the following absorbing ball (in
L?) and bound on the time averaged leading order dissipation
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Proposition 4.1. There exists a generic constant k independent of A such
that for any bounded ball Br in the phase space H = L?(0), there exists a
TR so that

(4.7) lu(t)|2 < K, fort>Tg,

T
(4.8) limsup;/ luglfe < KA
T—o0 0

Remark 4.2. [t is worthwhile to point out that the estimates above in propo-
sition 4.1 are optimal in terms of dependence on \ for large X\. The opti-
mality can be inferred from earlier results on the asymptotic behavior of
steady states for large A (see Theorem 2 in [1]). Roughly speaking, there
exists steady state solution very much similar to our translational function
1 which saturates the estimates above.

4.2. Upper Bound on the Global Attractor. Once we have established
bounded absorbing ball in L? for the Burgers type equation (1.1), it is easy
to show the existence of bounded absorbing ball in H' via multiplying (1.1)
by u, integrating over = [0, 1] and applying integration by parts as well
as classical Sobolev and interpolation inequalities. This then leads to the
existence of a global attractor which is a compact invariant set in L? that
attracts all bounded sets in L? (see for instance ([9])). In fact, it is possible to
show that the attractor is analytic in space and in time by the Foias-Temam
technique of Gevrey regularity and complexification of the time.

In order to estimate the Hausdorff and fractal dimension of the global
attractor, we use a Kaplan-Yorke type formula derived by Constantin and
Foias (see for instance ([9])). Roughly speaking, if an arbitrary m-volume
under the linearized (along any trajectory on the global attractor) dynamics
is contracting on average in the long time, then the dimension of the attrac-
tor must be bounded by m. Whether a particular m-volume is contracting
is related to global Lyapunov exponents and can be estimated via a formula.

For an abstract dynamical system

% = F(v), v|=0=vp.
The first variation (linearization) along a trajectory v(t) is given by
av
(4.9) o F'(v)V, V)= = Vo.
where
(4.10) F'(0)V =V + AV — 2V, — AV,

in our case.

Whether a given m-volume is contracting under the linearized dynamics
is then related to the trace of the linear operator F’(v). The key result that
we rely on is the following one due to Constantin, Foias and Temam
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Lemma 4.3 ([9], Chapter V, section 3.4). Let X be an invariant set of the
dynamical system. Suppose

1 /T
(4.11) lim sup sup sup T/ tr (F'(v) o Qu(t))dt <0
T—oo vo€X ¢; 0

for any vo € X C H and any orthonormal basis {¢;(t),j > 1} of H = L?
with ¢; € H& for all t where Qp,(t) is the orthogonal projection in H onto
the linear span of {¢;(t),m > j > 1}. Then there exists an absolute constant
K such that

(4.12) dimpg(X) <m, dimg(X) < rkm

where dimy, dimy denotes the Hausdorff and fractal dimension respectively.

Next, we proceed to estimate the left hand side of (4.11).
By definition, we have

NE

r (F'(0) o Qm(t)) = ) (F'(v(t) o Qm(t)$;(t), ¢;(t))

j=1

(4.13) = D (F'(v(1);(t), 65(1))
j=1

Noticing

(@10 (F ) 0).050) = ~loalie + MosBa — 5 [ 0.6,
Q

denoting

m

(4.15) Pm :Z‘qu(l‘,t)‘z

J=1
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we have

SO (F (0(t)d(t), ¢5(t) = —;wﬂmﬂm_; /Q Yupm

i=1

- A
- Z |6jzl72 + Am + §|Pm|L3|U:r|L3/2

<
j=1
i A
< - z; |¢]x|%2 +Am + §|Pm|L3|UI|L2
p=
m m
< = bjelia + Am+ A [djalte +m) P ugl 2
j=1 j=1
m m
< =) dalie + Am RAD I8)xl72) " P vel e
j=1 J=1
1 & /
2 3/2 3/2
< 52 |Bjul2e + Am 4+ A3 2 v,V
7j=1
(4.16) < —kmd 4 Am + mAg/z\vxﬁ/f

where we have used Holder’s inequality, the Ghidaglia-Marion-Temam ver-
sion of the Sobolev-Lieb-Thierring inequality ([9], Appendix, Theorem 3.1),
and the fact that, since {¢;,j > 1} is an o.n.b. for H and each belongs to
H{,

m m
Z ’¢jx‘%2 = Z Djez; $;)
j=1 j=1

> )y g

(4.17) = wm?

where x is an absolute constant independent of m.
Combining (4.8), (4.11), (4.12) and (4.16) we have

(4.18) limsup sup sup / tr (F'(v) 0 Qu(t)) dt < —km® + Xm + kA4,
T—oo wvoeX ¢;

This then leads to the following upper bound on the Hausdorff and fractal
dimension of the global attractor for the Burgers’ type equation (1.1).

Proposition 4.4. The Burgers type equation (1.1) possess a global attrac-
tor Ay for all positive parameter A. Moreover, there exists a constant Ky
independent of X such that

(4.19) dimg(Ay) + dimf(/b\) < Iiu)\3/4.
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4.3. Lower Bound on the Global Attractor. We now derive a lower
bound which grows linearly in v/A. The desired lower bound is achieved
via estimating the dimension of the unstable manifold associated with the
trivial solution © = 0 since the unstable manifold must be a part of the
global attractor (at least in the generic case of A # j272).

The linearized equation takes the form

(4.20) Vp = VUgg + AV

equipped with the homogeneous Dirichlet or periodic boundary condition
on the interval [0, 1].

It is easy to see that for a fixed (large) \, there are roughly v/A number of
unstable modes to the linearized equation. Therefore the unstable manifold
is at least (roughly) v/X. This further implies

(4.21) dim Ay > m VA

Combining the upper bound (4.19) and the lower bound (4.21) we have
the following result

Theorem 4.5. For fized (large) \, the Burgers’ type equation (1.1) possesses
a global attractor whose dimension can be estimated as

(4.22) KV < dim Ay < g A4
where k; and K, are generic constants independent of A.

An immediate corollary of this result is

Corollary 4.6. The extended system (1.2) on the extended domain Q =

[0,V/\], possesses a global attractor Ay whose dimension can be estimated
as

(4.23) k1| Q] < dim Ay < ki |QP/2

i.e., the dimension of the attractor scales at linearly in the volume (in our
one dimensional case, the length) of the extended system with other param-
eters of the system held fized.

Again, we reiterate that this extended system has no chaotic dynamics
since each trajectory converges to either a periodic orbit or steady states
[8]. Of course, there are dissipative systems whose attractor dimensions
scale linearly in the system volume while the dynamics in non-chaotic. For
instance, the 1D Chaffee-Infante equation wu; — uz, +u> —u = 0 on [0, L] is
such an example. See Theorem 2.1, Chapter VI in [9] for an upper bound.
The lower bound can be derived in the same way as above.

Finally, we remark that there is still a discrepancy between the upper
and lower bound. It is still an open question to derive an optimal estimate
on the dimension of the attractor (although estimates in proposition 4.1 are
optimal). We tend to believe that the lower bound is optimal. The lower
bound also agrees with the heuristic Landau-Lifschitz argument. However, it
seems that the approach here will not lead to the speculated optimal bound,
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since the last term on the first of in equation (4.16) involves v, which is not
bounded in LP,p > 1 (see remark 4.2).
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