A REMARK ON THE CHERN CLASS OF A TENSOR PRODUCT

PaorLo ALUFFI AND CAREL FABER

The following elementary observation has proven useful in several enumerative geometry
computations.

Let X be any algebraic scheme over a field, and let « € K°(X) be an element in the
Grothendieck group of vector bundles over X. Then a has a well-defined rank rk a, and
Chern classes cg(«). Also, as tensor product makes K°(X) a ring, we consider a @ [L£],
where £ is an arbitrary line bundle on X.

Theorem. With notations as above, ¢;x a41(@) = ik at1(a @ [L]).
(So this class is independent of L.)

Proof. Write a = [€] —[F], with £, F vector bundles of rank m and n = m —r respectively.
We have to show that the coefficient of +"™! in the formal power series
Ct(F®£)
is independent of ¢ = ¢;(L).
By [1], Example 3.2.2, we have ¢,(E R L) = (14+0t)™ ¢, (E) with 7 = t/(14(t). Therefore

S(t) = (1+ zt)cc((j__)) (14 0t) f: cxla

Hence the coefficient of #"T1 in S(#) equals that of ¢"*! in

r+1 r
L+ 6)" > er(a) = (1+ ) erpr(a)r™ + (14 66)" > ex(a)r”
k=0 k=0
tT—I—l k
—Cr—i—l( )1—|—£t+20k (1—|—£t)

Clearly, the coefficient of +"*! in the last expression equals ¢,41(a). O
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