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Abstract

We prove a new upper bound on the vertical heat transport in Rayleigh-Bénard con-
vection at large (but finite) Prandtl number that agrees with the (optimal) Ra? bound
(modulo logarithmic correction) on vertical heat transport for the infinite Prandtl
number model for convection.
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1 Introduction

We investigate the heat transport in the vertical direction in Rayleigh-Bénard convection at
large Prandtl number. The governing system is the following classical
Boussinesq system for Rayleigh-Bénard convection (non-dimensional):

1 Ou
P—r(a—l—(u-V)u)—{—Vp = Au-+ RakT, V-u=0, (1)
or
— VT = AT 2
5 +u-V ) (2)
u‘z:O,l = 07 (3)
T|z:0 = 17 T|z:1 = Oa (4)
11|t:0 = Uy, T|t:0 =Ty, (5)

where u = (uy, us,u3) is the fluid velocity field, p is the kinetic pressure, T is the temper-
ature field, k is the unit upward vector, Ra is the Rayleigh number measuring the ratio of
differential heating over overall dissipations, Pr is the Prandtl number which is the ratio of
kinematic viscosity over thermal diffusivity, and the fluids occupy the (non-dimensionalized)
region

Q=[0,L,] x[0,L,] x[0,1] (6)
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with periodicity in the horizontal directions assumed for simplicity.

At very large Prandtl number, we may formally set the Prandtl number to infinity and
arrive at the following
infinite Prandtl number model (non-dimensional)

Vp? = Au’+ RakT® V-u'=0, (7)

aTO 0 0 0
W +u - VT = AT s (8)
uO‘zzo,l = 0, (9)
T|.=0 =1, T|.,=1 =0, (10)

which is relevant for fluids such as silicone oil and the earth’s mantle as well as many
gases under high pressure [3, 12, 2]. One observes that the Navier-Stokes equations in the
Boussinesq system has been replaced by the Stokes system in the infinite Prandtl number
model.

The fact that the velocity field is linearly slaved by the temperature field has been ex-
ploited in several recent very interesting works on rigorous estimates on the rate of heat
transport in the vertical direction in this infinite Prandtl number setting (see [8, 6, 10] and
the references therein, as well as the work of [3, 15]). In particular, a bound on the Nusselt
number which scales like Ra3 (modulo logarithmic correction) was obtained in [6] with the
help of a maximum principle in the temperature field and in [10] for general case (and with
better prefactor and logarithmic correction term). In the case of large Prandtl number, we
can formally view the Boussinesq system as a small perturbation of the infinite Prandtl num-
ber model and hence the velocity field is almost linearly slaved by the temperature field. This
near linear slavery was exploited in [29] in studying statistical properties of the Boussinesq
system at large Prandtl number.

On the other hand, the best known bound on Nusselt number with arbitrary Prandtl
number scales like Raz [5] while the bound calculated via marginal stability [14] or direct
numerical simulation [1] suggest the same Ras scaling as the rigorous bound for infinite
Prandtl number convection. We naturally ask if the Ras upper bound on the Nusselt
number can be derived for at least the case of large but finite Prandtl number. As we shall
demonstrate below, there exists a non-dimensional constant ¢y (28) such that we have this
Ras (modulo logarithmic correction) provided that the Prandtl number is relatively large
compared to the Rayleigh number, i.e., % > ¢g. This is a qualitative improvement over our

7
previous result where a bound of the form of Ra3 (In Ra)s + BaZ was derived [29]. The large
Prandtl number condition (28) can be viewed as a small Reynolds number condition since
the ratio of inertial over viscous term is proportional to Ra/Pr.

Throughout this manuscript, we assume the physically important case of high Rayleigh
number Ra > 1 so that we may have non-trivial dynamics.

We also follow the mathematical tradition of denoting our small parameter as ¢, i.e.

1
= & (11)

€
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Throughout this manuscript ¢ will denote a generic non-dimensional constant indepen-
dent of the Rayleigh number and Prandtl number.

The rest of the manuscript is organized as follows. In section 2 we recall a few a priori
estimates on the solutions to the Boussinesq system at large Prandtl number. In section 3,
we derive the Ra3 upper bound for the Nusselt numbers at large Prandtl number. In section
4, we offer concluding remarks.

2 A priori estimates

In this section we derive a few a priori estimates on solutions of the Boussinesq system
at large Prandtl number. These estimates are essentially contained in [28] and [5] and we
reproduce some of them here for the sake of completeness.

Throughout this manuscript, we will assume that the range of initial temperature T} is
contained in the unit interval [0, 1]. Hence we deduce by maximum principle that the range
of T in contained in [0, 1] for all time, i.e.,

1Tz < 1. (12)

We will also assume that the background temperature profile 7(z) under consideration is
always contained in the unit interval [0, 1] (see 41). Therefore, the perturbative temperature
field 6 = T' — 7 satisfies the same estimate

0] < 1. (13)
We also recall [5] that the following estimates hold

< ||Vu||* > < cRa?, (14)
<|IVT||* > < cRa2, (15)

D= W

for all suitable weak solutions of the Boussinesq system with arbitrary Prandtl number where
< - > represents long time average, i.e.
1 rt
< f(-) >=limsup i f(s)ds.
t—o0 0
We first multiply the velocity equation (1) by u and integrate over the domain and we
have

ed
SR+ Va2 < RallT@)llus()]
Ra 1
< Qv
1 1
< - pg2 = 2
< 5 RaQl+ SlIVu()? (16)



where we have utilized the maximum principle on 7', Poincaré inequality and Cauchy-Schwarz
inequality. We then apply Poincaré inequality and Gronwall inequality to deduce

lim sup |[u(t)|| < Ra|Q|? /72, (17)
t—o0

Next we multiply the velocity equation (1) by Au (where A denotes the Stokes operator
with viscosity one and the associated boundary conditions), integrate over the domain and
we have

ed
2.dt

IN

IVl + [[Au|?> < Ra||T[[|Au] + ¢ Vul| | Aul|u] 1~
Ral|Q2 || Au| + cae]| Vul|2[| Aul 2

1
AUl + Ra?|Q] + 64che [ Vu]° (18)

IN

IN

where ¢, is the constant in the Agmon inequality ||ul[z~ < ca||Vu| 2|l Aul|z. This implies,
together with Poincaré inequality,

d
E%HVUW + 72| Vul]? < 2|Q|Ra® 4 128¢4*||Vul|°. (19)
It is then easy to verify that the ball of radius 2|Q|2 Ra/7 is invariant under the dynamics if

the following relative large Prandtl number condition holds

P .
PT; > 8ca|Q /73 (20)

On the other hand, estimate (14) implies that any orbit should enter this ball of radius
2/Q|2 Ra/m. Hence this is an absorbing ball and we have the estimate

lim sup || Vu(t)|| < 2Ra|Q|? /. (21)
t—o0

Inserting this into (18) and taking the long time average, we have the following estimate
< || Au||* >< cRa?|Q)|. (22)

Next, we estimate the time derivative of the velocity. For this purpose we differentiate
the velocity equation (1) in time ! and deduce

0’u  ou ou Op ou or

'We do not need H! norm of the time derivative. However, we do not know of good estimates on the L?
or H~! norm of the time derivative.




Multiplying this equation by ;. and integrating over €1, we deduce, for large t,

ed Ou, 9 Ou,  Ou
— <
SN VTP < Rall T 9+ el e e
< Rall IIH 1||V ||+Cs€||Vu|| Mk IIV ||2
< *IIV ||2 2H HH1+ RGIQIQCsé‘IIVfIIQ (24)

where cg = 051052 is the product of two Sobolev constants in ||ul|zs < 051||Vu||%||u||% and
153 ze < csal VG
ThlS implies that we have

ou 9 arT 5
— <2 — |1 2
< IV > < 2Ra < |5 s > (25)

provided the following second relative large Prandtl number condition is satisfied

Pr 3
2

o = 8| /. (26)

Setting
8 1
co = —5 max{cy, cg}|2]2 (27)
T2

we can combine the two relative large Prandtl number conditions (20) and (26) into the
following one relative large Prandtl number condition

Pr
— > 28
Ra co- (28)

Next, we utilize the temperature equation (2) to deduce

12
ot

IN

[Tul| + VT
1
< —|Vull+ VT (29)

where we have used the maximum principle on the temperature field 7" and the Poincaré
inequality. This further implies, thanks to (14) and (15),

oT
< || ||H L ><2< = ||Vu||2 +[|VT|]?> >< cRa?. (30)
Therefore, inserting this into (25) we have

) .
< ||v({7‘;||2 >< cRa?. (31)



3 Bound on Nusselt number

We first recall the definition of the long time averaged Nusselt number measuring the heat
transport in the vertical direction

t
//\VT(X,S)deds,
0 Ja
1 t
= 1+ sup limsup //u3(x,s)T(X,s)dxds,
0 Ja

(ug,fp)eX t—o0 tLacLy
t
//Qu;),(x,s)H(x,s)dxds (32)
0

1
Nu). = sup limsup
( ) (up,00)eX t—o0 thLy

1
= 14+ sup limsup
(up,0p)eX t—o0 thLy

where T' = 1 — z + 0 is the temperature field, and (u,#) are suitable weak solutions to the
Boussinesq system with initial data (ug, ) . The Nusselt number is a statistical property
of the Boussinesq system in the sense that it is the average of 1 4 u3f over the whole phase
space with respect to some appropriate invariant measure (stationary statistical solution) of
the Boussinesq system [29].

The approach we take here is to view the Boussinesq system at large Prandtl number as
a perturbation of the infinite Prandtl number model for convection. More specifically, we
write the Boussinesq system as

Vp = Au+ Rakf+ef, V-u=0, 33

(33)

90 ,

o T VO+usT'(z) = A0+77(2), (34)
ul.—o1 = 0, (35)
0].—01 = 0, (36)

(37)

= (5 + V),
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where we have employed the background temperature profile method for the Boussinesq
system proposed by Constantin and Doering [5, 6, 10] which is a generalization of E. Hopf’s
original idea [25]. Here we diverge from our previous work [29] where we emphasized the pos-
itive contribution of the transport term [, u3f (following the idea of [10]) with us containing
the effect of total derivative. As we shall see that our new approach of isolating the effect of
total derivative provides better (optimal) estimate on the Nusselt number than lumping the
total derivative term in the ”asymptotic” spectral constraint approach that we used before.
Multiplying the temperature equation by € and integrate over {2 we have

1d
5 IO+ V02 + (7,0) + [ 7'z = 0. (38)

We also have

IVTI* = [Vel* +2(<,0) + [I']]” (39)



Following [6, 10] and combining the two we have

< |\VT|? >
_ ||T’\|2—</Q(|ve|2+2f/u3e> >

= 7P < /Q (IV6]? + 2Rar’ A1 (k8)30 + 2e7' A~1(£)40) >
— HT'HQ—</(W9P+2RCL¢A 1(k0)30 — 2e7' A (%1;)9—257’A‘1((u-V)u)39)¢40)
Q

We now choose a specific background temperature profile of the form

i 1-0<2<1
() =4 * L 41
(@) {0, 0<z<1-04. (41)

According to [6], we have
i (;|ve|2 + 2Rar A (k)0) > 0, VO (42)

provided we choose ¢ as

6= cCDRa%(l +1In Ra)% (43)

for some appropriate constant ccp independent of the Rayleigh number. Roughly speak-
ing, the idea of Constantin and Doering was to apply Poincaré inequality and to dominate
| 2 A~ (k0)3| 1o = || 25 A~ (KT )3 = by ||T|| 2 (which can be dominated by the maximum
principle (12)) together with a logarithmic term in [|AT|| which induces the logarithmic term
in Ra. A polynomial in Ra bound on ||AT|| may be found in [28].

Now we have

0 _, ou_ 00
2| [ AT (G0 < 20% 55 AT (Gl
< VO + et (44)

where we have applied Poincaré, Holder, Cauchy—Schwarz inequality, Stokes regularity, the
boundary conditions for 6, A~ ( +)3 and VA~ ( = )3, and the specific form of 7 (41).
We also have

26\/S]T’A‘1((U-V)u)39! < 256!\522A’1((u-V)u)sHHGH
< cdel|(u- V)ul (45)

where we have applied Poincaré inequality, Stokes regularity, the specific form for 7 (41) and
the maximum principle on 6.



Therefore we deduce

<||IVT|? >
< |7P- < /Q(;|V(9|2 + 2Rat’ A7 (k0)30) > +cd'e? < H?;;HQ > +cde < |[(u- V)ul| >
< ||7)P + edte? < ||aaltl||2 > +cde < ||(u- V)ul| >
< I+ '€ < [V > tede < i~ |Vl >
< PP+ edte? < HV?:HQ > +cde < ||Vul|2 || Aul|z >
< PP+ edte? < HV?;HQ > fcde < ||Vul? > i< [|Aul® >4
< cRa%(ln Ra)% + ce®Ra’s (In Ra)_% + csRa%(ln Ra)_%
< cRa%(ln Ra)% + cRa%(ln Ra)’% + cRaﬁ(ln Ra)’%
< c¢Ra?(In Ra)3 (46)

where we have utilized the spectral constraint (42), Poincaré inequality, Agmon inequality,
Holder’s inequality, the specific form of 7 and our choice of § together with the a priori
estimates (14, 22, 31) as well as the large Prandtl number assumption (28) . This completes
the proof of our main result.

4 Concluding Remarks

We have derived a new upper bound on the Nusselt number (non-dimensional measurement
of heat transport in the vertical direction) for the Boussinesq system under the relatively
large Prandtl number over Rayleigh number assumption (28). The new bound (46) scales like
Ra3 (modulo logarithmic term) and is in agreement with the best known bound on Nusselt
number for the infinite Prandtl number model derived earlier by Constantin and Doering [6],
Doering, Otto and Reznikoff [10]. The result here is optimal (modulo logarithmic correction)
if one believes that the Ras scaling is optimal for the infinite Prandtl number model for
convection.

The large Prandtl number assumption (28) may be interpreted as a small Reynolds
number assumption since the Reynolds number is heuristically proportional to % at large
Prandtl number. This small Reynolds number assumption is also in accordance with the
belief that the Raz scaling can only occur at large Reynolds number region when the flow
is turbulent.

The result is derived via viewing the Boussinesq system at large Prandtl number as a
small (singular) perturbation of the infinite Prandtl number model. The perturbation idea
works for this singular perturbation case [27] since this special two time scale problem is of

relaxation type and we are looking for long time (stationary) behavior [29]. The perturbative



approach also allows us to improve bound on the Nusselt number for the Boussinesq system
if better bounds on the Nusselt number for the infinite Prandtl number are derived.

We would also like to point out that if the Ras scaling (modulo logarithmic correc-
tions) of the Nusselt number is true for all Prandtl number (when the large Prandtl number
assumption is violated) is still an outstanding open problem.
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