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Abstract

We establish the general machinery of string topology for differentiable
stacks. This machinery allows us to treat on an equal footing free loops
in stacks and hidden loops. In particular, we give a good notion of a
free loop stack, and of a mapping stack Map(Y, X), where Y is a com-
pact space and X a topological stack, which is functorial both in X and Y
and behaves well enough with respect to pushouts. We also construct a
bivariant (in the sense of Fulton and MacPherson) theory for topological
stacks: it gives us a flexible theory of Gysin maps which are automatically
compatible with pullback, pushforward and products. We introduce ori-
ented stacks, generalizing oriented manifolds, which are stacks on which
we can do string topology. We prove that the homology of the free loop
stack of an oriented stack is a BV-algebra and a Frobenius algebra, and
the homology of hidden loops is a Frobenius algebra. Using our gen-
eral machinery, we construct an intersection pairing for (non necessarily
compact) almost complex orbifolds which is in the same relation to the
intersection pairing for manifolds as Chen-Ruan orbifold cup-product is
to ordinary cup-product of manifolds. We show that the string product of
almost complex is isomorphic to the orbifold intersection pairing twisted
by a canonical class.
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Introduction

String topology is a term coined by Chas-Sullivan [14] to describe the rich al-
gebraic structure on the homology of the free loop manifold LM of an oriented
manifold M. The algebraic structure in question is induced by geometric op-
erations on loops such as gluing or pinching of loops. In particular, He(LM)
inherits a canonical product and coproduct yielding a structure of Frobenius
algebra [14, 18]. Furthermore, the canonical action of S' on LM together with
the multiplicative structure make Ho(LM) a BV-algebra [14]. These algebraic
structures, especially the loop product, are known to be related to many subjects
in mathematics and in particular mathematical physics [46, 13, 17, 2, 21].

Many interesting geometric objects in (algebraic or differential) geometry or
mathematical physics are not manifolds. There are, for instance, orbifolds, clas-
sifying spaces of compact Lie groups, or, more generally, global quotients of a
manifold by a Lie group. All these examples belong to the realm of (geometric)
stacks. A natural generalization of smooth manifolds, including the previous
examples, is given by differentiable stacks [7] (on which one can still do differ-
entiable geometry). Roughly speaking, differential stacks are Lie groupoids up
to Morita equivalence.

One important feature of differentiable stacks is that they are non-singular,
when viewed as stacks (even though their associated coarse spaces are typically
singular). For this reason, differentiable stacks have an intersection product on
their homology, and a loop product on the homology of their free loop stacks.

The aim of this paper is to establish the general machinery of string topology
for differentiable stacks. This machinery allows us to treat on an equal footing
free loops in stacks and hidden loops. The latter are loops inside the stack,
which vanish on the associated coarse space. The stack of hidden loops in the
stack X is the inertia stack of X, notation AX. The inertia stack AX — X is
an example of a family of commutative (sic!/) groups over the stack X, and the
theory of hidden loops generalizes to arbitrary commutative families of groups
over stacks.

In the realm of stacks several new difficulties arise whose solutions should
be of independent interest.

First, we need a good notion of free loop stack LX of a stack X, and more
generally of mapping stack Map(Y, X) (the stack of stack morphisms ¥ — X).
For the general theory of mapping stacks, we do not need a differentiable struc-
ture on X; we work with topological stacks. This is the content of Section 5.1.
The issue here is to obtain a mapping stack with a topological structure which
is functorial both in X and Y and behaves well enough with respect to pushouts



in order to get geometric operations on loops. For instance, a key point in string
topology is the identification Map(S! v S, X) = LX x ¢ LX. Since pushouts are
a delicate matter in the realm of stacks, extra care has to be taken in finding
the correct class of topological stacks to work with (Section ?? and [40]). For
this reason, we restrict our attention to the class of Hurewicz topological stacks.
These are topological stacks which admit an atlas with a certain fibrancy prop-
erty. Without restricting to this special class of topological stacks, S'V S* would
not be the pushout of two copies of S', in the category of stacks.

A crucial step in usual string topology is the existence of a canonical Gysin
homomorphism He (LM xLM) — H,_,(LM X ;LM) when M is a d-dimensional
manifold. In fact, the loop product is the composition

H,(LM) ® Hy(LM) —
> Hyg(LM % LM) = Hyy a(LM x5y LM) = Hyy a(LM), (0.1)

where the last map is obtained by gluing two loops at their base point.

Roughly speaking the Gysin map can be obtained as follows. The free loop
manifold is equipped with a structure of Banach manifold such that the eval-
uation map ev : LM — M which maps a loop f to f(0) is a surjective sub-
mersion. The pullback along ev x ev of a tubular neighborhood of the diagonal
M — M x M in M x M yields a normal bundle of codimension d for the em-
bedding LM xp; LM — LM. The Gysin map can then be constructed using a
standard argument on Thom isomorphism and Thom collapse [19].

This approach does not have a straightforward generalization to stacks. For
instance, the free loop stack of a differentiable stack is not a Banach stack in gen-
eral, and neither is the inertia stack. In order to obtain a flexible theory of Gysin
maps, we construct a bivariant theory in the sense of Fulton-MacPherson [25] for
topological stacks, whose underlying homology theory is singular homology. A
bivariant theory is an efficient tool encompassing into a unified framework both
homology and cohomology as well as many (co)homological operations, in partic-
ular Gysin homomorphisms. The Gysin maps of a bivariant theory are automat-
ically compatible with pullback, pushforward, cup and cap-products (see [25]).
(Our bivariant theory is somewhat weaker than that of Fulton-MacPherson, in
that products are not always defined.)

In Section 8.1 we introduce oriented stacks. These are the stacks over which
we are able to do string topology. Examples of oriented stacks include: oriented
manifolds, oriented orbifolds, and quotients of oriented manifolds by compact
Lie groups (if the action is orientation preserving and of finite orbit type). A
topological stack X is orientable if the diagonal map X — X x X factors as

T Ln—e—XxX, (0.2)

where 91 and €& are orientable vector bundles over X and X x X respectively, and
M — € is an isomorphism onto an open substack (there is also the technical
assumption that & is metrizable, and X — € factors through the unit disk
bundle). The embedding 91 — €& plays the role of a tubular neighborhood. The
dimension of X is rk — rk &.



The factorization (0.2) gives rise to a bivariant class § € H(X — X x X), the
orientation of X.

Sections 5-8 are devoted to the string topology operations, focusing on the
Frobenius and BV-algebra structures. The bivariant formalism has the follow-
ing consequence: if X is a an oriented stack of dimension d, then any cartesian
square

Y — 3

y v
X 2 xxx

defines a canonical Gysin map A' : Hy(3) — H,_,(2)). For example, the carte-
sian square

LX xxLX — LX xLX

v \

%—>A XxX

Gives rise to a Gysin map A' : Hg(LX x LX) — H,_,(LX xx LX), and we can
construct a loop product

*: He(LX) ®@ Ho (LX) — He_q(LX),

as in 0.1, or [14, 19, 18].
We also obtain a coproduct

§:Ho(LX) — @ Hi(LX)® H;(LX).
i+j=e—d

Furthermore, LX admits a natural S'-action yielding the operator D
H,(LX%) — Ho11(LX) which is the composition:

H, (LX) =% Hyyy (LX x S') — Hoyq (LX),

where w € H;(S) is the fundamental class. Thus we prove that (He(LX), %, d)
is a Frobenius algebra and that the shifted homology (He4q(LX),*,D) is a
BV-algebra.

Since the inertia stack can be considered as the stack of hidden loops, the
general machinery of Gysin maps yields, for any oriented stack X, a product
and a coproduct on the homology He(AX) of the inertia stack AX, making it a
Frobenius algebra, too. Moreover in Section 11.4, we construct a natural map
® : AX — LX inducing a morphism of Frobenius algebras in homology.

In Section 13, we consider almost complex orbifolds (not necessarily com-
pact). Using Gysin maps and the obstruction bundle of Chen-Ruan [16], we
construct the orbifold intersection pairing on the homology of the inertia stack.



It is in the same relation to the intersection pairing on the homology of a mani-
fold as the Chen-Ruan orbifold cup-product [16] is to the ordinary cup product
on the cohomology of a manifold.

The orbifold intersection pairing defines a structure of associative, graded
commutative algebra on H2™ (X) for any almost complex orbifold X. As a vector
space the orbifold homology H°™ (%) coincides with the homology of the inertia
stack AX, but the grading is shifted according to the age as in [16, 23].

In the compact case, the orbifold intersection pairing is identified with the
Chen-Ruan product, via orbifold Poincaré duality.

We also prove that the loop product, string product and intersection pair-
ing (for almost complex orbifolds) can be twisted by a cohomology class in
Ho(LX xx LX) or He(AX x x AX), satisfying the 2-cocycle condition (see Propo-
sitions 9.11, 10.3, and 13.6). The notion of twisting provides a connection
between the orbifold intersection pairing and the string product. In fact, we
associate to an almost complex orbifold X a canonical vector bundle Ox @ My
over AX xx AX and prove that the orbifold intersection pairing, twisted by the
Euler class of Ox @ Mz, is the string product of X.

Parallel to our work, the string product for global quotient orbifolds was
studied in [35, 27]. Furthermore, a nice interpretation of the string product in
terms of the Chen-Ruan product of the cotangent bundle was given by Gonzélez
et al. [27]. A loop product for global quotients of a manifold by a finite group
was studied in [36, 35].

Conventions
Topological spaces

All topological spaces are compactly generated. The category of topological
spaces endowed with the Grothendieck topology of open coverings is denoted
Top. This is the site of topological spaces.

Manifolds

All manifolds are second countable and Hausdorff. In particular they are regular
Lindel6f and paracompact.

Groupoids

We will commit the usual abuse of notation and abbreviate a groupoid to
I'y = IT'y. A topological groupoid, is a groupoid I'1 = I'g, where I'y and Iy
are topological spaces, but no further assumptions is made on the source and
target maps, except continuity. A topological groupoid is a Lie groupoidif I';, T
are manifolds, all the structures maps are smooth and, in addition, the source
and target maps are subjective submersions.



Stacks

For stacks, we use the words equivalent and isomorphic interchangeably. We
will often omit 2-isomorphisms from the notation. For example, we may call
morphisms equal if they are 2-isomorphic. The stack associated to a groupoid
I'y = I’y we denote by [['g/T'1], because we think of it as the quotient. Also if G
is a Lie group acting on a space Y, we simply denote [Y/G] the stack associated
to the transformation groupoid ¥ x G =2 Y.

Our terminology is different from that if [40]. The quotient stack X of a
topological groupoid [['o/I'1] is called a topological stack in this paper, where
as in [ibid.] these are called pretopological stacks. If the source and target
map of [['o/T'1] are local Hurewicz fibrations, then we say that X is a Hurewicz
topological stack; see Section S:topological.

(Co)homology

The coefficients of our (co)homology theories will be taken in a commutative
unital ring k. All tensors products are over k unless otherwise specified.

We will write both H(X), He(X) for the total homology groups € H, (X).
We use the first notation when we deal with ungraded elements and ungraded
maps, while we use the second when where dealings with homogeneous homol-
ogy classes and graded maps. Similarly, in Section 7, we use respectively the
notations H (X% ER ) and H*(X 4 ) for the total bivariant cohomology groups
when we want to deal with ungraded maps or with graded ones.
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1 Topological stacks

We review some basic facts about topological stacks. More details can be found
in [40].

1.1 Stacks over Top

Throughout these notes, by a stack we mean a stack over the site Top of com-
pactly generated topological spaces with the standard Grothendieck topology.
This means, a stack is a category X fibered in groupoids over Top satisfying the
decent condition. Alternatively, we can think of X as a presheaf of groupoids
over Top which satisfies decent.

We list some basic facts about stacks.

1. Stacks over Top form a 2-category in which 2-morphisms are invertible.
Therefore, given two stacks X and ), we have the groupoid Hom(%), X)
of morphisms between them. In the case where the source stack ) = T
is a topological space, we usually use the alternative notation X(7") for
the above hom-groupoid. This is sometimes referred to as the groupoid of
T-valued points of X.

Although in practice one may really be interested only in the category
of stacks which obtained by identifying 2-isomorphic 1-morphisms, the 2-
category structure can not be ignored. For example, when we talk about
fiber products of stacks, we exclusively mean the 2-fiber product in the
2-category of stacks.

2. The 2-category of stacks has fiber products and inner homs, so it is carte-
sian closed. The 2-fiber product X x3 %) is characterized by the property
that, for every topological space T, its groupoid of T-valued points is given
equivalent to

X(T) x3(1) D(T).

Given stacks X and ) be stacks over Top, the inner hom between them,
called the mapping stack Hom(%), X), is defined by the rule

TeTop +— Hom(T x9,X%).
Note that we have a natural equivalence of groupoids
Hom(9), X)(x) = Hom(), X),

where * is a point. The mapping stack has the exponential property. That
is, given stacks X, 2, and 3, we have a natural equivalence of stacks

Hom(3 x 9),%) = Hom(3, Hom(9), X)).



3. The category of topological spaces embeds fully faithfully in the 2-category
of stacks. This means, given two topological spaces X and Y, viewed as
stacks via the functor they represent, the hom-groupoid Hom(X,Y) is
equivalent to a set, and this set is in a natural bijection with the set of
continuous functions from X to Y.

This way, we can think of a topological space as a stack.

This embedding preserves the closed cartesian structure on Top. This
means that fiber products of spaces get sent to 2-fiber products of the
corresponding stacks, and the mapping spaces (with the compact-open
topology) get sent to mapping stacks.

4. The embedding of the category of topological spaces in the 2-category of
stacks admits a left adjoint. That is, to every stack X one can associate
a topological space, together with a natural map 7: X — X,,,4 which is
universal among maps from X to topological spaces. (That is, every map
from X to a topological space T factors uniquely through 7.) ; See [40],
84.3.

The space X,,0q is called the coarse moduli space of X and it should be
thought of as the “underlying space” of X.

In particular, the underlying set of X,,,,4 is the set of isomorphism classes
of the groupoid X(x), where x stands for a point. In other words, the
points in X,,,q are the 2-isomorphism classes of points of X, where by a
point of X we mean a morphism z: x — X.

The underlying set of the coarse moduli space of the mapping stack
Hom(9), X) is the set of 2-isomorphism classes of morphisms from 2) to

X.

5. To a point x: x — X of a stack X there is associated a group I, called the
inertia group of X at x. By definition, I, is the group of 2-isomorphisms
from the point x to itself. An element in I, is sometimes referred to as a
ghost or hidden loop; see ([40], §10).

The groups I, assemble into a stack AX — X over X called the inertia

stack. The inertia stack is defined by the following 2-fiber square

AX —X

Lk

367%><%

1.2 Morphisms of stacks

A morphism f: X — 2 of stacks is called representable if for every map
T — 9 from a topological space T', the fiber product T' x9 X is a topological
space. This is, roughly speaking, saying that the fibers of f are topological
spaces.



Any property P of morphisms of topological spaces which is invariant under
base change can be defined for an arbitrary representable morphism of stacks.
More precisely, we say that a representable morphism f: X — Q) is P, if for every
map T' — ) from a topological space T, the base extension fr: T xg X — T is
P as a map of topological spaces; see ([40], §4.1).

This way we can talk about embeddings (closed, open, locally closed, or
arbitrary) of stacks, proper morphisms, finite morphisms, and so on.

We say that f: X — Q) is an epimorphism, if it is an epimorphism in the
sheaf theoretic sense. In the case where f is representable, this is equivalent to
saying that every base extension fr of f over a topological space T admits local
sections.

1.3 Topological stacks

A topological stack ([40], Definition 7.1) is a stack X over Top which admits
a representable epimorphism p: X — X from a topological space X. Equiva-
lently, ¥ is equivalent to the quotient stack [X/X1] of a topological groupoid
X7 = Xg. This quotient stack, by definition, is the stack associated to the
presheaf of groupoids

T — X1(T) = Xo(T).

This stack is the equivalent to the stack of torsors for the groupoid X; = Xo;
see ([40], §12).

An important example to keep in mind is the case of a topological group G
acting on a topological space X. The quotient stack of the topological groupoid
X x G = X associated to this action is denoted by [X/G]. For a topological
space T, the groupoid [X/G](T) of T-points of [X/G] is the groupoid of pairs
(P, ), where P is a principal G-bundle over T', and ¢: P — X is a G-equivariant
map. In the case where X is a point, the corresponding quotient stack [«/G] is
called the classifying stack of G. Its group of T-points is precisely the groupoid
of principal G-bundles over T'.

We list some basic facts about topological stacks.

1. Topological stacks form a full sub 2-category of the 2-category of stacks
over Top.

2. The 2-category of topological stacks is closed under fiber products. It,
however, does not seem to have inner hom objects. That is, it does not
seem to be the case in general that the mapping stack Hom(9),X) of
two topological stacks X and ) is a topological stack. This is the case,
however, if g is the quotient stack of a groupoid Y; = Yj such that Yj
and Y7 are compact topological spaces; see Proposition 5.1.

3. The stack associated to a topological space X is topological. It is, in fact,
equivalent to the stack associated to the trivial groupoid X = X. Thus,
the category of topological spaces is a full subcategory of the 2-category
of topological stacks.
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4. Let X = [X/X1] be the quotient stack of a topological groupoid X; = Xj.
Then, the coarse moduli space X,,,q of X is naturally homeomorphic to
the course quotient space of the groupoid X; == Xjy. In particular, the
coarse moduli space of the quotient stack [X/G] is the orbit space X/G
of the action of G on X. The coarse moduli space of the classifying stack
[*/G] of G is just a single point.

5. For a point z: ¥+ — X of a topological stack X, the inertia group I, is
naturally a topological group. The inertia stack AX is a topological stack,
and the natural map AX — X is representable.

6. Every morphism 7' — X from a topological space T" to a topological stack
X is representable.

1.4 Hurewicz topological stacks

As we will see in §1.5, in order to have nice gluing properties for maps into a
stack X, we need to assume X is a Hurewicz stack. This will be needed later on
when we work with loop stacks. We recall the definition of a Hurewicz stack.

A Hurewicz fibration is a map having the homotopy lifting property for all
topological spaces. A map f: X — Y of topological spaces is a local Hurewicz
fibration if for every x € X there are opens x € U and f(z) € V such that
f(U) CVand fly — V is a Hurewicz fibration. The most important example
for us is the case of a topological submersion: a map f : X — Y, such that
locally U is homeomorphic to V' x R", for some n.

Dually, we have the notion of local cofibration. It is known ([44]), that if
A — Z is a closed embedding of topological spaces, it is a local cofibration
if and only if there exists and open neighborhood A C U C Z such that A
is a strong deformation retract of U. If A — Z is a local cofibration, so is
AXxT — Z x T for every topological space T. Moreover, the following result is
essential for our purposes ([45]):

Given a commutative diagram, with A — Z a local cofibration and X — Y
a local fibration

|

Z—=Y

_

then for every point a € A there exists an open neighborhood Z’ of a in Z, such
that there exists a lifting (the dotted arrow) giving two commutative triangles

Al —X

]

Z' —=Y

where A’ =ANZ'.

11



Definition 1.1 A topological stack X is called Hurewicz if it is equivalent to
the quotient stack [Xo/X1] of a topological groupoid X; = X, whose source
and target maps are local Hurewicz fibrations.

Example 1.2 A topological space is a Hurewicz topological stack. The topo-
logical stack underlying any differentiable stack is a Hurewicz topological stack.
In particular, any global quotient [M/G] of a manifold by a Lie group is a
Hurewicz topological stack.

1.5 Pushouts in the category of stacks
The following generalizes ([40], Theorem 16.2).

Proposition 1.3 Let A — Y be a closed embedding of Hausdorff spaces, which
18 a local cofibration. Let A — Z be a finite proper map of Hausdorff spaces.
Suppose we are given a pushout diagram in the category of topological spaces

A——Y

|

7 ——=7NaY

Then this diagram remains a pushout diagram in the 2-category of Hurewicz
topological stacks. In other words, for every Hurewicz topological stack X, the
morphism

.%(Z Va Y) I :{(Z) X x(A) X(Y)

is an equivalence of groupoids.

PROOF. Let us abbreviate the pushout by U = Z V4 Y.

The fully faithful property only uses that X is a topological stack and that U
is a pushout. Let us concentrate on essential surjectivity. Because X is a stack
and we already proved full faithfulness, the question is local in U. Assume given
Z — X and Y — X, and an isomorphism over A. Let X; = X be a groupoid
presenting X, whose source and target maps are local fibrations.

Let us remark that both Z — U and Y — U are finite proper maps of
Hausdorff spaces. Thus we can cover U by open subsets U;, such that for every
i, both Z; = U; N Z and Y; = Y NU; admit liftings to X of their morphisms to
X. We thus reduce to the case that we have Z — X3, Y — Xy, and A — X;.
Next, we need to construct the dotted arrow in

A——Y

|

X1 *>X0

We can cover Y by opens over which this arrow exists, because A — Y is a
local cofibration and X; — Xy a local fibration. Then for a point ©v € U we

12



choose an open neighborhood in U small enough such that the preimage in Y
is a disjoint union of sets over with the dotted arrow exists. Passing to such a
neighborhood of u reduces to the case that the dotted arrow exists. Then there
is nothing left to prove. [

1.6 Geometric stacks

We will encounter other types of stacks. A differentiable stack is a stack on
the category of C*°-manifolds, which is isomorphic to the quotient stack of a
Lie groupoid. Every differentiable stack has an underlying topological stack. If
the Lie groupoid X; = X represents the differentiable stack X, the underlying
topological groupoid represents the underlying topological stack. Often we will
tacitly pass from a differentiable stack to its underlying topological stack. For
more on differentiable stacks, see [7].

An almost complex stack is a stack on the category of almost complex
manifolds, which is isomorphic to the quotient stack of an almost complex Lie
groupoid, i.e., a Lie groupoid X; =% Xy, where Xy and X; are almost complex
manifolds, and all structure maps respect the almost complex structure. Every
almost complex stack has an underlying differentiable stack and hence also an
underlying topological stack.

2 Homotopy type of a topological stack

Classifying space of a topological stack

Many facts about topological stacks can be reduced to the case of topological
spaces by virtue of the following.

Theorem 2.1 For every topological stack X, there exists a topological space X
together with a morphism p: X — X which has the property that, for every
morphism T — X from a topological space T, the pull back T xx X — T is a
weak homotopy equivalence.

A topological space X with the above property is called a classifying space
for X. A classifying space for X can be constructed by taking the fat realization
of the nerve of a groupoid X; = X whose quotient stack is X. For more details
see [41]. The above theorem implies that the classifying space is unique up to a
unique isomorphism in the weak homotopy category of topological spaces (i.e.,
the category of topological spaces with weak homotopy equivalences inverted).

In the case where X = [X/G] is the quotient stack of a group action, the
Borel construction X xg EG is a classifying space for X. Here EG is the total
space of the universal principal G-bundle in the sense of Milnor.

2.1 (Co)homology theories for topological stacks

Theorem 2.1 allows one to extend every (generalized) (co)homology theory h to
the 2-category of topological stacks. For instance, let us explain how to define

13



h(%,2) for a pair (X,2) of topological stacks.

Choose a classifying space ¢: X — X, and let A := =12, It follows that
the pair (X, A) is well-defined in the weak homotopy category of pairs (i.e.,
is independent of the choice of a particular classifying space X). So, we can
define h(X,2) to be h(X, A). It can be easily verified that this construction is
functorial in morphisms of pairs.

The cohomology theory thus defined on topological stacks will maintain all
natural properties that it had on spaces. For example, it will be homotopy
invariant (in particular, it will not distinguish 2-isomorphic morphisms), it will
satisfy excision, it will maintain all the products (cap, cup, etc.) that it had on
spaces, and so on.

In the case where X = [X/G], we will recover the usual G-equivariant
(co)homology of X defined using the Borel construction. That is, h([X/G]) =
h(X Xa EG)

2.2 Paracompactness of the classifying space

In many applications, it is important to find a classifying space for X which
is paracompact. There are various conditions on a groupoid X; =% Xy which
guarantee that the fat realization of the nerve of X; =% X is paracompact. The
following is one.

Definition 2.2 A topological stack X is called regular Lindel6f if it is equiv-
alent to the quotient stack [Xo/X1] of a topological groupoid X; = Xy such
that X1, X are regular Lindel6f spaces.

The proof of the following proposition will appear elsewhere.

Proposition 2.3 If X is a reqular Lindelof stack, there exists a classifying space
for X which is a reqular Lindeldf space, in particular paracompact.

Remark 2.4 Every differentiable stack is regular Lindeléf and hence has a
paracompact classifying space.

2.3 Singular homology and cohomology

We will fix once and for all a coefficient ring and drop it from the notation
consistently.

We assume all topological stacks are regular Lindelof.

Singular homology and cohomology for spaces lifts to topological stacks.
The singular (co)homology of the topological stack X can be defined to be the
singular (co)homology of its classifying space. Alternatively, let I' : 'y = T’y be
a topological groupoid presentation of X. We denote I') = I'y xp, ... xp, I'1
(p-fold) the space of composable sequences of p arrows in the groupoid T'. Tt
yields a simplicial space I'q

oDy ——=T1 —=TY). (2.1)
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The singular chain compler of T'y is the total complex associated to the
double complex Co(T) [5]. Here C4(T',) is the linear space generated by the
continuous maps A, — T'p. Its homology groups Hy(I's) = Hy(Ce(T,)) are
called the homology groups of I'. The singular cochain complexr of I'y is the
dual of C4(T's). In other words the total complex associated to the bicomplex
CP(T'y). These groups are Morita invariant (i.e. only depend on the quotient
stack [T'o/T1]). By definition they are the (co)homology groups of the stack
[[o/T]. They coincide with the cohomology of the classifying space of X.

This Theory generalizes to singular cohomology theory H(X%,2) for pairs
(X,20) of topological stacks satisfying the Eilenberg-Steenrod axioms. This the-
ory comes with cup products and coincided with the usual singular cohomology
when (X%,2) is a pair of topological spaces. In the case when X = [X/G] is the
quotient stack of a topological group action, H is G-equivariant cohomology.
The following less standard facts are also true about H.

Proposition 2.5 Let A — B — X be closed embeddings of topological stacks.
Then, there is a natural product

H"(X,X-B)@ H™(B,8 —A) — H™ (X, X - A)
which coincides with the cup product if B = X.

PROOF. Omne uses the fact the classifying space is paracompact (Proposi-
tion 2.3). It is a general fact (for instance see [32]) that if F' is a sheaf over
a paracompact space X and Z C X is closed, then h_m) I'(U,F) = T(Z,F),

Uoz
where U is open. Then the result follows from the same argument as for topo-

logical spaces in [25], § 3. O

Proposition 2.6 Let X be a topological stack and UA,B C X substacks. Then,
we have a cohomology long exact sequence

co— HPTH(LANB) — HY(X, AUB) — H™(X,B) — H* (A, ANB) — H (X, AUB)--- .
ProOF. By Excision H™(A,ANB) = H*(A U B,B). The result follows from
the long exact cohomology sequence for the triple (X,2AU%B,9B). O
3 Vector bundles on stacks

We begin with the definition of a (representable) vector bundle on a stack.

Definition 3.1 Let X be a (topological) stack. A real vector bundle on X
is a representable morphism of stacks € — X which makes & a vector space
object relative to X. That is, we have an addition morphism € x5 € — & and
an R-action R x & — &, both relative to X, which satisfy the usual axioms. A
complex vector bundle is defined analogously.

15



Remark 3.2 There are two alternative definitions for a vector bundle on a
stack X that are equivalent to the one given above:

1. A vector bundle on X is a representable morphism of stacks & — X such
that, for every f: T — X with T a topological space, the pull back Ep — T

is endowed with the structure of a vector bundle. Here, Ep := f*& =
T Xx ¢.

Er — ¢

T 4f> X

We also require, for every g: T — T, that the natural isomorphism
(fog) € — g (f€)
be a bundle map.

2. Let X =[s,t: X3 = X(| be a groupoid presentation for X. Then, a vector
bundle on X is the same things as an X-equivariant vector bundle. Recall
that an X-equivariant vector bundle consists of a vector bundle E over
X, and an isomorphism ¥: s*E — t*E of vector bundles over X; such
that the three restrictions of ¢ to X; x x, X1 satisfy the cocycle condition.

Let us briefly explain how these three definitions are related. Going from
Definition 3.1 to (1) is obvious. Given a vector bundle in the sense of (1), we
obtain a vector bundle F := p*€ on X, where p: Xy — X is the quotient map.
This is easily seen to be equivariant. Finally, given an X-equivariant vector
bundle E, we define € to be the quotient stack of the groupoid [E; = Ey],
where Ey := E and Ey := s*E = X; xx, E. The source map E; — Ej is the
projection map pry: X; xx, £ — Ey. The target map is pr,ot. It is easy to
verify that € is a vector bundle over X in the sense of Definition 3.1.

3.1 Operations on vector bundles

The standard operations on vector bundles on spaces (e.g., direct sum, tensor
product, exterior powers, and so on) can be carried out on vector bundles on
stacks mutatis mutandis. This is more easily seen if we think of a vector bundle
as in Remark 3.2 (1). In this case, we simply perform the desired operation
simultaneously on the pull backs Er, for varying T', and the resulting family of
vector bundles, say Fr, will give rise to a vector bundle § on X.

In view of Remark 3.2 (2), operations on vector bundles on X correspond to
operations on X-equivariant vector bundles.

Similarly, we can define a metric on a vector bundle. More precisely, a
metric on € is the same thing as a compatible family of metrics on Er, for
varying T. Given a presentation X = [X; = Xj] for X, a metric on € is the
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same thing as an invariant metric on the X-equivariant vector bundle E. (The
latter simply means a metric on the vector bundle E over Xy such that the
isomorphism t: s*E — t*F is an isometry.)

Example 3.3 Let X be a paracompact topological space (say, a manifold) and
G a compact Lie group acting on it. Set X := [X/G]. Then every vector bundle
¢ on X admits a metric. In fact, metrics on € are in bijection with G-invariant
metrics on the vector bundle F := p*€ over X. (Here p: X — X is the quotient
map.)

4 Thom isomorphism

Definition 4.1 We say a vector bundle p: € — X of rank n on a topological
stack X is orientable, if there is a class u € H"(€, € — X) such that the map

HY(X) - H"*" (¢ ¢-X)
c = pUp
is an isomorphism for all ¢ € Z. The class p is called a Thom class, or an

orientation, for p: € — X.

Lemma 4.2 Let € — X be an oriented vector bundle and p € H"(€,¢€ — X) a
Thom class for it. Let f: ) — X be a morphisms of stacks. Then f*€ — %) is
an oriented vector bundle and f*(u) is a Thom class for it.

Lemma 4.3 Let € — X be a vector bundle. Let f: ) — X be a trivial fibration
of topological stacks, and let v be a Thom class for the vector bundle f*& — ).
Then, there is a unique Thom class p for € such that f*(u) = v.

Proposition 4.4 Let p: € — X be an orientable vector bundle of rank n, and
let w € H*(€, ¢ — X) be a Thom class for it. Let & C X be a closed substack.
Then, the homomorphism

H*(%,X—-R) - H*™(¢ ¢—-R)
c = pUp

is an isomorphism. Here, we have identified & with a closed substack of € via
the zero section of € — X.

ProOOF. Let 4 = X — & The map ¢ — p*(c) U u induces a map between long
exact sequences

© o> HUT(Ely, Ely — ) = H'W(¢, ¢-X) > H*T"(¢,¢-Q/) —

< < ¢

— > H'Y) ——> H'(X) ——> H"""(X,X—8) >

17



(The top sequence is long exact by Proposition 2.6.) The claim follows from
5-lemma. [

Proposition 4.5 In Proposition 4.4, identify X with a closed substack of € via
the zero section. Then, for every ¢ € H*(X,X — &), we have 7(c) = ¢ u, where
- is the product of Proposition 2.5.

Proposition 4.6 In Proposition 4.4, assume that &€ is metrized, and let ®
denote its disc bundle of radius r. Set L = p~1(R)ND. and let p: H*(E, ¢ —
R) — H*(&,E—L) be the restriction homomorphism. Then the homomorphism

H*(X,X— &) - H*™(e,¢—L)
c = pp(c)Up)

is an isomorphism. In particular, the map p is an isomorphism.

PrROOF. Let 4 = X — K. In the case where 8 = X, a standard deformation
retraction argument shows that p is an isomorphism, so the result follows from
Proposition 4.4. The general case reduces to this case by considering the map
of long exact sequences induced by ¢ — p(p*(c) U u),

> H*t"(¢ly,¢ly —D|y) = H'T"(¢,¢-D) > H*™(¢,e-L) —

-4 ) ¢

— > H'Y) ————> H*(X) —> H"(X,X-R8) -

and applying 5-lemma. [

The following lemma strengthens Proposition 4.4.

Lemma 4.7 Let p: € — X be an orientable vector bundle of rank n, and let
we H"(E, ¢ —X) be a Thom class for it. Let R C X be a closed substack, and
R C € a closed substack of € mapping isomorphically to & under p. Then, we
have a natural isomorphism H®(X,% — &) = H*t" (€, & — /).

Lemma 4.8 Letp: € — X and q: § — X be vector bundles over X, and assume
that € is oriented. Then, an orientation for § determines an orientation for
EDF, and vice versa. Indeed, if i is an orientation for €, and v an orientation
for §, then p - p*(v) is an orientation for € & §F. Here, - is the product of
Proposition 2.5.

PRrROOF. We only prove one of the statements, namely, the case where & and
¢ @ § are oriented. We show that § is also oriented. Assume ¢ and § have rank
m and n, respectively, and let y € H™(€,E—X) and v € H™" " (DT, EDF—X)
be orientations for € and € @ §. The class ¢*(u) € H" (€D F, EDF —F) is an
orientation for the pull-back bundle ¢*(&) = € @ § over §; note that the bundle
map ¢*(¢) — § can be naturally identified with the second projection map
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m: EBF — §. By Proposition 4.4, applied to the vector bundle 7: € F — §,
we have an isomorphism

H'(§,§—%) — H'""™(EeaF c¢aF-—X)
c — 7(c)Uqg*(p).

The inverse image of v under this isomorphism is the desired orientation class
in H*(§,§—%). O

In Lemma 4.8, we call the orientation on € @& § the sum of the orientations
of € and §, and the orientation on § the difference of the orientations on €D F
and €.

Lemma 4.9 Let 0 - §F — M — & — 0 be a short exact sequence of vector
bundles over a topological stack X. Then, the choice of orientations on two of
the three vector bundles uniquely determines an orientation on the third one.

ProoF. Apply Lemma 4.3 to the trivial fibration f: 9t — X to reduce the
problem the split case and then apply Lemma 4.8. O

Lemma 4.10 In Lemma 4.7, assume we are given another oriented vector
bundle § — X of rank m, and endow & @& § with the sum orientation. Let
R C EDF be a closed substack mapping isomorphically to & under the projec-
tion €S F — €. Then, the diagram

HYX,X—8) —— > H*"(¢,¢— )

SN L
HAHm (¢ 0,0 F — /)

commutes. (All the isomorphisms in this diagram are the ones of Lemma 4.7.
So, in the case where & = & = K", the isomorphisms are simply the Thom
isomorphisms of Proposition 4.4.)

Finally, we prove a lemma about compatibility of Thom isomorphism with
excision.

Lemma 4.11 Let X be a manifold, and let E — X and N — X be vector
bundles of rank n. Assume that E is oriented. Let i: N — E be an open
embedding which sends the zero section of N to the zero section of E. (Note that
N s naturally isomorphic to E, hence oriented, via the isomorphisms T X ®N =2
TEXTX ® E.) Then, the following diagram commutes:

H**"(N,N — X) —S8n [e+n(E B — X)
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5 Loop stacks

5.1 Mapping stacks and the free loop stack

Let X and 9 be stacks over Top. We define the stack Hom(2), X), called the
mapping stack from %) to X, by the rule

TeTop +— Hom(T x2,X%),

where Hom denotes the groupoid of stack morphisms. This is easily seen to be
a stack. It follows from the exponential law for mapping spaces ([48]) that when
X and Y are spaces, with Y Hausdorff, then Hom(Y, X) is representable by the
usual mapping space from Y to X (endowed with the compact-open topology).

The mapping stacks Hom(%), X) are functorial in X and Q).

Proposition 5.1 Let X be a topological stack and A a compact topological space.
Then Hom(A, X) is a topological stack.

PROOF. To show that Hom(A, X) is a topological stack, first we show that every
morphism p: S — Hom(A, X) from a topological space S is representable. Our
argument will indeed be valid for any topological space A and any stack X whose
diagonal is representable. Let ¢: T — Hom(A, X) be an arbitrary morphism
from a topological space T. Let p: S x A — X be the defining map of p, and
G: Tx A — X the one for q. Set Y := (T x A) xx (S x A). This is a topological
space which sits in the following cartesian diagram:

Hom(A,Y) —— Hom(A4, S x A)

l )

Hom(A,T x A) L Hom(A, %)

The claim now follows from the fact that p and ¢ factor through p. and g,
respectively (both via the corresponding id).

We now construct an epimorphism R — Hom(A, X). First we need a bit of
notation. Let Y = [¥] = Y] and X = [X; = X be topological groupoids, with
Yo, Y1 Hausdorff. We define Hom(Y, X) to be the space of continuous groupoid
morphisms from Y to X. This is topologized as a subspace of Hom(Y7, X;) x
Hom (Y, Xy), and it represents the following functor

T € Top + groupoid morphisms 7T XY — X

where T' x Y stands for the groupoid [T x Y7 = T X Y] In particular, we have
a universal family of groupoid morphisms Hom(Y,X) x Y — X.

Let J be the set of all finite open covers of A. For a € J, let U, denote the
disjoint union of the open sets appearing in the open cover «.. There is a natural
map U, — A. Let A, := [U, x4 Uy = U,] be the corresponding topological
groupoid. The spaces U, x 4 U, and U, are Hausdorff and the quotient stack of
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A, is A. Fix a groupoid presentation X = [X; = X| for X, and let 7: Xy — X
be the corresponding chart for X. Set R, = Hom(A,,X), and R =[], Ra.

The universal groupoid morphisms R, X A, — X give rise to morphisms
R, — Hom(A,X). Putting these all together we obtain a morphism R —
Hom(A,X). We claim that this an epimorphism. Here is where we use com-
pactness of A. Let p: T — Hom(A, X) be an arbitrary morphism. We have
to show that for every ¢ € T, there exists an open neighborhood W of ¢ such
that p|w lifts to R. Let p: T x A — X be the defining morphism for p. Since
7 : Xo — X is an epimorphism, we can find finitely many open sets V; of T'x A
which cover {t} x A and such that ply, lifts to X for every i. We may assume
Vi = A; x W, where A; are open subsets of A, and W is an open neighborhood
of t independent of i. Let a := {A;} be the corresponding open cover of A.
Then p|w lifts to R, C R. O

Let X be a topological stack. Then LX = Hom(S?, X) is also a topological
stack. It is called the loop stack of X. By functoriality of mapping stacks,
for every t € S' we have the corresponding evaluation map ev; : LX — X. In
particular, denoting by 0 € S! the standard choice of a base point, there is an
evaluation map

evp: LX — X. (5.1)

Similarly, the path stack of X, which is defined to be Hom(7, X), is a topo-
logical stack.

For the next result, we need to assume that X is a Hurewicz topological
stack.

Lemma 5.2 Let A, Y, and Z be as in Proposition 1.3. Let X be a Hurewicz
topological stack. Then the diagram

Hom(Z V4 Y,%X) —— Hom(Y, X)

l |

Hom(Z,X) —— Hom(A4, X)
s a 2-cartesian diagram of topological stacks.

PrOOF. We have to verify that for every topological space T the T-points of
the above mapping stacks form a 2-cartesian diagram of groupoids. This follows
from Proposition 1.3 applied to A X T, Y xT,and Z xT. O

We denote by ‘8’ the wedge S* Vv St of two circles.
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Corollary 5.3 Let X be a Hurewicz topological stack, and let LX be its loop
stack. Then, the diagram

Map(8,%X) — LX

| |

LX — X
is 2-cartesian.

5.2 Groupoid presentation

Let us now describe a particular groupoid presentation of the loop stack. For
this we will assume that X is a Hausdorff Hurewicz topological stack. Thus X
admits a groupoid presentation I' : I'y = I'y, where I'g and I'y are Hausdorff
topological spaces, I'y — I'g x I'g is proper, and source and target maps are
local fibrations. We will fix the groupoid I'.

We will construct a groupoid LI" : 11" = LoI" out of I' which represents
LX. This groupoid presentation is useful in computations (see Section 11).
Our construction resembles the construction of the fundamental groupoid of a
groupoid [39].

Let MT = [MiT' = M,I'] be the morphism groupoid of T'. Its object set is
Mo’ =T'y and its morphism set M;I" is the set of commutative squares in the
underlying category of I':

t(h) <2— (k)

hT . Tk (5.2)

s(h) 225 s(k)

The source and target maps are the horizontal arrows in square (5.2). The
groupoid multiplication is by (vertical) superposition of such squares. Thus we
have M I' =2T's =TI'1 xp, I'1 xp, I'1. The groupoid MT is another presentation
of the stack X and is Morita equivalent to I

Let P C S' be a finite subset of S' which contains the base point of S!.
The points of P are labeled according to increasing angle as Py, Py,..., P, in
such a way that Py = P, is the base point of S'. Write I; for the closed interval
[Pi_1, P;]. Let S{" be the disjoint union S’ =[]}, I;. There is a canonical map
SP — S1. Let ST be the fiber product ST = S§’ x g1 S{’. There is an obvious
topological groupoid structure Sf = S{’. The compact-open topology induces
a topological groupoid structure on LT : LT = LT, where LT is the set of
continuous strict groupoid morphisms [ST = SF] — [['; = T¢] and LT is the
set of strict continuous groupoid morphisms [Sf = S{’] — [MiT' = M,T).

The finite subsets of S* including the base point are ordered by inclusion.
The ordering is directed. For P < @ there is a canonical morphism of groupoids
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LPT — LXT. Using the fact that I'y and I'; are Hausdorff, it is not difficult to
prove that LT" — L®T is an isomorphism onto an open subgroupoid. Define
the topological groupoid

Ll = lim LT = U LPT.
—
pPCsSt pPcst

Proposition 5.4 The groupoid LI' presents the loop stack LX.

PROOF. First, we need to construct a morphism L{'T — LX, for every P. The
presentation LoI' — LX will then be obtained by gluing these morphisms using
the stack property of LX and the fact the LT form an open covering of the
topological space Lol

The structure map LY x S§ — Ty gives rise to a morphism L x S — X.
This morphism descends to L x S' — X, by Proposition 1.3, because S is
obtained from S{" as a pushout covered by that proposition. By adjunction, we
obtain the required morphism L — LX.

The fact that |Jp L§T — LX is an epimorphism of stacks, follows as in
Proposition 5.1.

The fact that LiI" is the fibered product of Lol with itself over LX reduces
immediately to the case of LT, for which it is immediate. [J

It is easy to represent evaluation map and functorial properties of the free
loop stack at the groupoid level with this model.

Remark 5.5 In particular, there is an equivalence of the underlying categories
between LI" and the groupoid whose objects are the set of generalized morphisms
from the space S' to I' and has equivalences of such as arrows.

Corollary 5.6 If X is a differentiable stack then LX is regular Lindeldf .

Target connected groupoid

Assume the groupoid T is target connected. This means that if T is a topological
space, and ¢ : T'— I'1 a continuous map, then for every point of T" there exist
an open neighborhood T C T and a homotopy ® : T' x I — T'q, such that
®y = ¢ and &) =t o ¢, where t: I'y — I'g is the target map. For example, any
transformation groupoid with connected Lie group is target connected.

For every finite subset P C S and z € LET, there are arrows g; € I'; with
t(g;) = P; € I; and s(g;) = P; € I;11 (or Py € I if i = n). These arrows can be
continuously deformed to the identity point P, € I,,. Thus there is an element
T € Hom(S",T) ¢ LI%Ty and an arrow v € LI'T with s(y) = # and t(y) = .
From this observation, we deduce:

Proposition 5.7 If ' is target connected, then the groupoid LT’y = LIy with
pointwise source map, target map and multiplication presents the loop stack
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LX. Here LT; is the usual free loop space of I'; endowed with the compact-open
topology.
In particular, LT is Morita equivalent to the groupoid LT'; = LT'y.

Example 5.8 If G is a connected Lie group acting on a manifold M, then
Proposition 5.7 implies that L[M/G] = [LM/LG].

Discrete group action

To the contrary, if G is a discrete group acting on a space M one can form
the global quotient [M/G] which is represented by the transformation groupoid
I': M xG = M. For any « € L'T, one can easily find an arrow v € LT such
that s(y) = « and t(v) € L1%Ty. Furthermore, since G is discrete, an element
of LT is described by its source and one element g; € G for i = 0,...,|P|.
From these two observations one proves easily:

Proposition 5.9 Let G be a discrete group acting on a space M. Then L[M/G)|
1s presented by the transformation groupoid

[[2M]) xG= ] PeM

9eG geG

where PyM = {f : [0,1] — M such that f(0) = f(1).g} and G acts by pointwise
conjugation.

Note that if G is finite, one recovers the loop orbifold of [34].

6 Bounded proper morphisms of topological
stacks

Definition 6.1 Let f: X — ) be a morphisms of topological stacks and & a
metrizable vector bundle over ). A lifting i: X — & of f,

is called bounded if there is a choice of metric on & such that ¢ factors through
the unit disk bundle of . A morphism f: X — 2 of topological stacks is called
bounded proper if there exists a metrizable orientable vector bundle € on )
and a bounded lifting 7 as above such that ¢ is a closed embedding.
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Definition 6.2 A bounded proper morphism f: X — %) is called strongly
proper if every orientable metrizable vector bundle € on X is a direct summand
of f*(&') for some orientable metrizable vector bundle & on ). (Note that,
possibly after multiplying by a positive R-valued function on %), we can arrange
the inclusion b*€& < (gb)*(€’) to be contractive, i.e., have norm at most one.)

Example 6.3 1. Every bounded proper map f: X — Y of a topological
spaces with Y compact is strongly proper. In that case, one can use the
fact that every vector bundle on a compact space is a subbundle of a trivial
bundle.

2. Let X be a topological stack such that A: X — X x X is bounded proper.
Then A is strongly proper. This follows from the fact that every vector
bundle on X can be naturally extended to X x X. Similarly, the iterated
diagonal A(™ : ¥ — X" is strongly proper.

3. Let X,Y be compact G-manifolds (with G compact) and f: X — Y be
a G-equivariant map. Then the induced map of stacks [f/G] : [X/G] —
[Y/G] is strongly proper.

It does not seem to be true in general that two bounded proper maps compose
to a bounded proper map, but we have the following.

Lemma 6.4 Let f: X — ) and g: P — 3 be strongly proper morphisms. Then
gf: X — 3 is strongly proper.

Proor. It is trivial that every orientable metrizable bundle on X is a direct
summand of one coming from 3. Let us now prove that gf is proper. Suppose
given factorizations

¢ §
i 7 j 7
o J‘ =
Ty Y 3

for f and g. By enlarging &, and using that g is strongly proper , we may
assume that € = g*(€&’), for some oriented metrized vector bundle & on 3. Let
i1 X — @& be the composition proi where pr: € — & is the projection map.
The following diagram shows that gf is proper:

g
G"if) 7
|

X — 3

gf
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6.1 Some technical lemmas

In this section we prove a few technical lemmas that will be needed in Section
7 to define bivariant groups.
Let f: X — ) be a morphism of topological stack that admits a factorization

For example, every bounded proper f has this property (Definition 6.1). The
following series lemmas investigate certain properties of the relative cohomology
groups H* (€, €& — X).

Lemma 6.5 Let f: X — ) be a morphism of topological stacks, and assume
we are given two different factorizations (i, &) and (i',€") for it. Then, there is
a canonical isomorphism H*TKE(¢ ¢ — X) = HeH k& (¢/ ¢ — X).

PROOF. Embed X in € ® ¢ via (i,7'): X — € ® ¢’'. Consider the diagram
(€, ¢ —%)— (€BEEDE—X) — (¢e—X)

of pairs of topological stacks. It follows from Proposition 4.4 that we have
natural isomorphisms

Ho+rk G’(elj ¢/ _x) o~ I{.—&-rk&'—i-rkG(QE/69 ¢, e/@ ¢ x) ~y H.+rk€((‘f, QE—%)
We can now apply Lemma 4.7. [

Using a triple direct sum argument, it can be shown that given three fac-
torizations (i, €), (i’,¢), and (i",&") for f, the corresponding isomorphisms
defined in the above lemma are compatible. Also, if we switch the order of (i, &)
and (i, &) we get the inverse isomorphism. Finally, when (¢, €) and (i, &) are
equal we get the identity isomorphism. Therefore, the group H*(€, € — X) only
depends on the morphism f.

Lemma 6.6 Let f: X — ) be a morphism of topological stacks, and let p :=
fopr: X xI — 9, where I is the unit interval and pr stands for projection.
Suppose we are give a factorization

¢
-
.
S
XXI?QJ



for p. Let 0 < a < 1, and define 14: X — & to be the restriction of v to
X = Xx{a}. Then, the natural map ¢q: H*(&E, E—1,(X)) — H* (&, E—1(X %))
induced by the map of pairs (€, — (XX 1)) — (&, E—1,(X)) is an isomorphism
and it is independent of a.

PrROOF. We may assume that the image of + does not intersect the zero section
of €. (For example, we lift everything to E® R via (¢,1): X — EDR and apply
Proposition 4.7 to the vector bundle € @R — &.).

Let ¢ = € ® R and define 5: X x I — & by B(x,t) = (¢(z,0),t). This is a
closed embedding, so by Lemma 6.5, we have a commutative diagram

H*(€, € — (X xI)) — H*(e¢, ¢ —B(X xI))

A o

H*(€,€ — 1,(X)) —— H*(E, ¢ — 3,(X))

This reduces the problem to the case where our map is 3 instead of ¢, in which
case the result is obvious.
a

7 Bivariant theory for topological stacks

We define a bivariant cohomology theory [25] on the category of topological
stacks whose associated covariant and contravariant theories are singular ho-
mology and cohomology, respectively. Our bivariant theory satisfies weaker
axioms than those of [25] in that products are not always defined. We show,
however, that there are enough products to enable us to define Gysin morphisms
as in [25].

The underlying category of our bivariant theory is the category TopSt of
topological stacks.  The confined morphisms are all maps and independent
squares are 2-cartesian diagrams.

Bivariant groups
To a morphism f: X — ) of topological stacks, we associate a category C(f) as
follows. The objects of C(f) are morphism a: & — X such that fa: & — ) is

bounded proper (Definition 6.1). A morphism in C(f) between a: 8 — X and
b: L — X is a homotopy class (relative to X) of morphisms g: & — L over X.

Lemma 7.1 The category C(f) is cofiltered.

Once and for all, we choose, for each object a: 8 — X, a vector bundle
¢ — ) through which fa factors, as in Definition 6.3.
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We define the bivariant singular homology of an arbitrary morphism
f: X — 92 to be the Z-graded abelian group

B (% L Q) = lim B¢ (¢ € - R).
<

The homomorphisms in this direct limit are defined as follows. Consider a
morphism ¢: 8 — K" in C(f). From this we will construct a natural graded
pushforward homomorphism ¢, : H*t™(& & — &) — H*t" (&' ¢ — K&'), where
m =1k & and n = rk &',

Let § = € @ ¢ with the sum orientation. Let p: ¢ — %) be the projection
map. Then, p*(€&) is an oriented vector bundle over &’. Note that the projection
map 7: p*(€) — ¢ is naturally isomorphic to the second projection map §F =
¢ @ ¢ — ¢ this allows us to view § as an oriented vector bundle of rank m
over ¢, Let ©® C § be the unit disc bundle. It follows from the assumptions
that & C D, hence also & C L := 7~ 1(&) ND. The restriction homomorphism

s Ho+m+n(3-7g _ ﬁ) N Ho+m+n(g’g _ L) ~ H.+n(€/, QE, _ ﬁl)7

induced by the inclusion of pairs (§,§ — L) — (3, — K) is the desired push-
forward homomorphism; here, we have used the isomorphism of Proposition
4.6.

Next we have to show that the ¢, is independent of the homotopy class of
. Consider aopr: R x I — X, and let pg, p1: & — K x I be the times 0 and
time 1 maps. Note that aopr: 8 x I — X is an object of C(f). Since every
homotopy (relative to X) between maps with domain & factors through K x I,
it is enough to show that pg . = p1,. This follows from Lemma 6.6.

Remark 7.2 Let 8 — 2 be a bounded proper morphism. It follows from
Lemma 6.5, that the cohomology H®(¢, & — &) is independent of choice of
the vector bundle € and the embedding i: & — &, up to a canonical isomor-
phism. Furthermore, the pushforward maps constructed above are compatible
with these canonical isomorphisms. So, H®(f) is independent of all choices
involved in its definition.

Lemma 7.3 Let f: X — ) be a bounded proper morphism and X Le o P))
a factorization for f, where i is a closed embedding (but € is not necessarily
metrizable). Then we have a natural isomorphism

e (x L )= gk e - x).
Proor. Follows from Lemma 6.5. [
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Independent pullbacks

Consider a cartesian diagram

xlf%,@/

Lo

T

We define the pullback 7*: H(X > 9) — H(x' 15 9)") as follows.
Pullback along h induces a functor h*: C(f) — C(f’), R— h*R = X' xx &

Furthermore, we have a natural homomorphism
H*PR¢(¢ ¢ — R) - H*TRE(h*¢, h*¢ — h*R)

induced by the map of pairs (h*&, h*& — h*R) — (€&, € — R). Using Lemma 6.5,
this induces the desired homomorphism of colimits

h*: lim HVRC(¢, ¢ — /) — lim H*PH (¢ ¢ — /).
—> —
) )

Confined pushforwards

Let h: X — 9 be a morphism of topological stacks (Definition 6.1) fitting in a
commutative triangle

¥ > 9

N A
3

We define the pushforward homomorphism h,: H(X 7, 3) - H®Q L 3) as
follows.

There is a natural functor C(f) — C(g), which sends a: & — X to ha: R —
). A factorization for fa gives a factorization for gha in a trivial manner:

R ¢ R ¢
ai/ \L = ha\L \L
X — 3 Y -3

Using Lemma 6.5, this induces the desired homomorphism

hy: lim H*T%¢(¢ ¢ — R) — lim H*T™ (¢, ¢ — R).
— —
c(f) Cl9)
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Products

Unfortunately, we are not able to define product for arbitrary pairs of compos-
able morphisms f and g. However, under an extra assumption on g this will be
possible.

Definition 7.4 A morphism f: X — ) of topological stacks is called adequate
if in the cofiltered category C(f) the subcategory consisting of a: & — X such
that fa: 8 — 9) is strongly proper is cofinal.

Example 7.5 1. Every strongly proper morphism is adequate. (Because in
this case C(f) has a final object that is strongly proper over 9).)

2. A morphism f: X — Y in which Y is a paracompact topological space is
adequate. (In this case every object in C(f) is strongly proper over Y'; see
Example 6.3)

Let f: X — 9 and ¢g: 9 — 3 be morphisms of topological stacks, and
assume g is adequate. Then we can define products of any two classes o € H(f)
and 8 € H(g). The construction of the product is as follows. Consider objects
(R,a) € C(f) and (L,b) € C(g), and choose factorizations

At ¢ JUR
o b !
x -9 Y >3

We may assume gb: L — 3 is strongly proper. There exists a metrizable oriented
vector bundle &’ over 3 such that b*€ is isomorphic to a subbundle of (gb)*(&’)
as vector bundles over L. Note that, possibly after multiplying by a positive
R-valued function on 3, we can arrange the inclusion b*& — (gb)*(€&’) to be
contractive (i.e., have norm at most one). Let us denote b*€ by &g, (gb)*(¢’)
by &;, and the codimension of &y in €; by c.

We define the product

H'(¢,¢—R)@H (F,§—L) > H (¢ aF,¢aF—RxykL).
as follows. (Note that (] xg L, a o pr) belongs to C(gf) and we have a factor-
ization

ﬁXg}L (ﬂ) Qf’@%’

\ l

X —> 3

gf

for it. We explain this in more detail shortly.) By pulling back the map ¢ along
w: & — €, we obtain a closed embedding £ xg9 L < &;. On the other hand,
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we have a closed embedding €; < &' @ F; this is simply the pullback of j along
the projection map 7: ¢ & §F — §. Using the inclusion ¢y — €&;, we find a
factorization
(4,5)
M
ﬁngL s ¢ s ¢ - ¢ 5.

Now, let « € H"(€,¢€ — &) and 8 € H*(F,§ — L) be two cohomology classes.
We define - € H™5¢(¢' 0 F, & @F— K xg L) to be 7(w*(a)) - 7*(3), where
the latter - is the product of Proposition 2.5. In more detail, we have 7*(3) €
H*(¢' o3, ¢ ®F — €¢1), w*(a) € H (€, & — R xy L), and 7: H"(Ey, & —
Axgl) — H"+c(€1, ¢ —RAxy L) is the Thom isomorphism of Proposition 4.4
for the vector bundle &; over &gy; to obtain this Thom isomorphism, we have
used that, since the bundles are metrizable, &; is a direct summand of &; and
its complement is oriented (Lemma 4.8). Finally, our - is the one of Proposition
2.5 with the inclusions & xg) L — &; — ¢oF, n=r+cand m=s.

Associated covariant and contravariant theories

By definition, the n'" graded piece of the contravariant theory associated to the
bivariant theory H is give by

H' (%) = H*(X 25 %) = lim H""*¢(e, ¢ — R).
Clidx)

The category C(idx) has a final object (%, X), so the above colimit is isomorphic
to H™(X,X — X) = H"(X), the usual singular cohomology.
The nt* graded piece of the covariant theory associated to H is defined to
be
H,(X)=H "(X—pt)=lim H"(E,E - K) = lim H,(K).
C(%x) K—Xx

Here, C(X) is the category whose object are pairs (E, K) where E is a Euclidean
space of dimension e and K is a compact subspace of E together with a map
K — X. In the latter colimit, we have used the Spanier-Whitehead duality
H,(K) & H*"(E,F — K), and the limit is taken over the category of all
maps K — X with K a compact topological space that is embeddable in some
Euclidean space. By the following proposition, the latter colimit is, indeed,
isomorphic to the singular cohomology H,, (X).

Proposition 7.6 Let X be a topological stack. Then, we have a natural iso-
morphism

lim H,(K) = H, (),

K—X
where the limit is taken over the category of all maps K — X with K a compact
topological space that is embeddable in some Fuclidean space.
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It is possible to generalize the axiomatic framework for (skew-symmetric)
bivariant theories [25] to include the present case, where products are only

defined for a composition X Ty Lziy Lz belongs to a subclass
of morphisms called adequate. See Appendix A for the axioms. Details will
appear elsewhere.

8 Gysin maps

8.1 Normally nonsingular morphisms of stacks and ori-
ented stacks

Definition 8.1 We say that a representable morphism f: X — ) of stacks is
normally nonsingular, if there exist vector bundles 9 and € over the stacks
X and 9, respectively, and a commutative diagram

e

g

where s is the zero section of N, ¢ is an open immersion, and € is oriented. When
I is also oriented, we say that the diagram is oriented. (For the definition of
on orientation on a morphism f see Definition 8.5 below.) The integer ¢ =
rk 91 — rk € depends only on f and is called the codimension of f.

A diagram as above is called a normally nonsingular diagram for f. The
vector bundle 91 is sometimes referred to as the normal bundle of X in &, and
(M) as a tubular neighborhood of X in €.

Proposition 8.2 Let G be a compact Lie group, and X and Y smooth G-
manifolds, with X = [X/G] and Y = [Y/G] the corresponding quotient stacks.
Assume further that X is of finite orbit type. Then, for every G-equivariant
smooth map X — Y, the induced morphism f: X — ) of quotient stacks is
normally nonsingular.

PRrROOF. First we claim that, there is a vector bundle 2 — BG and a smooth
embedding j: X — U, as in the following commutative diagram:

7

x%\@%BG

P
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This statement is equivalent to the fact that every G-manifold X of finite orbit
type embeds G-equivariantly into a linear G-representation V' ([10], § II, Theo-
rem 10.1). We can arrange for the G-action on V' to be orientation preserving
by simply replacing V' with V & V.

Let € := Q) xpe U be the pullback of U over Y. We obtain the following
commutative diagram

¢
(f,j);/ ip

T3

Observe that (f,7) is a smooth closed embedding (this can be checked by pulling
back the whole picture along a chart, say * — BG, for BG). Let 9t be the
normal bundle of (f,7)(¥X) in € By the existence of G-equivariant tubular
neighborhoods ([10], § VI, Theorem 2.2), we find a vector bundle 9N over X and
an open embedding ¢: 91 — € making the following diagram commutative:

F
ST (fj) \LP

X — Py

This is exactly what we were looking for. [J

Example 8.3 The action of a finite group on a manifold has finite orbit type.
More interestingly, the action of a compact Lie group on a manifold whose Z-
coefficient homology groups are finitely generated has finite orbit type. This is
Mann’s Theorem, see [10], § IV.10.

Definition 8.4 Let f: X — 2 be a strongly proper morphism. A bivari-

ant class § € H(X 4, %), not necessarily homogenous, is called a strong
orientation if for every g: 3 — X, multiplication by 6 is an isomorphism

H3 L y) ~ oz L)

Definition 8.5 A strongly proper morphism f: X — ) of topological stacks
is called strongly oriented, if it is normally nonsingular and it is endowed
with a strong orientation 6y € H°(f), where ¢ = codim f; see Definition 8.1. A
topological stack X is called strongly oriented if the diagonal A: X — X x X is
strongly oriented. In this case, we define dim X := codim A.

Lemma 8.6 Let f: X — ) and g: Y — 3 be strongly proper morphisms, and
let € H(f) and ¢ € H(g) be strong orientation classes. Then, 0 -1 is a strong
orientation class for gf : X — 3. (Note that the latter map is strongly proper by
Lemma 6.4.)
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Lemma 8.7 Let f: X — Q) be a strongly proper map and 0 € H(f) a strong
orientation class for it. Then multiplication by 6 induces an isomorphism
H(X) = H(f). If 0/ € H(f) is another orientation class for f, then there
is a unique unit v € H(X) such that 0' = u - 0.

The following result states that an oriented normally nonsingular diagram
gives rise a canonical strong orientation.

Proposition 8.8 Let f: X — Q) be a strongly proper morphism of topological
stacks equipped with an oriented normally nonsingular diagram. Then, f has a
canonical strong orientation class 0y € H(f) where ¢ = codim f.

The following proposition shows that any morphism between strongly ori-
ented topological stacks has a natural strong orientation. Proposition 8.11 shows
that this class is multiplicative.

Proposition 8.9 Let f: X — ) be a strongly proper mormally nonsingular
morphism of topological stacks, and assume that X and ) are both strongly
oriented (Definition 8.5). Let d = dimX and ¢ = dimQ) — dimX. Then, there
is a unique strong orientation class 8y € H°(f) which satisfies the equality
Of - Oy = (—1)0x - (05 x 0f), as in the diagram

X —9

o @

Ixf

3€><3€Q)><®

PrOOF. By Proposition 8.8, there exists a strong orientation 6 for f. It is
easy to see that 6 x 6 is a strong orientation for f x f: X x X — 9 x 2.
By Lemma 8.6, 8 - 6y and 6% - (6 x 0) are both strong orientation classes for
X — 9 x 9. Therefore, by Lemma 8.7, there is a unit u € H°(X) such that
009 =u-0x-(0x0). It follows that 07 := (—1)°lu -0 has the desired property;
see Lemma 8.10 below. O

Lemma 8.10 Let X be a topological stack and 0 € H(X 2, % x X). Let
u,v € HY(X), and let u x v € H°(X) x H(X) be their exterior product. Then,
0 -(uxv)=u-v-0, as classes in H(A).

Proposition 8.11 Assume f: X — ) and g: Y — 3 are strongly proper
normally nonsingular morphisms of strongly oriented topological stacks. Let
0y € H(f), ¢ = codim f, and 8, € H%(g), d = codim g, be the strong orien-
tations constructed in Proposition 8.9. Then, gf is a strongly proper normally
nonsingular. Furthermore, 0¢ - 05 = 045.
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If X is strongly oriented (Definition 8.5), its iterated diagonals A(™) : X — X"
are strongly proper (Example 6.3).

Corollary 8.12 Let X be a oriented stack. Then the diagonals A : X — X"
are canonically strongly oriented.

Proposition 8.13 Notation being as in Proposition 8.2, assume further that
X and Y are oriented and that the G-actions are orientation preserving. Then,
every normally nonsingular diagram for f: X — ) is naturally oriented. In
particular, when f is strongly proper, we have a strong orientation class 8 €
He(f), ¢ =dimY —dim X. Furthermore, this class is independent of the choice
of the normally nonsingular diagram.

PROOF. Let us first fix a notation: given a manifold X with an action of G, we
denote [TX/G] by TX. (So, TX does depend on X, and not just on X. Since
in what follows all stacks are quotients of a G-action on a given manifold, this
should not cause confusion.)

Consider a normally nonsingular diagram

n s @

i |»

7y

as in the proof of Proposition 8.2. We show that 91 is naturally oriented. By
Lemma 4.9, there is a natural orientation on T'€, because it fits in the following
short exact sequence

0—p'¢ —>T¢—p'TX — 0.

In particular, we have an orientation on f*(7'¢). We have an isomorphism of
vector bundles over X

TXdN f*(T¢).
It now follows from Lemma 4.8 that 91 also carries a natural orientation. This
proves the first part of the proposition. In particular, when f is proper, we

obtain a class 0y € H°(X 7, %)) as in Proposition 8.8.
Now, we show that the class 8 is independent of the normally nonsingular
diagram above. Consider another oriented normally nonsingular diagram for f

m s 3

4
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We have to show that the following diagram commutes

H*(X) —> H*"k%(g ¢ - X)

% ig

HY(X) == HY (3.5 - %)

where the horizontal isomorphisms are the one of Proposition 8.8, and the ver-
tical isomorphism is the one of Lemma 6.5. First we prove a special case.

Special case. Assume € = §, and is = tj. In this case, we can choose a third
vector bundle L — X and an open embedding k: L — €& that factors through
both 9T and 9. The two orientations induced on L from 97 and M, as in Lemma
4.11, are the same (because they are equal to the orientation induced from &,
as described above). The claim now follows from the commutative diagram of
Lemma 4.11 (applied once to the open embedding £ — 9t and once to the open
embedding L — N).

General case. To prove the general case, we make use of the following auxiliary
oriented nonsingular diagrams:

Ne g P eaz Mo e P zae
(s,m’[ i (“S)T i
X 7 2 X 7 2

Here, the two maps pr stand for the projection maps f*§ = X x9 § — § and
[T€ =X x99 € — €& Let us denotes the ranks of &, §, 91, and M by e, f, n,
and m. (Hopefully, presence of two different f in the notation will not cause
confusion!) The first normally nonsingular diagram gives rise to the following
commutative diagram of isomorphisms:

%)

T
H*'(X) —> H*""YMef5Nnef§g-—x) — H TV (Eag eas—X)

| | -

HY(X) —— > H""™"M,N-%) —— > H*"(¢,¢-X)

The commutativity of the left square is because of Lemma 4.10, and the commu-
tativity of the right square is because Thom isomorphism (vertical) commutes
with excision (horizontal).

Similarly, the second normally nonsingular diagram gives rise to the following
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commutative diagram of isomorphisms

P

.-«""MM

o~

H*(X) —> H*"™e (Mo f'e,mafe—%) — HFP" T Foe,ioe—X)

| | -

]

HYX) ———— H"(@M,m-%) —————> H"""(3,5-X)

On the other hand, using the special case that we just proved, the two
normally nonsingular diagrams give rise to the following commutative diagram:

HYX) —— H*""/(Ca3 ¢aF-X)

:i iz

H*(X) ge-H”m”@@eﬁ@e—%)

The general case now follows from combining this diagram with (the other
rectangles) of the previous two diagrams. [

Corollary 8.14 Let X be a stack that is equivalent to the quotient stack [X/G]
of smooth orientation preserving action of a compact Lie group G on a smooth
oriented manifold X having finitely generated homology groups. Then, the di-
agonal X — X x X is naturally oriented. In particular, the diagonal of the
classifying stack BG of a compact Lie group G is naturally oriented.

Remark 8.15 Let X, Q) and f be as in Proposition 8.13. There are two ways
of giving a strong orientation to f. Either we can use Proposition 8.13 directly,
or we first apply Corollary 8.14 to endow X and ) with a strong orientation,
and then apply Proposition 8.9. The orientations we get are the same for f. We
denote 6y this strong orientation.

Proposition 8.16 Let X be a paracompact oriented orbifold. Then the diagonal
X — X x X is strongly oriented and in particular, X is naturally oriented.

PROOF. Locally, we can find a tubular neighborhood for the diagonal. The
result follows using partition of unity. [

8.2 Construction of the Gysin maps

We recall the construction of Gysin homomorphisms associated to a bivariant
class [25].

37



Fix an element § € H*(X 7, ). Let u : 9" — 2 be an arbitrary morphism
of topological stacks and X’ = X xg )’ the base change given by the cartesian
square :

y + 2’ (8.1)
v VP
x L ¥

Then 6 determines Gysin homomorphisms
6': Hj(Y') — Hj—i(X')

and ‘ o
6: H (X') — H'T ().

For the cohomology Gysin map, we need to assume that f is adequate. These
homomorphisms are defined by

6'(a) = (u*(0)) -a, for a€ H;j(Y')=H (Y — pt),

and )
6i(b) = f1(b-u*(9)), for be HI(X)=H/(x ‘L ¥).

The homology Gysin map is defined because the map X' — x is adequate (see
Example 7.5).

Gysin homomorphisms associated to a bivariant theory satisfies many prop-
erties such as functoriality, naturality or commutation with product, see [25] for
details.

Notation: When % 1> 9) is strongly oriented and 6 = 6¢ is the strong orien-
tation, we denote f' = (0;)"' the Gysin map.

Let M, N be oriented compact manifolds and G a Lie group acting on M, N
by orientation preserving diffeomorphisms. By Proposition 8.13, if f : M — N
is a G-equivariant map, then f is canonically strongly oriented. Gysin maps for
equivariant (co)homology were already considered, for example, by Atiyah and
Bott [4].

Proposition 8.17 The Gysin map fi, ' associated to f in (co)homology coin-
cides with the equivariant Gysin map in the sense of Atiyah and Bott [4].

PROOF. Gysin map in [4] are obtained by the use of fiber integration and Thom
classes over the spaces Mg = M xXg EG and Ng = N Xg FEG. These spaces
are respectively classifying spaces of the stacks [M/G] and [N/G] and thus are
respectively the pullbacks [M/G] x(,,6] BG, [N/G] x[.;c) BG. The pullback of
the normally non singular diagram of Proposition 8.2 along the natural maps
[M/G] X[xyq) BG — [M/G] and [N/G] X[,/ BG — [N/G] yields a bundle
N = N X[4/q) BG over Mg and a bundle €z = € x|, ,g] BG over Ng. This
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defines a nonsingular diagram for the induced map fg : Mg — Ng. Unfolding
the definition of bivariant classes, it is straightforward to check that the Gysin
map associated to the strong orientation class of Proposition 8.13 is induced by
the Thom isomorphism associated to the bundle Mg over Mg. [

Proposition 8.18 (Excess formula) Assume all topological stacks in the
cartesian diagram

x Ly

‘Il lp
9 g

are as in Corollary 8.14 or as in Proposition 8.16. Moreover, assume f and j
are immersions with normal bundle Ny, N; respectively. Then

P (0y) = e(qd"(My)/N;) - 0. (8.2)
Here e(M;/MN;) € H*(X) is the Euler class of the bundle My /M;.

PROOF. Since X’ — %)’ factors as the composition X’ WP 5 % Y — P of
an embedding and a submersion, by functoriality of pullbacks, it is enough to
consider the case where p is a submersion and p is an embedding separately. In
the latter case, it is enough to prove it with X — 2), X — X’ assumed to be
tubular neighborhood €, ¢ of X and 9’ = € & ¢ &N where N = N;/N; and
f,p are the natural inclusion maps. Since we have assumed our stacks to be
oriented, by Proposition 8.9 we have canonical orientation classes 6; € H®*(& —
CHE eMN), 0, c H'(E - EdpN) and 03 € H*(EHN — €D E $MN). By
Lemma, 6.5, the natural maps i1 : M — EON, 45 : € ON — ED ¢ PN induces
natural isomorphisms i} : H*(¢ — ¢®N) = H*(X — N) and i} : H*(EON —
Ep ¢ oMN) = H*(X — ¢). It follows that Equation (8.2) is equivalent to

0r = p*(62)p"(0s) (8.3)

where p: X — € ® M is the natural inclusion map. Equation (8.3) holds since
product and pullback commute. [J

Let G be a subgroup of a finite (discrete) group H. Let Y be a manifold
endowed with a (right) H-action (and thus a G-action). Consider the quotient
stacks [Y/H] and [Y/H]. There are well known “transfer maps” tr; : HZ (V) —
HE(Y) (see [8])

Lemma 8.19 When G is a finite group, the Gysin map associated to the carte-

sian square
Y/G] —[Y/H]

L

[/G] —— [+/H]
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where the lower map is induced by the inclusion G — H, is the usual “transfer
map” HE(Y) — HE(Y) in equivariant homology.

Proor. The space Y x H is endowed with a natural right H-action given by
(y,h).k = (y.k,k~'h) as well as a right G-action (y,h).g = (y,hg). These two
actions commutes hence we can form the quotient stack [Y x H/H x G] &
Y x (H/G)/H]. Clearly the map (y,h) — yh is equivariant with respect to
the G action on the target and H x G-action on the source. One easily checks
that this map induces an equivalence [Y x (H/G)/H] = [Y/G]. We are thus
left to study the Gysin map of an equivariant covering with fibers the set H/G.
The argument of Proposition 8.17 easily shows that it coincides with the usual
transfer maps for coverings by a finite group and thus with the transfer. [J

Assuming we take coefficient in a field of characteristic coprime with |H| for
the singular homology, we have

HJ([Y/H)) = B (Y) = (H.(Y)),,.

In that case the map trf : (H.(Y)), — (H.(Y)),, is explicitly given by

trG(z) = Z h.x. (8.4)

heH /G

9 The loop product

In this section we consider strongly oriented stacks (Definition 8.5). We obtain a
loop product on the homology of the free loop stack of an oriented stack which
generalizes Chas Sullivan product for the homology of a loop manifolds [14].
Recall that a stack X is called strongly oriented if the diagonal A : X — X x X
has a strong orientation class (Definition 8.4). For instance, oriented manifolds
and oriented orbifolds are oriented stacks. More generally, the quotient stack
of a compact Lie group acting by orientation preserving automorphisms on an
oriented manifold is an oriented stack.

9.1 Construction of the loop product

Let X be an oriented stack of finite dimension d. The construction of the loop
product
Ho(LX) ® Ho (LX) — Hq(LX)

is divided into 3 steps.

Step 1 There is a well-known external product (called the “cross product”)

Hy(LX) ® Hy(LX) —5> H,\,(LX).
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Step 2 The diagonal A : ¥ — Xx X and the evaluation map evg : LX — X (5.1)
yield the cartesian square

LX xxLX — LXxLX (9.1)
i/ \L(GVO,QVD)
A
X — X xX.

We will usually denote by e : LX x LX — X x X the map (evg, evg). Since
X is Hurewicz, Corollary 5.3 implies that there is a natural equivalence of
stacks

LX xx LX = Map(8, X),

where the figure “8” stands for the topological stack associated to the
topological space S' v S'. The wedge S' V S! is taken with respect to
the basepoint 0 of S'. Since X is oriented, its diagonal A : X — X x X
is oriented normally nonsingular and according to Section 8.2, there is a
Gysin map

A': Hy(LX x LX) — He_g(LX x5 LX) = H,_4(Map(8, X)).
Step 3 The map S' — S' Vv S! that pinches 3 to 0, induces a natural map of

stacks m : Map(8,X) — LX, called the Pontrjagin multiplication. Hence
we have an induced map on homology

my : He(Map(8,X) — He(LX).

We define the loop product to be the following composition
S Al m,
Hp(LX) ® Ho(LX) = Hpyq(LX x LX) = Hppq—a(Map(8, X)) = Hpiq—a(LX).
9.2

Theorem 9.1 Let X be an oriented stack of dimension d. The loop product
induces a structure of associative and graded commutative algebra for the shifted

homology He (LX) := Hetq(LX).

The loop product is of degree d = dim(X) because the Gysin map in-
volved in Step 2 is of degree d. If we denote Hg (LX) := Hqqim(x)(LX) the
shifted homology groups, then the loop product induces a degree 0 multiplica-
tion He (LX) @ H, (LX) — H, (LX).

Indeed one can introduce a “twisted” version of loop product. Let « be a
class in @, <o H" (LXxxLX). The twisted loop product o : He(LX)QH4(LX) —
H, (LX) is defined, for all z,y € He(LX),

x*ay:m*(A!(xxy)ﬂa).
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Remark 9.2 The twisted product x, is not graded since we do not assume «
to be homogeneous. However, if a € H"(LX xx LX) is homogeneous of degree
7, then % : He(LX) ® He(LX) — He_q_, (LX) is of degree r + dim(X).

Let us introduce some notations. We denote, respectively, pi2, pas : LX X%
LX xxLX — LX xx LX the projections on the first two and the last two factors.
Alsolet (mx1) : LXXxxLEXxxLX - LXxxLX and (1xm) : LXxxLXxxLX —
LX xx LX be the Pontrjagin multiplication of the two first factors and two last
factors respectively. Furthermore, there are flip maps ¢ : LX x LX — LX x LX,
0 :LX xx LX — LX x5 LX permuting the two factors of LX x LX.

Theorem 9.3 Let o be a class in @, H"(LX xx LX).

o If a satisfies the 2-cocycle condition
pia(x)U(m x 1)"(a) = py3(a) U1 xm)"(a) (9.3)

in H*(LX xx LX xx LX), then %, : Ho(LX) ® Ho(LX) — Ho(LX) is
associative.

o If « satisfies the flip condition c*(«) = «, then the twisted Loop product
*q ¢ H(LX) @ H(LX) — H(LX) is graded commutative.

Example 9.4 If F is an oriented vector bundle over a stack X it has a Euler
class e(F). Note that the rank may vary on different connected components of
X. In particular, any vector bundle E over LX xx LX defines a twisted loop
product g := x.(g) : H(LX) ® H(LX) — H(LX). Moreover, o*(e(E)) = e(E)
whenever 0*FE = E. Since identities between Euler classes are equivalent to
identities in K-theory we have:

Corollary 9.5 Let X be an oriented stack and E a vector bundle over LX X xLX.

e If E satisfies the cocycle condition
Pia(E) + (m x 1)*(E) = p33(E) + (1 x m)"(E)
in K-theory, then xg is associative.

o Ifg*E = E, then the twisted Loop product xg : H(LX)® H (LX) — H(LX)
18 graded commutative.

Remark 9.6 Let M be an oriented manifold and G a finite group acting on
M by orientation preserving diffeomorphisms and X = [M/G] be the asso-
ciated global quotient orbifold. Using Proposition 5.9, Proposition 8.17 and
the argument of the proof of Proposition 14.9 below to identify evaluation
maps and Pontrjagin map, it is straightforward to prove the Loop product
* : He (LX) @ Ho (LX) — Ho (LX) coincides with the one introduced in [35].
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9.2 Proof of Theorems

The Pontrjagin multiplication m : Map(8,X) — LX is induced by the pinch
map S' — SV S, The latter is homotopy coassociative, thus there is a chain
homotopy equivalence between

m(m x id) : Co(LX xx LE xx LX) — C4 (LX)
and m(id xm). This proves the next lemma:

Lemma 9.7 The Pontrjagin multiplication satisfies
m. ((id x m),) = m. ((m x id),).
Proposition 9.8 The loop product Hy(LX) ® Hy(LX) > H,_4(LX) is associa-
tive.
Proor. It is well known that the cross product is associative so that
S Hy (LX) ® Ho(LX) ® Ho(LX) — Ho(LX x LX x LX)
is equal to both S(S x 1) and S(1 x S). We write m(?) for the iterated map
my(m x 1), = m.(1 x m).
as in Lemma 9.7 and A®) the iterated diagonal
AAx1)=A(1xA): X — X3,

Also let e : LE¥*3 — x*3 denote the product evg X evg X evg of the evaluation
map on each component. It is enough to prove that, for all x,y, z € He(LX),

!
(roy)ez=m@ (AP (zxyxz))=ze(yez).
The first equality is given by the commutativity of the following diagram:

H(LX) ® H(LX) ® H(LX)
s(2)

se1y T
H(LX x LX) ® H(LX) ——> H(LX x LX x LX) A~(>2)!H(L3€ xx LX x5 LX)
INEST ®) yaxt! 65 I
H(LX xx LX) ® H(LX) 5> H(LXxx LXxLX) 2 H(LXxx LX xx LX)
m.®1y (mx1)x (2) ymx1 KZ)
HLX) ® HLY) —> > HLIXLY) —2 » HILXxxLX) "> HLX).

(9.4)
The commutativity of bottom left square follows from the naturality of the cross
product, and the bottom right triangle from the associativity of m, according
to Lemma 9.7. The three remaining squares commutes thanks to the following
reasons:

43



(Square 1) There is a diagram of cartesian squares

LX X2 LX X LX —LX xx LX X LX —=LX x LX x LX .

i ié_‘}EXeVQ \Le@)
A Ax1

X IXX—mXxXxX

Thus the commutativity follows from the functoriality of Gysin maps.

(Square 2) Note that the map evy in square (1) is equal to evgom. The
commutativity follows, by naturality of Gysin maps, from the tower of
cartesian diagrams:

LX xx LX xx LX —=L¥ x L¥ x LX

Ml lmm

LX xx LX ———— = LX x LX

X X xX.

(Square 3) It is commutative by compatibility of Gysin maps with the cross
product.

Hence it follows that, for all z,y,2 € H(LX), one has (zx e y) ® z =
m®(A®' (2 x y x 2)).

One proves in a similar way the identity m(z)(A@)!(x Xyxz)=ze(yez)
from which the equation (z e y) @ z = o(y e z) follows. O

Proposition 9.9 The loop product He (LX)®QH, (LX) = H, (LX) is graded com-
mutative.

PRrROOF. Essentially, this result follows from the homotopy commutativity of
the Pontrjagin map m : LX xx LX = Map(8,X) — X. More precisely we need
to prove that, for € H,(LX),y € H,(LX), we have

m (Al x y)) = (=1)P9 (m. (Al (y x 7).
The tower of pullback squares

LX xx LX ——LX x LX

LX xx LX 4 13 x LX

| )

X—XxX
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implies that
Geo ANz x y) = (—1)PIA (y x z).

Here 0 : LX x5 LX — LX xx LX and 0 : LX x LX — LX x LX are flip maps.
Hence the result follows from m, o g, = m, in homology. The latter is an
immediate consequence of the existence of a homotopy between the pinch map
p: St = StvSland cop: St — SV S! obtained by making the base point
0 € S* goes to % € S'. Passing to the mapping stack functor Map(—, X) yields
a homotopy equivalence between m oo and m. O

Remark 9.10 Note that the homotopy between the two pinch maps does not
preserve the canonical basepoints. Hence it is crucial to work with the free loop
stack (in other words with non pointed mapping stack functors) in this proof.

Proposition 9.11 If o € H*(LX xx LX) satisfies the cocycle equation (9.3),
then the twisted loop product x,, : H(LX) @ H(LX) — H(LX) is associative.

Proor. We write f1 : LX X LXXLX - LX xxLX and f3 : LX X LX xx LX —
LX xx LX for the canonical projections. Also we denote j3 : LX X LX x5 LX —
LX xx LX x LX and j; : LX xx LX xx LX — LX x LX xx LX the canonical
maps. Using the naturality of cup product and cross product, we can write an
associativity diagram similar to (9.4) for %, for which the only non obviously
commuting square is the one labeled by (1) which becomes :

H(LE x L x LE¥) —24 H(LE xx LE xx LX) 2 (L2 xp L xx LX)

Jar B

H(LX x5 LX x LX) H(LX x5 LX xx LX)
ﬁfi‘(a)l lmp;g,(a)
H(LE xx LX x LX) —2 H(LE xx LE xx LE) 22CF(1L2 x ¢ L x2 LE).

Since Gysin maps commute with pullback, for any y € He(LX xx LX x LX),

Alynfi@) = Aly)n(fods) (@)
Al(y) 1 (m x 1)*(a).

Similarly, A'(y N f5(a)) = A'(y) N (1 x m)*(a). From square (1) of diagram 9.4
we deduce that the commutativity of the square is equivalent to the identity

(Ao A x 1) N(m x 1)* (@) Npis(a) = (Ao 1 x A') N (1 x m)*(a) N p3s(a)

! !
— A®@' N ((m x 1)*(a) UpIQ(a)) =A@ n ((1 x m)*(a) Up§3(a)).
The last equality follows immediately from the 2-cocycle condition (9.3). O

Proposition 9.12 If 5*(a) = «, then the twisted loop product %, : H(LX) ®
H(LX) — H(LX) is commutative.

PROOF. The proof of Propositions 9.9 applies verbatim. [

45



10 String product for family of groups over a
stack

The Chas-Sullivan product generalizes the intersection product for a manifold
M. Indeed, the embedding of M as the space of constant loop in LM makes
H, (M) asubalgebra of the loop homology and the restriction of the loop product
to this subalgebra is the intersection product [14].

In the context of stacks, there are more interesting ”constant” loops, that
is loops which are constant on the coarse space. From a mathematical physics
point of view, these spaces of loops are sometimes called ghost loops. The
canonical ghost loop stack is the inertia stack.

10.1 String product

In this section we construct a string product for the inertia stack. From the
categorical point of view the inertia stack AX of a stack X is the stack of
pairs (X, ) where X is an object of X and ¢ an automorphism of X. If X is a
Hurewicz topological stack then so is AX. However, if X is differentiable, AX is
not necessarily differentiable. Let I be a topological groupoid representing X.
Let ST = {g € T'1] s(g) = t(g)} be the space of closed loops. There is a natural
action of I on ST by conjugation. Thus one forms the transformation groupoid
AT : ST x I' == ST, which is always a topological groupoid, called the inertia
groupoid. It is a presentation of the inertia stack. and denoted AX. Indeed one
obtains the following morphism of groupoids

PN ——1 (10.1)

L

'y —=T,.
There is a morphism of topological groupoids evg : AT' — T given, for (z,g) €

ST T, by evg((z,g)) = g € I'1. This groupoid morphism evg : AT' — I" induces
the evaluation map

evp: AX = X (10.2)

on the corresponding stacks.

The construction of the string product can be made in 3 steps.

Step 1 The external product induces a map:
Hy(AX) @ Hy(AX) > Hypo(AX x AX).
Step 2 We can form the pullback of the evaluation map evy : AX — X along
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the diagonal A : X — X x X, thus obtaining the cartesian square

AX xx AX — AX x AX (10.3)

i J/ (evo,evo)

¥ —2 > XxX

Again we denote by e : AX x AX — X x X the map (evg,evg). Since X
is strongly oriented, so is its diagonal A : X — X x X. Hence we have a
Gysin map:

A': Hy(AX x AX) — Ho_q(AX xx AX).

Step 3 The stack AX x x AX is known as the double inertia stack. Its objects are
triples (X, p,1) where X is an object of X and ¢, are automorphisms
of X. On the groupoid level the stack AX xx AX is presented by the
transformation groupoid (SF XTy SF) xI'y = ST xp, ST where I'; acts
on ST xp, ST by conjugation diagonally. The double inertia stack is
endowed with a “Pontrjagin” multiplication map m : AX xx AX — AX
given by m(X, p,¢) = (X, ¢¢). It induces a morphism on homology

Myt He(AX xx AX) — Ho(AX).

Composing the three maps in the above steps one obtains a product
* 1 Hp(AX) ® Ho(AX) — Hpyq—a(AX),

called the string product:

Hy(AX) ® Hy(AX) = ptq(AX X AX) = pra—d(AX X x AX) = pt+q—d(AX).

(10.4)

As for the loop product, the string product is a degree 0 multiplication on
the shifted homology groups: He(AX) = Heyq(AX).

Theorem 10.1 Let X be an oriented stack of dimension d. The shifted homol-
ogy He(AX) of the inertia stack is an associative graded commutative algebra.

Before proving Theorem 10.1, let us remark that the “Pontrjagin” map m :
AX xx AX — AX corresponds to the multiplication is associative. Thus, passing
to homology one has the lemma.:

Lemma 10.2 m, : Ho(AX xx AX) — Hl(AX) satisfies the associativity condi-

tion:
m*((id X m)*) = m*((m X id)*).
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Less obvious is that it is also commutative : indeed there is a 2-arrow «
A% xx AX "> AX (10.5)

5%

AX Xx AX

which associates to (X, ¢,%) in the double inertia the isomorphism ¢! :

x - x (10.6)
wll - iwl
Y 5

between (X, o) and (X, ¥p) in AX.

PrROOF OF THEOREM 10.1. Associativity follows mutatis mutandis from the
proof of Theorem 9.8, substituting LX with AX in the argument. Similarly,
the proof of Theorem 9.9 leaves us to proving that the induced map my oo :
Ho(AX xx AX) — Ho(AX) in homology is equal to m,. Here again & is the
flip map. Passing to any groupoid I" representing X and denoting AT' xp AT =
(SI‘ XT, SF) xI' = (ST Xy SF), it is enough to check that the induced map

My 00y : He (AT xp AT') — Ho(AT)

in groupoid homology is equal to m.. At level of groupoids, the 2-arrow « of
diagram (10.5) yields the identity

my(o(ni,n2)) = p(ng,n)

-1
Ty

(p(n1,m2))

for all z = (n1,n9,7) € (SF XT, SF) x I';. Here p @ ST xp, ST — ST is the
restriction of the groupoid multiplication of I". Thus m. (o (n1, n2)) is canonically
conjugate to my(ni,n2) and in a equivariant way. It follows that after passing to
groupoid homology, one has m, = m, o g. An explicit homotopy h : Cy, (AT xp

AT) — Cp41(AT) between m, and m, o & at the chain level is given by h :
S o(—1)'h; where
hi((n1,m2),91,--.,9n) = (u(nl,nz))n2 91

5 9is (91 - ~gi)_1n2(91 o Gi), Git1s - agn)

—1
n

for i > 0 and ho((n1,n2),91,---,9n) = (u(nl,ng)) 2 ,ng,gl,...,gn). O
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If v is a cohomology class in @, H"(AX xx AX), one defines the twisted
string product B
*q ¢ He(AX) ® Ho(AX) — Ho(AX)
as follows. For any z,y € He(AX),
!

THhoy =mi (A (z xy)Na).

We use similar notations as for Theorem 9.3: denote p1a,pag : AX X2 AX X%
AX — AX xx AX the projections on the first two and the last two factors

Proposition 10.3 Let a be a class in P, H"(AX xx AX).
e If a satisfies the cocycle condition:
pra(a) U (mx1)"(a) = pa(a)U(lxm) (a) (10.7)

in H*(AX xx AX xx AX), then x, : H(AX) ® H(AX) — H(AX) is asso-
ciative.

o If « satisfies the flip condition 0*(«) = «, then the twisted string product
*o t H(AX) @ H(AX) — H(AX) is graded commutative.

PROOF. The argument of Proposition 9.11 and Proposition 9.12 applies. [

Corollary 9.5 has an obvious counterpart for inertia stack.

Corollary 10.4 Let X be an oriented stack and E a vector bundle over AX X x
AX.

o [f E satisfies the cocycle condition
P12(E) + (m x 1)*(E) = py3(E) + (1 x m)"(E)
in K-theory, then xg is associative.

o Ifo*E = E, then the twisted Loop product g : H(AX)QH(AX) — H(AX)
is graded commutative.

10.2 Family of commutative groups and crossed modules

The string product can be defined for more general ”ghost loops” stacks than
the mere inertia stack. In fact, we can replace the commutative family AX — X
by an arbitrary commutative family of groups.

A family of groups over a (topological) stack X is a (topological) stack &
together with a morphism of (topological) stacks ev : & — X and an associative
multiplication m : & xx & — &. A family of groups & — X (over X) is said
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to be a commutative family of groups (over X) if there exists an invertible
2-arrow « making the following diagram

Bxr® = & (10.8)

5

@Xx@

commutative. Clearly, the inertia stack is a commutative family of groups (see
Equation 10.6).

In the groupoid language, a commutative family of groups can be repre-
sented as follows. A crossed module of (topological) groupoids is a morphism
of groupoids

Ny ——>T,

I

No —=T

which is the identity on the base spaces (in particular Ny = I'g) and where
N; = Ny is a family of groups (i.e. source and target are equal), together with
a right action (y,n) — n” of I' on N by automorphisms satisfying:

1. for all (n,y) € N x 'y, i(n?) =y~ ti(n)y;
2. for all (z,y) € N xp, N, 2'¥) = y~lzy.

Note that the equalities in (1) and (2) make sense because N is a family of

groups. We use the short notation [N — T'] for a crossed module.

Remark 10.5 In the literature, groupoids for which source equals target are
sometimes called bundle of groups. Since we do not assume the source to be
locally trivial, we prefer the terminology family of groups.

Since a crossed module [N LN I'] comes with an action of T' on N, one

can form the transformation groupoid A[N N Il : Ny xT'y = Ny, which is
a topological groupoid. Furthermore, the projection Ny xp, I'1 — I'1 on the
second factor induces a (topological) groupoid morphism ev : A[N = I'l — T.
Let & and X be the quotient stack [Ny /Ny xT'y] and [I'g/T';] respectively. Then
ev:® — X is a commutative family of groups over X. Clearly, the inertia stack
AX corresponds to the crossed module [ST — T for any groupoid presentation
I' of X. Obviously A[ST — I is the inertia groupoid AT'. The inertia stack is
universal among commutative family of groups over X:
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Lemma 10.6 Letev: & — X be a commutative family of groups over X. There
ezrists a unique factorization

B —> AX

N

X.

In fact, for any crossed module [N = '), there is a unique map e : A[N 4
'l — AT making the following diagram commutative:

A[N 5 T] — AT

N \cho

I.

Example 10.7 Let X be an abelian orbifold, that is an orbifold which can be
locally represented by quotients [X/G]| where G is (finite) abelian. Then the
k-twisted sectors of [16] carries a natural crossed module structure [SE -5 T
where p is the k — 1-fold multiplication Sk — Sr followed by the inclusion .
Of course, for k = 1, it is well-known that the induced stack is the inertia stack
and that the abelian hypothesis can be droped. The associated commutative
family of groups is ApX — X where AyX = AX xx --- xx AX is the k*P-inertia
stack.

Let & — X be a commutative family of groups over a stack X. If X is
strongly oriented, Section 8.2 yields a canonical Gysin map

A Hy (6 x 8) — Hy_g(® xx &).
Thus one can form the composition

S A' My
*: Hy (@)@ Hy(®) = Hpyg(&x6) = Hyp g a(® xx®) = Hpyg—a(®) (10.9)
Since m : & xx & — & is associative and commutative as for the inertia stack
in Section 10.1, Step 3, the argument of Theorem 10.1 yields easily

Proposition 10.8 Let & be a commutative family of groups over an oriented
stack X (with dim(X) = d). The multiplication x (see Equation (10.9)) endows
the shifted homology groups He(®) = Hetq(®B) with a structure of associative,
graded commutative algebra.

Remark 10.9 It is easy to define twisted ring structures on H,(®) along the
lines of Theorem 10.3. Details are left to the reader.

Remark 10.10 If X is a oriented stack and if & — X is a family of groups
which is not supposed to be commutative, the product x (Equation (10.9)) is
still defined. Moreover the proof of Theorem 10.1 shows that (He(®),x) is an
associative algebra. The k'P-inertia stack A X = AX xx--- xx AX is an example
of non (necessarily) commutative family of groups.
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11 Frobenius algebra structures

The loop homology (with coefficients in a field) of a manifold carries a rich
algebraic structure besides the loop product. It is known [18] that there exists
also a coproduct, which makes it a Frobenius algebra (without counit).

It is natural to expect that such a structure also exists on He(LX) for an
oriented stack X. In Section 11.2 we show that this is indeed the case. We also
prove a similar statement for the homology of inertia stacks.

In this section we assume that our coefficient ring k is a field, since we will
use the Kiinneth formula He(X ® ) —— He(X) ® He(D).

11.1 Quick review on Frobenius algebras

Let k be a field and A a k-vector space. Recall that A is said to be a Frobenius
algebra if there is an associative commutative multiplication p : A®? — A and
a coassociative cocommutative comultiplication 6 : A — A®? satisfying the
following compatibility condition

dop=p®el)o(l®d)=(1®@pu)o(dol) (11.1)

in Hom(A®2, A®2). Here we do not require the existence of a unit nor a counit.
Also we allow A to be graded and the maps p and J to be graded as well. When
both maps are of the same degree d, we say that A is a Frobenius algebra of
degree d. The tensor product of two Frobenius algebras A and B is naturally a
Frobenius algebra with the multiplication (u ® ) o (723) and comultiplication
Tost 0 (6 @) where To3 : A® B® A® B — A®2® B? is the map permuting the
two middle components.

Warning We need a few words of caution concerning our definition of Frobe-
nius algebras. In the literature, one often encounters (commutative) Frobenius
algebras which are both unital and counital such that, if ¢ : A — k is the counit,
then copu: A® A — k is a nondegenerate pairing.

11.2 Frobenius algebra structure for loop stacks

In this subsection we prove the existence of a Frobenius algebra structure on the
homology of the free loop stack of an oriented stack. Let evg,evy/p : LX — X
be the evaluation maps defined as in Equation (5.1), where X is a Hurewicz
topological stack. To simplify the notations, let € be the evaluation map
(evo,evyje) : LX — X x X.

Lemma 11.1 The stack LX xx LX fits into a cartesian square

LX xx LX —1LX% (11.2)

L

F—2 s xx X
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where A : X — X x X is the diagonal.
PROOF. Since S! is compact and X is a Hurewicz topological stack, Lemma 5.2

ensures that the pushout diagram of topological spaces

014
pt[[pt ——— g1

i l

pt —— gty g1

becomes a pullback diagram after applying the mapping stack functor
Map(—, X). This is precisely diagram (11.2). O

Remark 11.2 The argument of Lemma 11.1 can be applied to iterated diago-
nals as well. In particular, LX x x - - - X LX (with n-terms) is the mapping stack
Map(St Vv --- Vv S1,X) (with n copies of S!) and moreover there is a cartesian
square

LX X+ xx LX —> L% (11.3)

L

X—Xx---xX.

\L(eVmeVum---,eVnun)

Now assume that X is oriented of dimension d. According to Section 8.2,
the cartesian square (11.2) yields a Gysin map

A" Hy (LX) — Ho_g(LX xx LX).

By diagram (9.1), there is a canonical map Map(8,¥) =2 LX xx LX L Lx x LX.
Thus we obtain a degree d map

52 Ho(LX) 2 He_g(LX xx LX) 25 Ho_g(LE x LX) 2 P Hi(Lx) ® H;(LX)(11.4)
i+j=e—d

Theorem 11.3 Let X be an oriented stack of dimension d. Then (Hq(LX), %, )
18 a Frobenius algebra, where both operations x and 6 are of degree d.

PRrROOF. It remains to prove the coassociativity, cocommutativity of the co-
product and the Frobenius compatibility relation. Denote by ds : He(X X Q) —
H,(X) ® He(Q) the inverse of the cross product induced by the Kiinneth iso-

morphism and (5(3") for its iteration.
i) Coassociativity Let ¢ : LX — X x X x X be the iterated evaluation

map (evo, evy/3,evy/3). According to Corollary 8.12, the iterated diagonal A®) .
X — X X X x X is naturally normally nonsingular oriented. Thus, Remark 11.2

implies that there is a Gysin map A(Q)!. Similarly there is a canonical map
7@ LX xx LE xx LX = Map(S*v S'v S ¥) — LX x LX x LX. The argument
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of the proof of Theorem 9.8 shows that it is sufficient to prove that the following
diagram is commutative (which is, in a certain sense, the dual of diagram (9.4)).

H(LX) ® HLX) ® H(LX) @

ss®14 X

-(2)

H(LX X LX) @ H(LE) <= H(LXx LXx LX) <= H(LX xz LX xx LX)
i«®14 (5) baxn. @ [
H(LX xx LX) ® HLX) <2 H((LX xx LX) x LX) < H(LX xx L xx LX) '
INPSY) (3) ath @ ath ‘ﬁ
H(LX) @ H(LX) < —— HILXXLX) <——— H(LXxx1¥) <— H(LY)

(11.5)
where p and p denote, respectively, the projections LX x LX — LX and LX x ¢
LX — LX on the first factor. Square (5) is commutative by naturality of the
cross coproduct dg and the upper left triangle by its coassociativity. We are left
to study the three remaining squares (1), (2), (3) and triangle (4).

Square (1) commutes in view of the identity j) = (jx1)o(1xj) which follows
from the natural isomorphism (LX x5 LX) xLX = LX xx (LX xLX). Here
the map LX x LX — X is the composition evyop. In the sequel, we use
this isomorphism without further notice.

Square (2) Since éop = (éop)oj: LX xx LX — X x X, the commutativity
of square (2) follows immediately, by naturailty of Gysin maps, from the
tower of cartesian diagrams

LX xxLX xx LX > L¥ xyLX¥

i 4
LE xx LExLx L Lx xLx

' Jior

¥ — % > xxx

Square (3) commutes by the same argument as for square (3) in diagram (9.4).

Triangle (4) The sequence of cartesian diagrams

LE Xz LE X2 L TS LE xx LE " > L% (11.6)
i \Léoﬁ \L(evo,eVé,evi)
T—2 xSy xxi

implies, by naturality of Gysin maps, that

Alo(Ax1) = A@ (11.7)
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~

There is an homeomorphism h : S' = S which, together with the flip
map o, induces a commutative diagram

|0 P Uk S U — i —— S (11.8)

n
l é<2)l i(CVo,CW ev 1)
2 1
A2 1

X %x%x%gfx%xx

As h* = Map(—, X)(h) is a homeomorphism and (1 x o) o A®) = A®),
diagram (11.8) identifies A®' with the Gysin map (denoted A®' by
abuse of notation) associated to Diagram (11.6). Since (A X 1) = A
the commutativity of Triangle (4) follows from Equation (11.7).

ii) Let’s turn to the point of cocommutativity. It is sufficient to prove that
A" = F.oA (11.9)

where 0 : LX X3 LX — LX x5 LX is the flip map. There is a natural homotopy
F:IxLX xx LX — LX between m o and m (see the proof of Theorem 9.9).
Equation (11.9) follows easily by naturality of Gysin maps applied to the carte-
sian squares below (where t € I)

F(t7_)
LX xx LX —— LX

1y Y1)
(lop,F)
I xLXxxLX — I xLX

\ Ve

¥ —2 - xxX

The map (¢,1) : LX — I x LX is the map LX = {t} x LX — I x LX. The
left upper vertical map is similar. The maps (¢,1) are homotopy equivalences
inverting the canonical projections I x LX — LX, I x LX x5 LX — LX xx LX.

iii) It remains to prove the Frobenius relation (11.1). To avoid confu-
sion between different Gysin maps, we now denote m' := A' : H,(LX) —
He 4(LX xx LX) and j' := A' : Hy(LX x LX) — Ho_4(LX xx LX) the Gysin
maps inducing the product and coproduct. The cartesian squares

LE xp LExx LE 20 18 xp LY LXxy LXxy LX¥ — > LEX LX xx LX
l léo'ﬁ i \L(evo X evp)o(1lxp)
x 2 Xx X, x 2 Xx X

give rise to Gysin maps (see Section 8.2)

(1 xm)": Hy(LX xx LX) — Hoe_q(LX xx LX xx LX) and
7' Hy(LX x LX x5 LX) — He_g(LX xx LX xx LX).
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There is a canonical map j : Map(St v ST v 81 X) = LX xx LX xx LX —
LX xx LX x LX sitting in the pullback diagram

LX xx LX x3 LX —2> (LX x3 LX) x LX

\L ié\\lgxevo
A

X X xX

Consider the following diagram

1xm)’ 1X5)x
Ho(Lx x 1Y) — ™ o J(Lx x LE xx LX) =" H, y(LX x LE x L)

! m‘23 7 ~1 i . ]
j-l (a) (@) lj‘ ®) J{(;xw-

Ho_g(LX X3 LX) — > Hy_04(LE xz LX xx LX) — > Hy_54(LX xx LX x LX)

Ixxgm’
m*l (b) \Lm*xxl (c) \Lm*xl

Hq_ (LX) Hq_24(LX xx LX) . Hq_2q(LX x LX)

m' J

(11.10)
where mb; : He(LX x LX) — He 94(LX xx LX x5 LX) is the Gysin map
determined by the cartesian square (applying Corollary 8.12)

jo(1xxm)

LX xx LX X3 LX ————=LX x LX

i ievo X é
A2

X XxXxX

The triangle (a) in diagram (11.10) is commutative because we have a sequence
of cartesian squares

IXxm j
LX xx LX xx LX ——> LX xx LX ——> LX x LX (11.11)
\L iéo;ﬁ \Levo X é
A Ax1
X Xx X XX XXX

Similarly, triangle (a’) is commutative, i.e., o (1 x m)' = mbs. By naturality

of Gysin maps, the towers of cartesian squares

LXX;L}ZXXLXIXX—";LXXXL% LX Xy LX X LX ——= LX x LX xx LX
1><xmi lm ?i luj
LX Xy LX —— > 1% LE xx LE x LE — 5 LX x LX x LX
i l e’v“oo(lxmi \L(GVOXQVO)OUXP)
x— 2 sxxx, x 2 Xx X
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give the commutativity of squares (b) and (b’) in diagram (11.10). The com-
mutativity of Square (c) is trivial. Thus diagram (11.10) is commutative. Up
to the identification He(LX x LX) & H,(LX) ® Ho(LX), the composition of
the bottom horizontal map and the left vertical one in diagram (11.10) is the
composition 6(—x—). The composition of the right vertical map with the upper
arrow is (a*b(l)) ®b®3). Finally commutation of the Gysin maps with the cross
product yields the identity

§(axb) =axbM @b,

The proof of identity §(a *b) = ) ® a? % b is similar. O

11.3 Frobenius algebra structure for inertia stacks

In this section we show that the homology of the inertia stack is also a Frobenius
algebra, similarly to Theorem 11.3.

Let X be a Hurewicz topological stack of dimension d and I" a topological
groupoid representing X. Thus its inertia stack AX is the stack associated to
the inertia groupoid AT := ST xT' = ST, where ST is the space of closed loops.
Any loop S' — X on a topological space X can be evaluated in 0 but also in
1/2. Tt is folklore to think of AX as a ghost loop stack. Hence evaluation map at
0 and 1/2 should make sense as well. We first construct these evaluation maps
for the inertia stack which leads to the construction of the Frobenius structure
on He(AX) when X is oriented.

First of all, let us introduce another groupoid AT which is Morita equivalent
to AI'. Objects of A" consist of all diagrams

x Yy x (11.12)

in I'. Note that the composition g;¢gs is a loop over x. Arrows of AT consist of
commutative diagrams

91 92
P e
T Y T
ho T hi/2 T T ho
! y !

N "
Note that the left and right vertical arrows are the same. The target map is
the top row

while the source map is the bottom row

_ 1
hytgihyye hij92h0

/k“'\ ’
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The unit map is obtained by taking identities as vertical arrows. The compo-
sition is obtained by superposing two diagrams and deleting the middle row of
the diagram, i.e.

is mapped to

X X
hoh{)T hl/zh’l/g'T Thohé

Z‘” y” xﬁ .
e ——

In other words, AT is the transformation groupoid ST Xy xTo (1"1 X 1"1), where
ST ={(g1,92) € T'2|t(g1) = s(g2)}, the momentum map ST — T'g x Ty is (¢, 1),

and the action is given, for all compatible (ho,h1/2) € T'1 x T'1, (g1,92) € ST,
by
(91,92) - (ho, hij2) = (h6191h1/27hf/1292h0)~

One defines evaluation maps taking by the vertical arrows of §f’, i.e.
V(g1, 92, ho, h1/2) € A"y define

evo : (91,92, ho, hi2) = ho,  evi2 : (91,92, ho, hij2) = hyja.
It is simple to prove

Lemma 11.4 Both evaluation maps evg : AT — T and evyys : AT — T are
groupoid morphisms.

There is a map

p: AT — AT (11.13)

obtained by sending a diagram in AT 1 to the composition of the horizontal
arrows, i.e.,

91 92 9192
LT . P
T Y T is mapped to T T
hoT hl/ZT Tho ho’T Tho
x’ y' x’ o

T

In other words p(g1, g2, ho, h1/2) = (9192, ho)-

Lemma 11.5 The map p : AT — AT is a Morita morphism.

Proor. The map pq : Kf‘o — AT’y is a surjective submersion with a section
given by g — (g, 14() for g € ST. Let g,¢g’ € ST'. Assume given (g1, g2) € I'>

with ¢g19o = g and (¢,95) € 'y with ¢gjg5 = ¢’. Then any arrow in AT from
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g1 g2 91 !Jé
X Ty Tx to 7 Ty“ T a is uniquely determined by hy € Iy

satisfying hy 'g1g2ho = ¢} gh. Indeed, hy /2 is given by hy /o = gghogé_l. O

As a consequence the groupoid AT also represents the inertia stack AX, and
Lemma 11.4 implies that there are two stack maps evg, evy /s : AX — X.

We now proceed to construct the string coproduct. As in Section 10.1 above,
AT xp AT is the transformation groupoid (ST xp, ST') xI' = ST xp, ST, where
I' acts on ST xp, ST by conjugations diagonally. Its corresponding stack is

Lemma 11.6 The stack AX xx AX fits into the cartesian square

AX Xy AX > A%

| ooz
A

X—=Xx X

As in Section 11.3, we denote € := (evg,evy /) : AX — X x X the right vertical
map in the diagram of lemma 11.6.

PROOF.We use AT as a groupoid representative of AX. By the definition of the
evaluation maps, the fiber product

FX[‘XrA\f*)]\\f

\L \L(evoﬁvuz)

———I'xT

can be identified with the subgroupoid of Kf’, which consists of (g1, g2, ho, h1/2)
such that hg = hy /5. The latter is simply the transformation groupoid

ST X1 SI'xI'y = ST X1 ST
which is precisely AI' X AT'. Moreover the composition
AT xp AT & T xpyp AT — AT % AT,

where p is defined by equation (11.13), is precisely the “Pontrjagin” map m :
AT xp AT' — AT in Section 10.1. O

Remark 11.7 It is not hard to generalize the above construction to any finite
number of evaluation maps and obtain the following cartesian square (see the
proof of Theorem 11.3 below)

AX Xx - Xg AX — A%

| l

X—=Xx---x X

99



If X is oriented of dimension d, the cartesian square of Lemma 11.6 yields a
Gysin map (Section 8.2)

A" Hy(AX) — He_g(AX xx AX).

As shown in Section 10.1, there is also a canonical map j : AXXxAX — AXXAX.

Theorem 11.8 Assume X is an oriented stack of dimension d. The composi-
tion

Ho(AX) 25 Hy a(AXxxAX) -5 H, o(AXxAX) 2 @D H(AX)@H,(AX)
i+j=n—d

yields a coproduct § : He(AX) — @D, j—e_qHi(AX) ® Hj(AX) which is
a coassociative and graded cocommutative coproduct on the shifted homology
He(AX) := He1q(AX), called the string coproduct of AX.

PrOOF. The proof is very similar to that of Theorem 11.3. We only explain

the difference.
i) First we introduce a third evaluation map evy/s : AX — X similar to
evy/y. Taking a representative I' of X, the idea is to replace AI' by another

groupoid ]\T‘, where Kf‘l consists of commutative diagrams:

g1 g2 g3

ST k"‘\z/("""‘\

T Y T
hoT hl/2’T h2/3T Tho
! / ! !

xwyw N

The source and target maps are, respectively, given by the bottom and upper
lines. The multiplication is by superposition of diagrams. There are evaluation

maps evo, evy/z, Va3 : AT — ', respectively, given by ho, hy/2,92/3. A proof
similar to those of Lemmas 11.5 and Lemmas 11.6 gives the following facts :

1. the groupoid AT is Morita equivalent to AI'. Hence it also represents the
stack AX.
2. The evaluation maps induce a cartesian square

\L lé@)
A2)

X XXxXxX

which yields a Gysin map A" Ho(AX) — Ho_24(AX xx AX xx AX).

It follows that one can form a diagram similar to (11.5) for AX and prove that
all its squares (1),(2), (3), (5) are commutative mutatis mutandis. The proof
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of the commutativity of triangle (4) is even easier: it follows immediately from
the sequence of cartesian square

AX xx AX xx AX — = AX xx AX ——> AX

\L léoﬁ \Lé@)
A Ax1

X————————XxX—X x X x X.

ii) Since p o & is conjugate to p, the proof of the cocommutativity of § is
similar to the proof of Proposition 11.3 and of Proposition 10.1. O

Theorem 11.9 The homology groups (He(AX),e,08) form a (non unital, non
counital) Frobenius algebra of degree d.

PROOF. According to Theorems 10.1, 11.3 it suffices to prove the compatibility
condition between the string product and string coproduct. The argument of
the proof of Theorem 11.3.iii) applies. O

Remark 11.10 If X has finitely generated homology groups in each degree,
then by universal coefficient theorem, H®(AX) inherits a Frobenius coalgebra
structure which is unital iff (He(AX),d) is counital.

11.4 The canonical morphism AX — LX

There is a morphism of stacks ® : AX — LX generalizing the canonical inclusion
of a space into its loop space (as a constant loop).

Remark 11.11 Objects of AX are pairs (X, ¢) where X is an object of X and ¢
an automorphism of X. The morphism ® may be thought to maps (X, p) € AX
to the isotrivial family over S!, which is obtained from the constant family X;
over the interval by identifying the two endpoints via .

We show in this Section that ® induces a morphism of Frobenius algebras in
homology.

Let T be a groupoid representing the oriented stack X (of dimension d) and
AT its inertia groupoid representing AX. Proposition 5.4 gives a groupoid LI
representing the free loop stack LX. We use the notations of Section 5.2. Recall
that the topological groupoid LT is a limit of topological groupoids LTT where
P is a finite subset of S*. We take P = {1,1} C S! the trivial subset of S1. We
will construct a morphism of groupoids AI' — LPT inducing the map A¥ — LX.

Any (g,h) € ST xI' = ATy (i.e. g € T'; with s(g) = t(g)) determines a
commutative diagram ®(g, h) in the underlying category of the groupoid T :

g9

th) <2— t(h) (11.14)
hT Th
s(h) 22 ()



The square ®(g,h) (defined by diagram (11.14)) being commutative, it is an
element of M;T. Since P is a trivial subset of S, a morphism [Sf = SI'] —
[MiT' = MyT] is given by a path f : [0,1] — T’y and elements k, k' € T'; such
that the diagram

k

t(f(0)) = t(f(1))
1o} fra)
k
s(f(0)) <— s(f(1)))
commutes. In particular, the diagram ®(g,h) € M;I' yields a (constant)
groupoid morphism [S¥ = S| — [MiT' = M,I] defined by t — f(t) = h.
The map (g, h) — ®(g, h) is easily seen to be a groupoid morphism. We denote

by ® : AT' — LT its composition with the inclusion LT — LI. It is still a
morphism of groupoids. Hence we have the following

Lemma 11.12 The map ® : AI' — LI' induces a functorial map of stacks
AX = LX.

In particular there is an induced map @, : He(AX) — Ho(LX) in homology.

Theorem 11.13 Let X be an oriented stack. The map D, : (He(AX),0,0) —
(Ho(LX),*,0) is a morphism of Frobenius algebras.

PROOF. Let T be a groupoid representing X. For any (g,h) € ST xT'y = ATy,
one has

evy (<I>(g,h)) = h=-evo(g,h)

where evg stands for both evaluation maps LI' — I', AT' — T'. Thus the
cartesian square of Step (2) in the construction of the string product factors
through the one of the loop product and we have a tower of cartesian squares:

AX xx AX — AX x AX (11.15)

3 <o

LX xx LX ——LX x LX

J/ \LGVU X evp

X—XxX
where @ is induced by ® x ®. The square (11.15) shows that
Ao(@x®) = d,0A" (11.16)

Since LI' is a presentation of LX, the cartesian square LI' x LI" represents
the stack LX xx LX. Given any (g1, g2, h) in (ST xp, ST) x 'y = AT xp AT,
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one can form a commutative diagram &)(gl,gg, h):

h=tgih h=tgah

which induces canonically an arrow of LI' xp LI" as in the construction of ®.
The map (g1, 92, h) — (g1, 92, h) represents the stack morphism ®. Since

m(®(g1,92,h)) = P(g1g2,h)

the diagram

AX xx AX —">LX xx LX (11.17)

|, r

AX —LX

is commutative. Hence, diagram (11.17) and Equation (11.16) implies that ®, is
an algebra morphism. Similarly ®, is a coalgebra morphism since the diagram

AX xx AX s AX
% |
LX xxL¥ *—=1Lx
i i(cvo,cvl/g)

X —2 > xxX.

is commutative. [

Remark 11.14 If the stack X is actually a manifold X, then its inertia stack
is X itself and LX = LX the free loop space of X. It is clear that the map ®
becomes the usual inclusion X «— LX identifying X with constant loops. For
manifolds, the map ®, is injective but not surjective (except in trivial cases).
However, for general stacks, ®, is not necessary injective nor surjective. See
Section 14.4.

12 The BV-algebra on the homology of free loop
stack

The circle St acts on itself by left multiplication. By functoriality of the mapping
stack, the S!-action on itself confers a S'-action to LX for any topological stack
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X. This action endows He (LX) with a degree one operator D as follows. Let
[S1] € H1(S') be the fundamental class. Then a linear map D : Ho(LX) —
H,1(LX) is defined by the composition

1
HoLx) B H, o (Lx x 1) L5 Hayy (LX),
where the last arrow is induced by the action p : S' x LX — LX.

Lemma 12.1 The operator D satisfies D*> = 0, i.e. is a differential.

PROOF. Write m : S' x S — S! for the group multiplication on S'. The
naturality of the cross product implies, for any = € Hq (LX), that

D2(z) = pu (ma([8"] % [S1]) x 2)) = 0
since m,([S1] x [S1]) € Ha(S') =0. O

In order to prove that D together with the loop product makes the shifted
homology He (LX) a BV-algebra (for an oriented stack X), we follow a very
efficient procedure due to Cohen-Jones [19, 21]. It relies on the fact that LX is
an algebra on the homology of the cacti operad and results of Getzler [26] and
Voronov [47].

Theorem 12.2 Let X be an oriented stack of dimension d and assume that k is
a field of characteristic different from 2. Then the shifted homology He (LX) =
Hqoyq(LX) admits a BV -algebra structure given by the loop product * : He(LX)®
H, (LX) — He (LX) and the operator D : He(LX) — Heyq(LX).

PROOF. According to [19], the result follows from the following fact about the
cacti operad which is an operad in the category of topological spaces (see [47]).

Claim H,(LX) is an algebra over the homology of the cacti operad.

A key-point is that a cactus, i.e. an element of the cacti operad, has an under-
lying topological space ¢ which is obtained by gluing together a finite numbers
of oriented circles along with an orientation preserving map p : S! — ¢ called
the pinching map. In particular the space c is compact, thus the mapping stack
Map(c, %) is a well-defined topological stack and there is a functorial stack mor-
phism p* : Map(c,X) — LX. Furthermore, any choice of k distinct points in
c yield evaluation maps Map(c, X) — X*. It is then straightforward to check,
using Lemma 5.2, the Gysin map given by the bivariant theory (see Section 8.2,
and the technics of the proofs of Theorem 9.1 and Theorem 11.3, that the proof
of the claim for manifolds [19] goes through the category of oriented stacks.
Details are left to the reader. [

Remark 12.3 Asin [21], one can prove that Theorem 12.2 follows from a cactus
algebra structure of the free loop stack LX in the category of correspondences
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of topological stacks (and not of topological stacks). The proof of [21] applies
verbatim to the framework of stacks. Note however, that there is a little
subtlety here to apply directly the proof of [21]: one needs carefully avoid the
use of mapping stacks with a non-compact topological space as the source.

Remark 12.4 One could try to apply this operadic framework to inertia stack
as well. However it does not seems there is a non-trivial S'-action on AX.

13 Orbifold intersection pairing

Let X be an almost complex orbifold. Then AX is again an almost complex
orbifold. In particular, X and AX are oriented orbifolds. Care has to be taken,
because even if X is connected and has constant dimension, AX usually has
many components of varying dimension (the so-called twisted sectors).

Warning In this section, all (co)homology groups are taken with coefficients in
C, the field of complex numbers. In particular this is true for singular homology
Ho(X), de Rham cohomology (denoted HpR (X)) and compactly supported de
Rham cohomology (denoted Hpg (X)).

13.1 Poincaré duality and Orbifolds

For oriented orbifolds, there is the Poincaré duality homomorphism P :
H;(X) — H4%(X) [5]. Here X is an oriented orbifold which has constant (real)
dimension d = dim(X). Let us recall briefly the definition of the Poincaré duality
homomorphism, see [5] for details. There is the canonical inclusion H;(X) —
(H (.’{))* which is an isomorphism if H;(X) is finite dimensional. Since X is of
dimension d, there is the Poincaré duality isomorphism (HER)* = Hgifc [5].
Let inc : Hpg (X) — Hpg(X) be the canonical map. The Poincaré duality
homomorphism P is the composition

Hi (%) — (H'(X))* 5 (Hbr(X))* > HiR! (%) % HRR (X)) — H"7(%).

If the orbifold X is proper, then P : Hy(X) — H?~*(X) is an isomorphism.

Recall that the inertia stack AX has usually many components of varying
dimension. The inverse map I : AX — AX is the isomorphism defined for any
object (X, ) in AX, where X is an object of X and ¢ an automorphism of X,
by I(X,¢) = (X,¢~!). In the language of groupoids, if X is presented by a
Lie groupoid T', the map I is presented by the map (v, a) — (y~1,3) for any
(v,a) € ST xp, I'1.

The age is a locally constant function age : AX — Q. If X = [M/G] is a
global quotient with G a finite group, then

Ax=|(]] M) /G

geG
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and for x € MY, the age is equal to ) k; if the eigenvalues of g on T, M are
exp(2irk;) with 0 < k; < 1. The age does not depend on which way X is
considered as a global quotient. So it is well-defined on AX for any arbitrary
almost complex orbifold, because any such X can be locally written as a global
quotient [M/G]. Similarly, the dimension is a locally constant function dim :
AX — Z. The age and the dimension are related by the formula (for instance
see [16, 23])

dim = d—2age—21oage (13.1)
where I : AX — AX is the inverse map. The orbifold homology of X is

H:)rb«{) =H, 2 age(A%) = @ H0—27L([Ax]age=n)
neQ

where [AX]age=r is the component of AX for which the age is equal to n. Since
AX is an oriented orbifold, there is the Poincaré duality homomorphism P :
Ho(AX) — H*(AX). The orbifold cohomology is H2, (X) = H* 228°(AX)
(see [16, 23]).

Lemma 13.1 The composition
Ho(AX) -2 H*(AX) 15 H*(AX)

maps HP™(X) into H'(%). We call it the orbifold Poincaré duality ho-

orb

momorphism P : HO™ (%) — H/(%).

orb

ProoF. It follows from formula (13.1). O

13.2 Orbifold intersection pairing and string product

Recall that, if X is a manifold, then the homology H,(X) has the intersection
pairing and the cohomology H*®(X) has the cup-product. The Poincaré duality
homomorphism is an algebra map. However, if X is not compact, the intersection
ring and cohomology ring may be very different from each other (for instance,
if X is not compact, He(X) has no unit).

Chen-Ruan [16] defined the orbifold cup-product on the cohomology
H3., (%), generalizing the cup-product for manifolds. We will define the ana-
logue of Chen-Ruan orbifold product in homology. Our construction generalizes
the intersection pairing for manifolds. Note that we do not assume our orbifolds
to be compact.

Our definition of the orbifold intersection pairing is as follows: there are the
canonical maps j : A¥X xx AX — AX x AX and m : AX xx AX — AX (see
Section 10.1) and a Gysin homomorphism j' : H(AX x AX) — H(AX xx AX)
because j is strongly oriented. The main ingredient in the definition of Chen-

Ruan orbifold cup-product is the so called obstruction bundle whose construction
is explained in details in [16] and [23]. It is a bundle over AX xx AX denoted
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Ox. The inverse map I : AX = AX induces the ”inverse” obstruction bundle
O3 = (I xx I)*(Dx) which is also a bundle over AX xx AX. We denote

ex = e(D3") the Euler class of O3'. The orbifold intersection pairing is
the composition:

Nex

H(AX) ® H(AX) =5 H(AX x AX) Lo H(AX xx AX) 53 H(AX xx AX) 25 H(X).

Theorem 13.2 Suppose X is an almost complex orbifold of (real) dimension d.

1. The orbifold intersection pairing defines a bilinear pairing

K2

HE™ (%) @ HY™(X) - HYS_ (%),

2. The orbifold intersection pairing M is associative and graded commutative.

3. The orbifold Poincaré duality map P : H™(X) — HI*(X) is a ho-

momorphism of C-algebras, where Hg;)'(%) is equipped with the orbifold
cup-product [16].

Recall that graded commutative means that, for any x € H;([AX]age=k) C
Hﬁgk(%) and y € Hj([AX]age=r) C H;’ib%(%), one has z my =
(_1)(1+2k)(1+2€)y M x.

PRrROOF.

1. By Riemann-Roch, the obstruction bundle O satisfies the following
well-known formula (see [23] Lemma 1.12 and [16] Lemma 4.2.2):

rank(9Dx) = 2(age o p1 + age o po — age o m) + dimy — dim om (13.2)

where p1,p2 : AX xx AX — AX are the projections on the first and second factor
respectively, dims : AX x5 AX — Z is the dimension function of the orbifold
AX xx AX and rank : O — Z is the rank function of the vector bundle Oy
(as a real vector bundle). Since j : AX xx AX — AX x AX has codimension
equal to dimop; + dimopy — dim, the result follows from formula (13.2) and
formula (13.1).

2. Since flip(Ox) = Ox (for instance see [23]) and ex is of even degrees

(thus strictly commutes with any class), the commutativity follows as in the
proof of 10.1. It remains to prove the associativity. Consider the cartesian
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diagrams

_ AX xx AX x AX (13.3)
J(12)3 mig
/ \
AX xx AX xx AX AX x AX
AX xx AX
AX X AX xx AX (13.4)

J1(23)

/ 728

AX Xx AX Xx AX

\

AX xx AX

AX x AX

The map j(12)3, ji(23) are the canonical embeddings induced by j : AX xx AX —
AX x AX (applied, respectively, to the last two and first two factors). The maps
mii+1 (1 = 1,2) are induced by multiplication of the components i, + 1. We
also denote p;; : AX xx AX xx AX — AX (i # j) the map (p;,p;) induced
by the projections on the component i and j and jio = j x id : AX*3 —
AX x5 AX X A%, joz = idxj : AX*3 — AX x AX x5 AX. The so-called
excess bundle &5 associated to diagram (13.3) is defined as follows. There is a
J2)3

(12)3 OfA%XxAxXxAx — A%Xx

AX x AX to the restriction mj,N; of the normal bundle of AX xx AX 2, A%. By
definition &5 = Coker(Nj,, , = mi,N;). Similarly, there is the excess bundle
€a3 = Coker(Nj,,, — m33N;) associated to diagram (13.4). The proof of
Theorem 9.8 together with the commutativity of ex with any class, shows that

canonical map from the normal bundle N;

(@mB)my = mu (5 (miz.(jiz(a x B x ) Npisex)) Nex)
= ma (2. (Jazs ((Gla(e x B x 7) N piaex) Ne(€12)) Nex)
= m? (j(Q)!(a X B X v)Npisex Ne(Ex) N mf2egg) .

The second line follows from the excess bundle formula (see Proposition 8.18)
applied to diagram (13.3). Similarly,

— (2) '(2)I * *
am(@Bmy) = ma (j (a x B xy)Npisex Ne(Eaz) Nmiqex ).

Hence we need to prove that the bundles Ox and €;; satisfy the following
identity

Pia(O%") +mp(03") + € = p33(O%1) +mas(D3') + €3 (13.5)

in the K-theory group of vector bundles over AX x5 AX xx AX.
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The main property of the obstruction bundle O is that it satisfies an ”affine
cocycle condition” see Equation (13.9) below. In fact, there are two cartesian
squares (for ¢ = 1,2), analogous to (13.3), (13.4)

AX Xx AX (136)

AX xx AX xx AX AX

m /p:

AX xx AX

Since p12 = p12 © j(12)3 and p; = pp o J, it is easy to check that the ”excess”
bundles associated to diagram (13.6) for ¢ = 1,2 coincide with &5 and €53
respectively. Indeed, there are the following identities

Clo = plom ™ Tax + Taxxcaxxcax — PlaTazxxcax — MiaTaxx cAx(13.7)
€z = Do Tax + TaxxeAxxeax — Po3Tazxxeax — MasThxxax(13.8)

in the K-theory group of vector bundles over AX xx AX xx AX. over AX xx
AX xx AX associated to the diagram (13.6) defined by &;;;1 = Coker(N,,,,, —
my; 1 Np,,yy ). It follows from Lemma 4.3.2 and Proposition 4.3.4 in [16] (also
see Lemma 1.20 and Proposition 1.25 of [23] for more details) that Oy satisfies

the following ”associativity” equation
P12(Ox) +mix(Ox) + €12 = pis(Ox) +my3(Ox) + €3 (13.9)

in the K-theory group of vector bundles over AX xx AX xx AX. Let 013 be the
automorphism of AX X x AX xx AX given by permutation of the factors 1 and 3,
i.e., 013(X, ,1,0) = (X,0,%, ). Then (I xxI)omisoois = mago(I XxIxxI)
and (I xx I)opipoois =0120p320 (I xx I xx I). Since 0750xX = Ox, the
pullback of the left-hand side in Equation (13.9) along the map I xx I X5 I is
easily seen to be

(I xx I xx 1)*(pio(Dx) + mia(Ox) + €12) = pis(D5") + mis(O5") + €as,

i.e., the right-hand side in Equation (13.5). Similarly, the pullback of the right-
hand side in (13.9) is the left-hand side (13.5). Hence Equation (13.9) is equiv-
alent to Equation (13.5); the associativity of m follows.

3. Since dim : AX — Z is always even, P commutes with the cross product.
Using general argument on the Poincaré duality homomorphism in [5], Propo-
sition 8.17 and tubular neighborhood, it is straightforward that P o f' = f*P
for any strongly oriented map of orbifolds f : X — ). Hence the following
diagram is commutative

i* Ue(D x) m
H*(AX) @ H*(AX) ——> H*(AX x AX) 1> H*(AX xx AX) —> H*(AX xx AX) —> H*(X)

- oo o o

Uey my

H*(AX) ® H*(AX) > H*(AX x AX) —> H*(AX xx AX) —> H*(AX xx AX) —> H*(X)

g At g

MNe

Ho(AX) @ Ho(AX) = Ho(AX X AX) —> Ho(AX x x AX) —> Ho(AX xx AX) —> H,(X).
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Now the result follows from Lemma 13.4 below. O

Remark 13.3 If X is compact, the orbifold Poincaré duality map is a linear
isomorphism, thus an isomorphism of algebras according to Theorem 13.2.3.

Lemma 13.4 The Chen-Ruan orbifold cup-product [16] is the composition
H*(AX) @ H*(AX) 2 H*(AX x AX) 5 H*(A% xx A%) ") 7o (A% x ¢ AX) ™ H*(A%).

PROOF. The Chen-Ruan pairing in [16] is defined, for compact orbifolds, by the
formula

(@ Uorb B,7)orb = /A3€ AxpT(a)Upé(ﬂ)Um*(I*(v))Uf~ (13.10)

Until the end of this proof, let us write p for the pairing given by the formula
of Proposition 13.4. We compute (u(c,3),¥)orb- Denoting fo the orbifold
integration map defined in [16], we find

<M(a76)77>orb - /A%u(a’ﬁ)UI*(V)
= [ mGi@un@ o) @)
AX
- / m! (p(0) Up3(B) U e(9x) Um*(I*()))
AX
- / pi(a) Up3(8) Um™(I* (7)) U e(Ox).
AXXxAX

By nondegeneracy of the orbifold pairing, we get o Ugrp 8 = p(a, 5). O

Similarly to the twisted string product 10.1, we now introduce orbifold in-
tersection pairing twisted by a cohomology class.

Definition 13.5 1. Let o € H*(AX xx AX) be a (not necessarily homoge-
neous) cohomology class. The orbifold intersection pairing twisted by c,
denoted M“, is the composition

H(AX) ® H(AX) =5 H(AX x AX) 2o H(AX xx A%) "5 F(A%x xx AX) ™5 H(X).

2. Let € be a vector bundle over AX xx AX. We call m¢(®) the orbifold
intersection pairing twisted by €.

With similar notations as for Theorem 9.3, we prove
Proposition 13.6 1. If « satisfies the cocycle condition:
Pra(a) U (m x 1)"(a) = pyz(e) U (1 x m)*(c)
in H*(AX xx AX xx AX), then M : H(AX) ® H(AX) — H(AX) is asso-

ciative.
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2. If € is a bundle over AX xx AX which satisfies the cocycle condition
Pia(€) + (m x 1)*(€) = p33(€) + (1 x m)"(€) (13.11)

in the K -theory group of vector bundles over AX x x AX xx AX, then m(®)
1S associative.

ProOF. It follows as Theorem 10.3 and Theorem 13.2.2. OO

Let My be the normal bundle of the map AX xx AX 5 AX.

Theorem 13.7 For any almost complex orbifold X, the string product coincides
with the orbifold intersection pairing twisted by Ox & Nx, i.e., for any x €
H.(A:{),

zry =z MPOTON) o

The proof reduces to the following lemmas.

The full excess bundle §x is the excess bundle associated to the cartesian
diagram

AX
27N
AXxAX X

o~

AX

i.e., §x = Coker (NA — N

Xx 2 AXBAR A3€e—”>3€)'

Lemma 13.8 Let X be an almost complex orbifold. The string product x :
H(AX) ® H(AX) — H(AX) is equal to the composition

H(AX) ® H(AX) =5 H(AX x AX) 2 H(AX xx AZ) ") H(AX xx AX) 75 H(X).
PROOF. Apply the excess formula (Proposition 8.18). O
Lemma 13.9 The obstruction bundle satisfies the identity
Ox + Ny + 07" = Fx
in the K-theory group of vector bundles over AX xx AX.
PROOF. Recall that Ox is solution of the equation (13.9):
Pia(Ox) +mip(Ox) + €1 = p33(Ox) + miz(Ox) + Ea3

in the K-theory group of vector bundles over AX x5 AX xx AX.
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For any permutation 7 € X3 of the set {1,2,3}, there is a map T, : AX xx
AX — AX xx AX defined as the composition

A% xx AXZE2IIR % s AR X AX — AX xx AX xx AX —22 > AX xx AX,
where 7 is the permutation of factors induced by 7. It is well-known (see [16],
[23] Lemma 1.10) that T*(Ox) = Ox.

Let r be the map (p1,p2, [ops) : AX xx AX — AX xx AX xx AX. Note that
przor =id, (mizgor)=1I0T(s), p23or = (p2, I opz).

and furthermore 7*m3;Thxx cax = P (Tax). It follows (using Equation (13.7),
Equation (13.8) and My = m*Tax — Taxx.ax) that the pullback of Equa-
tion (13.9) along r : AX xx AX — AX xx AX xx AX, yields the identity

Ox+ 0% +Nx = ev'Tx — Taxxax — piTazx — P5Tax
+77pa3(Ox) 4+ 77ma3(Ox)

in the K-theory group of vector bundles over AX xx AX. Since the right-hand
side of the first line is isomorphic to §x, it suffices to prove that r*p3,(Ox)
and r*mj5(Ox) have rank 0. It is an easy application of the Riemann-Roch
formula (13.2). O

PROOF OF THEOREM 13.7. By Lemma 13.8, it suffices to prove that e(Fx) =
ex Ue(Ox @ My ) which is trivial by Lemma 13.9. O

Remark 13.10 According to Theorem 13.7, Theorem 13.2.3 and Remark 13.3,
if X is compact, the orbifold Poincaré duality homomorphism P°*® induces an
isomorphism of algebras between the string algebra (H. (AX), *) and the orbifold
cohomology equipped with Chen-Ruan orbifold cup-product twisted by the class
e(D;{lX @ MNx). A nice interpretation of this isomorphism has recently been
found by Gonzélez, Lupercio, Segovia and Uribe [27]. They proved that the
string product of compact complex orbifolds is isomorphic to the Chen Ruan
product of the cotangent bundle T*X of X.

14 Examples
14.1 The case of manifolds

Smooth manifolds form a special class of differentiable stacks with normally
non-singular diagonal (Definition 8.1). Denote by the same letter M a manifold
and its associated (topological) stack. The diagonal A : M — M x M is strongly
oriented iff the manifold M is oriented.

Proposition 14.1 Let M be an oriented manifold. The BV -algebra and Frobe-
nius algebra structures of He(LM) given by Theorem 12.2 and Theorem 11.3
coincide with Chas-Sullivan [14], Cohen-Jones [19] and Cohen-Godin [18] ones.
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PROOF. By Proposition 5.7, the free loop stack of M is isomorphic to the free
loop space LM. It follows from Proposition 8.17 and Proposition 8.13 (in the
case G = {1}), that the Gysin maps of Sections 9, 11, 12 coincide with the
Gysin maps in [19] Section 1 (also see [24] Section 3.1). O

Remark 14.2 When M is an oriented manifold, the string product on
Hy(AM) = Ho(M) is simply the usual intersection pairing.

14.2 String (co)product for global quotient by a finite
group

A special important class of oriented orbifolds is the global quotient [M/G],
where G is a finite group, M is an oriented manifold together with an action
of G by orientation preserving diffeomorphisms. In this case, the homology of
the inertia stack H([M/G]) is well known. Assume that our coefficient ring k is
a field of characteristic coprime with |G| (or 0). The inertia stack of [M/G] is
represented by the transformation groupoid

[ Mo xa= I me (14.1)
geG geG

where the action of h € G moves y € M9 to y - h € M" '9". Furthermore,
AXxx AX = [Hg,hEG Mgvh/G], where M9" = M9INM", and the “Pontrjagin”
map m : AX xx AX — AX is induced by the embeddings i, : M9 — MR,
Since |G| is coprime with char(k), the homology groups of the inertia stack
A[M/G] are

Ho(AM/G)=H, | [TM?| =|& H.(M?)

9geG geG

G G

The excess bundle Fx(M, X, X’) of the diagram of embeddings
X
7N
Z=XNX' M
~ 7
X/
is the cokernel of the bundle map Nz—.x — (Nx/—n),z. Thus Ex(M, X, X’)
is the virtual bundle Th; —T'x —T'x'+T (each component being restricted to Z).
For g,h € G, we denote Ex(g,h) := Ex(M, M9, M"). The bundles Ez(g, h)
induce a bundle Ex on A[M/G] xar/6) A[M/G] whose Euler class is denoted
e(Fx). Since the diagonal G — G x G is a group monomorphism, there is a
transfer map 1§, : (DB, heq Ho(M9) @ Ho(M"))oxc — (D, peq He(M?) @
H, (Mh))G explicitly given (see Equation (8.4)) by

tua(@) =Y - (g,1).

geG
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The maps g4 : MM — M9 iy, : M9 — M" yield Gysin morphims (ig % in)
Ho(M9 x M") — Hy(M9h).

Proposition 14.3 The string product x : H(A[M/G]) ® H(A[M/G]) —
H(A[M/G]) is the composition

(EB H(Mg)) ® (@ H(Mh)> - ( P H(MI x Mh)> tr&? ( P H(M?I x Mh))
G G G

geqG heG g,heG axa g,heG

Dlig xin)’ (EB H(Mg,h)) Ne(Ex) < P H(Mg’h)> 2, (@ H(M’“))
€] G ¢

g,heG g,h€G keq

The proof of Proposition 14.3 relies on Lemma 14.4 below, which is of indepen-
dent interest. Note that there is a oriented stack morphism

o AM/G) x ey AM/Gl = | T Mo* /G| — AM/G) x A[M/G] (14.2)
g,heG

induced by the groupoid map (x,g) — (i4(2), g,9n(x), g).

Lemma 14.4 The Gysin map ' is the composition

( B Ho M")) g ( @ HOo x Mh)> Blipn) < <> H(M"”’)) .
G G G

9,h€G «G g9,h€G g,h€eqG

PrROOF. The G-equivariant map M9" — M9 x M" given by =z
(ig(w),in(x)), induces a oriented stack morphism v : A|M/G] xar)6) A[M/G] —
A[M/G] X[«ya) A[M/G]. By Proposition 8.17, Y' = @(iy x i5)'. Then, the result
follows from the functoriality of Gysin maps and Lemma 8.19. [J

PROOF OF PROPOSITION 14.3. We use the notations of Section 10.1. The
cartesian diagram (10.3) (where X = [M/G]) and the excess formula 8.18 shows
that,

A' = () Ne(Ex).

Thus the result follows from Lemma 14.4. O

Similarly we compute the string coproduct. For any g € G, the unit 1, €
Hy(M?) induces a map 1y : H(M9) — Ho(M9) @ H(M9) — H(M9I x M9).
Proposition 14.5 The string coproduct is induced (after passing to G-
invariant) by the composition

Dlg tT(GJXG h @i;,h h
P HM) = P HM x M) 55 P HM" x M) = @ H(MO")

geG geG g,heqG g,heG

"I @ ey T @y HMT x Py = @ H(M) © H(M").
g,heG g,heG g9,h€eG
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PROOF. Let I' be the transformation groupoid M x G = M. Unfolding the
definition of the groupoid AT (see Section 11.3), one finds that AT is the trans-
formation groupoid (G x [[,cq M") x G* = G x [[,c; M", where the action
of (ho,h1/2) € G? on (g,m) € g x M" is (hglghl/g,m.ho). The Morita map
p: AT — A[M/G] (Equation (11.13)) has a section  defined, for m € M"
and hg € G, by k(m,hg) = (h,m, hg, hp). In particular x induces an isomor-
phism in homology and commutes with Gysin maps. Thus the Gysin map A'

of Section 11.3 is the composition of x, with the Gysin map associated to the
sequence of cartesian diagrams

(LI M9"/G) ——[G x [IM"/G] — [G x [IM" /G x G] (14.3)

| / /

[M/G] ——— [M x M/G] —— [M/G] x [M/G]

By Proposition 8.18 and Lemma 8.19, the Gysin maps associated to the left
square and the right square are, respectively, i;’h(f) Ne(Ex(g,h)) and TrS,, .
Since ks = @1y, the result follows. [

Example 14.6 Cousider [*/G] where G is a finite group. By Proposition 5.9,
the stack morphism @ : A[*/G] — L[*/G] (see Lemma 11.12) is an isomorphism.
Let k be a field of characteristic coprime with |G|. Then

Ho(A+/G) = (D K)o = (P K = 2(kG)

geG geG

where Z(k[G]) is the center of the group algebra k[G]. By Propositions 14.3,
the isomorphism H,(A[x/G]) = Z(k|[G]) is an isomorphism of algebras. By
Proposition 14.5, the string coproduct is given by 6([g]) = >_;;—,[h] ® [k].
Thus the Frobenius algebra structure coincides with the one given by Dijkgraaf-
Witten [22].

14.3 String topology of [S*"/(7Z/27)" ]

Let S?"*1 be the euclidian sphere {|z|* + -+ + |2,]|?> = 1, 2; € C} acted upon
by (Z/2Z)"*! identified with the group generated the reflections across the
hyperplanes z; = 0 (0 < i < n). Let R = [S?"+1/(Z/2Z)""1] be the induced
quotient stack which is obviously an oriented orbifold of dimension 2n + 1. We
now describe the Frobenius algebras associated to AX and LX. Until the end of
this section we denote R = (Z/2Z)"+!.

The string product has a very simple combinatorial description. Let
A™ be a n-dimensional standard simplex. Denote vg,...,v, its n + 1-
vertex and Fy,...,F, its n-faces of dimension n — 1. In other words F; =
A(vg,...,0iy...,0y) is the convex hull of all vertices but v;. More generally we
denote Fj, ;, := F;, N---NF;, the subface of dimension n — k given by the
convex hull of all vertices but v;,,...,v;,. We assign the degree 2n — 2k + 1 to

a face Fj, . ;, of dimension n — k.
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Proposition 14.7 Let k be a ring with 1/2 € k. Then He(AR) is the free
k-module with basis indexed by elements r € R — {1} of degree 0 and all faces
F;, . i, in degree 2(n — k) + 1 (in particular Fy = A™ has degree 2n+ 1), i.e.,

Ho(AR) = §F-1g( @ k.Fj ).

k=0...n
0<i; <~ <ix<n

The string product x is defined on the basis by the identities
EFi iy *Fy 5 =Fi . NFj

if the two subfaces have transversal intersection in A", and is 0 otherwise. The
element A™ = Fy is set to be the unit and all other products involving a generator
of kIEI=1 gre trivial.

In other words, Ho(AR) = kI®1=1 and Hy; (1 (AR) is the free module generated
by the subfaces of dimension ¢ of the simplex A™. The product is given by
transverse intersection in A”™.

PrRoOF. Write s; (i=0...n) for the reflection across the hyperplane z; = 0.
Then, for 0 < k < n,

(S e (20, ,2,) €CMTH )N T fgP =1 = gL

PRI
Thus H, ((S2n+1)™ %) = kVY e, ®KF ;[2(n — k) +1]. Since these

generators are R-invariant, |R| is invertible in k and (S?7+1)%0-» = (), one has

Ho(AR) = D H((5*)) = D Ho((5*1)7)

geER g—{1}eR

Sq lk[

By Proposition 14.3, the string product is the composition of trng with

H((S2n+1)g x (S2n+1)h) (igx_fhr>! H((52n+l)g,h) ﬂe(Ez_(g};,h)) H((52n+1)g,h) 71; H((52n+1)gh)

Clearly trgX g is multiplication by the order of R. Furthermore Fj, ; and
Fj, .., are transversal iff the sets {i1,...,4x} and {j1,...,Ji} are disjoint iff
the submanifolds (S#*1)%1 i and (S2"*1)%1* are transversal in (S?"+1).
In particular, if F;, ;, and Fj, _j are transversal, (S2"F1)si-Si:Si-Sii =
(§2nHLysin--sig-Sii--Sithe excess bundle is of rank 0, m, = id and by Poincaré
duality,

; : ! / / _ ’
(Zsil"'sik X Zsjl"'sjl) (Filn-ik x Fj1~~-jl) - Fil...ikjl...jl'
If Fj, ., and F}, . j, are not transversal, one finds

; . ! / / / / ’
(Zsil..-sik X Zsh...sjl) (Fil...ik X Fjl...jl) = F ;N Fj = F{il,

1]l stk JULJ150 001 )
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and (S2nH1)si-SigSiSi contains (S2HL)%iSikoSii%i ag a submanifold of

codimension > 0. It follows that m, (Ffilv---yik}u{jl7~~~7jl} N e(Ex)) = 0 for de-

gree reason. Similarly, ], xg =0 for any g € R. The result follows by

,,,,,

identifying F;, . ;. with o—n-lp/ ;. as basis element. [J

L1yeenylke

Remark 14.8 It is easy to show that the string coproduct is trivial. Indeed,
for degree reason, only the class of Fjj might be non zero. Proposition 14.5
shows the string coproduct is induced by the composition

@ H 52n+1

Since (52"*1)" is an odd dimensional sphere, its Euler class is 2-torsion, hence
trivial by our assumption on k.

ﬂ@e S2n+1)h

SQn-i—l @ H S2n+1

Since R = (Z/2Z)"*! is abelian, its group algebra is a Frobenius algebra
(see Example 14.6 above).

Proposition 14.9 Let k be a field of characteristic different from 2. There is
an isomorphism of BV -algebras as well as Frobenius algebras

H,(LR) = H,LS™™ @ k[(Z/22)" ). (14.4)

The BV-operator on the right hand side is B ® id where B : Hq(LS?*"1) —
Hey1(LS?" 1Y) is the BV-operator of the loop homology of S?"*1.

PROOF. According to Proposition 5.9, the free loop stack LR is presented by
the groupoid [,z PyS** ™ % R =[], PyS? . Hence

@ H S2n+1 )

geER

Since R is a subgroup of the connected Lie group SO(2n + 2), which acts on
S+l for all g € R there is a continuous path p : [0,1] — SO(2n+2) connecting
g to the identity (that is p(0) = g, p(1) = 1). In particular, any path f €
P,S*"*1 can be composed with the path f(0).p(t) yielding a loop Y,(f) €
LS?n+1 Tt is a general fact that Y, : PyS?" 1 — LS*"*! is a G-equivariant
homotopy equivalence (see [35] for details). We write T : [[ oz PyS*" ! —
ngRLS2”+1 for the map induced by the maps Y, for g € R. Slnce the G-
action on LM = P, M is trivial, the isomorphism (14.4) follows.

It remains to prove that the linear isomorphism (14.4) is an isomorphism

of Frobenius algebras and BV-algebras. To do so, we need the evaluation map
evg : LR — R at the groupoid level. One checks that evq is represented by

the maps evy : P52 x R — S?"t1 x R defined by evy ((f,h)) = (f(1),h).
Let f,g € P.S?"t! x P, 52"*! such that f(1) = g(1). The composition of
the path f(—) and g(—) - h gives an element m(f,g) € P, S*" 1. This com-
position induces the stack morphism m : LR xgp LR — LR. Denote m the
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map [], ep LS X gang1 LS H o Hyer LS?*! which maps an element
(7,7") € LS?" L x gap 1 LS?" 1 in the component (g, k) to the element m(vy,~’)

in the component gh. Here m is the usual composition of paths. The map
Y, P 52+ — L% induces a commutative diagram of R-equivariant maps

Hg,h Pg52n+1 X Ph52n+1 Hg,h Pgs2n+l ><52n+1 Ph52n+l m L[g Pg52n+1

\LUTQXT,L UTQXT;L\L i]_[rg

[T, LS x LS2m ! [, LS x gy LS+ o [ L2+,

Since LS?n+1 — §2nHl P g2+l _, §2n+l are fibration, the vertical arrows
are R-homotopy equivalences. It follows easily that the map

|11%|T Hy([ J] LS /R]) — Hy(LS*" ') @ k[R]

1

is a morphism of algebras. One proves similarly that @T is a coalgebra map.

Now we need to identify the BV-operator. Denote LI' the transformation
groupoid [ c PyS* IR = Hyer P,8%7 1 Since the stack S! is canonically
identified with the quotient stack [R/Z], the homology He(S') coincides with
the homology of the groupoid IV : R x Z = R. The 0-dimensional simplex
(0,1) € RxZ =T defines an element in Cy(I'"}) € C1(I") which is the generator
of Hy(S'). The map I'" x LT 2o defined, for (z,n) € RxZ, f € Pyand h € R,
by 0(z,n, f,h)(t) = f(t +x).h" is a groupoid morphism representing the S*-
action on LX. Since Y(0((0,1), f) = f, T commutes with the BV-operator. [J

Remark 14.10 For the sake of completeness, we recall [20] that,
He(LS? 1) = K[u,v] with [v] = —2n — 1 and |u| = 2n for n > 0, and
Ho (LS?" 1) 22 k[[u, u=1]][v] if n = 0. Thus

H, (L[S*" " /(Z/2Z)" ")) = k[(Z/2Z)" " [u,v] if n >0, and
H.(L[S'/Z/27]) = k[[u,u ]][r,v]/(7* = 1) with [v| =1, |[u| =0 if n = 0.

Remark 14.11 The stack morphism ® : AX — LX of Section 11.13 is rep-
resented at the groupoid level by [],cp(S*"*1)9 — [],cpPyS* ™ where
x € (8?"*t1)9 is identified with a constant path. It follows easily that the Frobe-
nius algebra morphism is given by ®(Fy) = e, ®(F;,..;.) = 0 and ®(g) = gv.

14.4 String topology of L[x/G] when G is a compact Lie
group

Any topological group G naturally defines a topological stack corresponding to
the groupoid G = {x}, which is denoted by [*/G]. In this section we study
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the Frobenius structures on the homology of its loop stack and inertia stack
assuming that G is a compact and connected Lie group. It turns out that in
this case the two Frobenius structures obtained are indeed isomorphic since
A[x/G] and L[*/G] are homotopy equivalent. In this section, we assume that
G is of dimension d and we will work with real coefficients for (co)homology
groups.

First we will identify the homology groups He(A[+/G]) and He(L[x/G]).

Lemma 14.12 The inertia stack A[x/G] is represented by the transformation
groupoid G X G = G, where G acts on itself by conjugation, while the stack
Alx/G] X4/ Al*/G] is represented by the groupoid (G x G) x G = G x G with
the diagonal conjugacy action.

The following result is well known [12].

Lemma 14.13 The map A[x/G] 2 L[*/G] is an homotopy equivalence.

PROOF. Since G is connected, by Proposition 5.7, L[*/G] can be represented
by the loop group LG = {x}. On the other hand, BLG = LBG is homo-
topy equivalent to EG X G. Identifying BLG with {f € Map(I, EG) /3g €
Gsuch that f(0) = f(1).g}/G, this equivalence is induced by the map f —
(f(0),9) [8], [12]. The map ® of Lemma 11.12 and the isomorphism in between
L[x/G] and [*/LG] (Proposition 5.7) gives a map B® : B[x/G] = EG xg G —
BLG which is indeed easily checked to establish the homotopy equivalence. [

As an immediate consequence, we have

Corollary 14.14 The map @, : He(A[¥/G]) — He(L[x/G]) is an isomorphism
of Frobenius algebras.

Thus it is sufficient to study the Frobenius structure on the homology of the
inertia stack Ax/G].

According to Remark 11.10, there is a dual Frobenius structure induced on
(H*(A[*/G]),*,0). We refer to § : H*(A[x/G]) — H*(A[x/G]) @ H*(Alx/G])
and x : H*(A[x/G]) ® H*(A[+x/G]) — H*(A[*/G]) as the dual string coproduct
and dual string product respectively. Since, it is technically easier, we will
describe the Frobenius structure of H®(A[x/G]). The following result is standard
[38]. We write EG for a free G-space which is contractible and BG = EG X *
its classifying space so that H*([*/G]) = H*(BG) = H&(x).

Proposition 14.15 1. The cohomology of G, as a topological space, is
. G~
H (G):(Ag ) :A(y1>y23"'>yl)
2. The cohomology of [*/G] is

H*([x/G]) = (8*(g"))% = S(a1, 22, ,11)
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3. The cohomology of [G/G] is
H.([G/G]) = (S*(g*))G ® (Ag*)G = S(xtha e ,.’El) 0 A(y17y27 e 7yl)
4. The cohomology of [G x G/G] is

H([GxG/G]) = (8*(a) @ (Alg" @ g)
5(1‘1,332,"' ,xl)®A(y1,y2,-~~ 73/[,3/173/2"" 7yf),

1

5. The cohomology of [G x G/G x G] is

H*([GxG/GxG]) = (S*(g"@g")" @ (Ag" @g")°

~

S(xlaan'“ 7xl7m/17x/27"' 7‘%2)
®A(ylay27"' 7yl7y,15y/27"' 7yl/)

Here |l = rank(G), deg(y;) = deg(y;) = 2d; +1, deg(z;) = deg(z}) = 2d; and
d; are the exponents of G.

To compute the Frobenius structure of H®(A[*/G]), we need an explicit
construction of some Gysin maps.

Let M be an oriented manifold with a smooth (G x G)-action. Consider G
as a subgroup of G x G by embedding it diagonally. In this way, M becomes
a G-space and we have a morphism of stacks [M/G] — [M/G x G|, which is
indeed a G-principle bundle. According to Section 8.2, there is a cohomology
Gysin map A, : H*[M/G] — H*¢[M/G x G|, which should be in a certain
sense fibration integration.

Recall that when G is a compact connected Lie group, the cohomology of
the quotient stack H®([M/G]) with real coefficients can be computed using the
Cartan model (g(M), dg), where Qg(M) := (S(g*) ® Q(M))G is the space of
G-equivariant polynomials P : g — Q(M), and

da(P)(§) = d(P(§)) —weP(§), VEeg.

Here d is the de Rham differential and ¢¢ is the contraction by the generating
vector field of £&. Given a Lie group K and a Lie subgroup G C K, let G
act on K from the right by multiplication and K act on itself from the left
by multiplication. The submersion K — K/G is a principal K-equivariant
right G-bundle. There is an isomorphism of stacks [M/G] = [K xg M/K)]
which induces an isomorphism in cohomology. It is known [38] that, on the
Cartan model, this isomorphism can be described by an induction map Indz :
Qa(M) — Qg (K xg M). Here G acts on K x M by

(kym)-g=(k-g,g7"-m).
The induction map is the composition
Qc(M) 22 Queua (K x M) S Qe (K xg M),
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where Qg (M) Pl Qrxe(K x M) is the natural pullback map, induced by

the projections on the second factor K x G — G, and Qg xa(K x M) Car,

Qi (K xg M) is the Cartan map corresponding to a K-invariant connection for
the G-bundle K — K/G [38]. We now recall the description of this map.

Let © € Q' (K)®g be a K-invariant connection on the G-bundle K — K/G.
The associated principal G-bundle

K x M
G—-KxM-— X

2K xagM

carries a pullback connection, denoted by the same symbol © . We denote

1
F® =do + 5[@, O] its curvature, which is an element in Q% (K x M) ® g. The
equivariant momentum map p® € (8 ® Q°(K))X ® g is defined by

et u®() =10

where ¢¢ is the contraction along £ € (X), the generating vector field of £&. Then
F® + u® is the equivariant curvature of © [9]. Observe that Qg xq(K x M) =

(S(g*) ® Qi (K x M))€ that is the space of G-equivariant polynomial functions
from g to Qx (K x M). Hence if v € g @ Q4 (K x M) and P is a homogeneous
degree ¢ polynomial on g, then by substitution of variables, we get an element
P(z) in Q379K x M). The Cartan map Qxq(K x M) — Qi (K xg M) is
the composition

Powe (S(g") @ 0k(K x M) — PF®+ 1w e Qx (K x M)

—  Hor(P(F® + 1°)w) € Qx (K xg M),
where Hor : Q(K x M) — Q(K x¢ M) is the horizontal projection with respect
to O©.

If moreover F© = 0 and K x M — K xc M admits a horizontal section
0: K xgM — K x M, we have the following lemma.

Lemma 14.16 Let P®w be an element in (S(g*) @ Q(M))¢ = Qq(M). Then,
md% (P ®w) € QK xg M) is the K -equivariant polynomial on € with value in
Q(K xg M) defined, for any £ € ¢, by

Ind (P ®w) : € = o™ (P(1®(€))pr3 (w)).

PROOF. First of all, Pul(P @ w) € (S((¢@g)*) @ QK x M) is the map
EDy— P(y)pri(w) for any € € ¢ and y € g. Then, by hypothesis,

Hor(P(F® + 1®)w) = o (P(1°(6))pri(w)) € (S(£) & QK xg M)

and the lemma follows. O
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Now let K be the cartesian product group G x G. We view G as the diagonal
subgroup of K. The K action on itself by left multiplication commutes with
the right G-action. We have a principal right G-bundle

G— K (: G x G) — G
(g.h) = gh™
The left Maurer-Cartan form %, € Q}(G) ® g on G yields a K-invariant
one-form © = prj (@kfc) € QY(K) ® g by pullback along the projection on
the second factor. Then © is a K(= G x G)-invariant connection. Moreover

it is flat, thus its equivariant curvature reduces to the equivariant momentum
pf i t=gdg— QK)®ag.

Lemma 14.17 For any (o, 8) € ((=g @ g), and (9,h) € K(= G x G) one has
1 (e, Bl (g,n) = — Adj—1 B.

ProOOF. The generating vector field for the left G-action on G is given, for all
B egby

0
B‘h - exp(tﬁ)h = Lh (Adh—l ﬁ) .

T ot
t=0
It follows, for any (g,h) € K = G x G, that
18 (e, gy = —t(a,5)(Olig.n)
= —15O¢l,

= —0kc|, (Ady1 B) = —Ady 1 6.
0

Let M be a K (= G x G) space. It is then a G-space. Thus we have an
induction map

md&, . : Qe(M) — Qaxa((G x G) xg M) = Qaxa(G x M).
The group G x G acts on G x M by
(k1. k2) - (g,m) = (kighky ", (k1, k) - m).
Lemma 14.18 1. The map
(GxG)xg M —Gx M, (ki,ka,m)— (kiky", (k1 k2)-m)
is a (G x G)-equivariant diffeomorphism.
2. The map
c:GxM—KxM, o(g,m)= (g,l,(g*1,1)~m)

s a horizontal section for the principal G-bundle G — K x M — K Xg
M=GxM.
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As a consequence, we have an isomorphism
Qexa((GxG) xg M) S Qaxa(G x M).
Thus there is an induction map
mdS, . : Qa(M) — Qaxa(G x M).

To obtain the Gysin map H*([M/G]) — H*~4([M/G x G]), one simply
composes the induction map Ind&, . : H*([M/G]) — H*(|G x M/G x G]) with
the equivariant fiber integration map [4] H*([G x M/G x G]) — H*~4([M/G x
G]) over the first factor G.

Proposition 14.19 Given a (G x G)-manifold M, the Gysin map
Hg (M) — He 6 (M)

is given, on the Cartan model, by the chain map ¥ : Qa(M) — Qaxa(M),
VP @ w e (S(g*) @ QM)),

WPow) = ((sl,fzw /| P(—sg>@*<w>), Vet cg  (145)

where ¢ : G x M — M is the map (g,m) > (¢~*,1) - m, and J stands for the
fiber integration over the first factor G.

PROOF. The induction map Ind&.,  : Qa(M) — Qaxa(G x M) is a chain level
representative of the stacks isomorphisms

[M/G) «— [GxGx M/GxGxG] —[GxGxgM/GxG].

induced by Morita equivalences of groupoids. Thus the Gysin map A; :
H*[M/G] — H* 4M/G x G] is the composition of Ind&, . with the Gysin
map H*([G x M/G x G]) — H*~4([M/G x G]) which, by Proposition 8.17 is
the equivariant fiber integration.

We now need to express the induction map more explicitly. Recall that, for
any o € Qg(M), IndS, (@) € Qaxa(G x M). That is, IndS, (a) is a polyno-
mial function on ¢(= g @ g) valued in Q(G x M). Write ¢ : G x M — M
for the composition ¢ = pry o 0. Thus ¢(g,m) = (¢7',1) - m. Accord-
ing to Lemma 14.16, it suffices to compute o*(P(u®(&1,&2))pr3(w)). By
Lemma 14.18.3 and Lemma 14.17 we find that

o (P(p®(&1,62))) = P(—&).

Now the very definition of ¢ yields that for any « = P w € Qg(M) =
(S(g") © M), and V&1, & € g,

Indg, () (&1, &) = P(—&)¢" (w).

This concludes the proof. [J
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Remark 14.20 If we identify an element of Qg(M) with a G-equivariant
polynomial @ : g — Q(M), then Equation (14.5) can be written as follows.

V(€1,62) et=gDg,

W(Q) (€1, &) = /G S Q).

We now go back to our special case. Denote by m : G x G — G and
A : G — G x G the group multiplication and the diagonal map respectively.
The diagonal map induces a stack map A : [G x G/G] — [G x G/G x G] and
thus a Gysin map

Ay HY([G x G/G)) — H* 4G x G/G x G]),

which is given by Proposition 14.19. Similarly the group multiplication m in-
duces a stack map m : [G x G/G] — [G/G] and thus a Gysin map

my . H*([G x G/G]) — H*~4([G/G)).

Since m is G-equivariant, this is the usual G-equivariant Gysin map on manifolds
according to Proposition 8.17.

Note that Hg(G) is a free module over H*([x/G]) = S(z1,...,2;). In fact,
HX(G) = H*([*/G))[y1, ..., y) (the y;s are of odd degrees). Thus elements of
H.(G) are linear combinations of monomials y7*...y;", where each ¢; is either 0
or 1. Similarly H (G xG) is the free H(G)-module generated by the monomials

’
€1,/ €1

yrt eyt

Lemma 14.21 The map my is a H*([*/G]) linear map defined by

7 !’ ' !’
€1 €. 1€ 1€\ 61+6171 €l+6171
mi(yit Yy ) =% Y

with the convention that yj_1 =0.

PROOF. Since m : G x G — G is G-equivariant, the Gysin map my : H*([G X
G/G]) — H*(|G/G)) is a map of H*([*/G])-module, and by Proposition 8.17,
it is the equivariant fiber integration of the principal bundle G x G — G. It can
be represented on the Cartan cochain complex by integration of forms, see [29]

for details. In particular m!(yil...yf’y’lel1 .. .yf;) is determined by the equation

m* () A (Y1 -y "y =/a/\m!(yil~-~yf’y1“---yz’el)(14-6)
GXG G

Since the volume form on G and G x G are respectively given by w ...y and
Y1...yY, - .. y), Equation (14.6) implies that m, : H*(G x G) — H*~%(G) sends

’
€1,/ €1

Yty ...yl’62 to yil+61_1...yl€l+6’_1. This finishes the proof. O
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The string product and coproduct on H,([G/G]), by universal coefficient the-
orem, induces a degree —d coproduct ¢ : H*([G/G]) — H*(|G/G])®@ H*([G/G])
and degree —d product x : H*([G/G]) ® H*([G/G]) — H*(|G/G]) which makes
H*([G/G]) into a Frobenius algebra, called the dual Frobenius structure on
H*(|G/G]).

More explicitly, these two operations are given by the following compositions:

A
2

§: H*(|G/G]) ™ H*(|G x G/G)) H* G x G/G x G])

— P H(G/G) e H (G/G)),

i+j=e—d
and
x: H*([G/G)@H*([G/G)) = H*([GXG/GxG]) % H*([GxG/G]) ™ H*~U([G/G)).

Theorem 14.22 Let G be a compact connected Lie group. The dual string
coproduct on H®([G/G)) is trivial. And the dual string product on H*([G/G])

is given as follows. For any P(x1,...,2z)y;"...y;" and Q(z1, ... 7:rl)yill...y;’ in
H,([G/G]), we have

/

(P(z1,...,z)y.y;) * (Q(x'l, A T .yl’el)

= (PQ)(-Tl, . 7xl)yil+€1*1myl€z+elfl

with the convention that y;l =0.

PROOF. On the Cartan model, by Proposition 14.19, the string coproduct is
given by the following composition of chain maps:

Q6(G) 25 Q6(G x G) L5 Qarea(G x G) =5 Q6(G) ® Q6(G).

Here the last map is Kiinneth formula, and the first map

P 26(G) = (5(87) © C))T — Qa(C x G) = (S(g") © G x G))°
is S(g*)-linear and given by

p(Pew)=Pam'(w), YPowe (S(g*)eR(aG)°.

Note that the space Q¢(G) ® Qa(G) = (S(g%) ® Q(G)€ ® (S(g*) ® UG))“
has a S(g*)“-module structure, which is given by multiplication on the second
factor: i.e. VQ € S(g*), P1 @w1 @ Po Qwsy € Qa(G) @ Qg (G), one defines
Q- (P1@w1®@Py@ws) = {(§1,&2) = P1(§1) ® w1 ® Q(—&2) P2 (&2) ® w2 € A(G) @ Q(G)}
By Proposition 14.19, we know that the Gysin map ¥* : Qg(G x G) —
Qoxc(G x G) is indeed a S(g*)%-module map.
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There are two kinds of elements P ® w in H*([G/G]) = (S(g*))G ® A(g)C.
One consists of those where w is a top degree form, i.e. a multiple of y1 A--- Ay,
and the others are those where w corresponds to a form in 2*<4(G). In the latter
case, U(P ® w) vanishes after fiber integration for degree reasons. In the first
case, the G-action on G is by conjugation. Since the conjugacy action is trivial in
cohomology, fG ¢*(w) = 0 and by Proposition 14.19, ¥(P ® w)vanishes. Hence
the dual string coproduct is trivial.

We now compute the dual string product. First, by a simple computation,
we know that, on the Cartan model, the map A* : H}. (G xG) — HEL(G x G)
is given by

* / / / !
A (P($17~-~,$17y17--~7ylax1a-~-7$l ’ylv"'7yl))
A /
= P(X1, ey XL YLy ey YLy Tly e e o s T YLs e o o5 YY)

In other words, the map A* is an algebra map that leaves the odd degree
generators y;, y; unchanged and send both generators x;, 2 (i =1...7) to the
generator z;. By Lemma 14.21, one obtains that

* € e 1€ r€) €14€—1 e+e)—1
1 1 1 l . 1 L 1
(myoA )(Zh <Yt Y ) = Y Y .

The dual string product now follows from the explicit S(g*)-module structure. O

Remark 14.23 It follows that the string product on He([G/G]) is trivial while
the string coproduct has a counit given by the fundamental class of G, which is
dual of the cohomology class y; ... y;.

15 Concluding Remarks

1. Tt is well-known [43, 3] that a structure of 1 + 1-dimensional Topological
Quantum Field Theory on A is equivalent to a structure of unital and
counital Frobenius algebra on A such that the pairing cop: A® A — k,
where c is the counit and p the multiplication, is non-degenerate. The-
orem 11.3 implies that He (LX) is a 1 + 1-positive boundary TQFT in
the sense of [18]. Positive boundary TQFT are obtained by considering
only cobordism ¥ with boundary % = —S; ][] S> such that Sy, Ss #
(see [18] for details). In particular, one can define operation H, (LX)®? —
H, (LX)®? for any bordism X : [[¥_, S* — [[L, S'. Cohen-Godin [18]
proved that these operations are parameterized by the so-called Sullivan
chord diagrams of type (p, ¢). Let X be a oriented stack. Using the general
machinery developed in Section 5.1, Section 8.2 and the proof of Theo-
rem 11.3, one can show along similar lines as in [18], that each chord dia-
gram c of type (p, q) determines a linear map u(c) : H(LX)®? — H(LX)®1.
Furthermore the maps pu(c) are compatible with the gluing of chord dia-
grams.
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2. A higher dimensional analog of String topology, called Brane topol-
ogy, was studied by Sullivan-Voronov (see [21] Chapter 5) and Hu-Kriz-
Voronov [31]. Brane topology is concerned with the algebraic structure
of the homology of MS" = Map(S™, M), where M is an oriented man-
ifold and S™ the standard n-dimensional sphere. Sullivan-Voronov ([21]
Chapter 5) proved that H*+4(M*" Q) is a BV, -algebra ([21] Definition
5.3.1) which is an analog of a BV-algebra where the BV -operator is of de-
gree n. The proof is based on the action of the n-dimensional cacti operad,
on M5" in a way similar to the n = 1 case. For a topological stack X, since
the standard spheres S™ are compact, one can define X" = Hom(S", X)
as in Section 5.1, as well as the stack Hom(S™ Vv S™, X). Corollary 5.3 can
be easily generalized to arbitrary n. Applying the general machinery of
this paper, more precisely Section 12, one can define Brane topology for
oriented stacks.

3. Let G be either a compact Lie group or a discrete group. Then the stack
[*/G] is strongly oriented. Thus according to Theorem 11.3, Ho(L[*/G])
is a Frobenius algebra. An alternative approach to string topology for
[¥/G] has been carried out in Gruher-Salvatore [28]. It would be inter-
esting to find a precise link between the result of Section 14.4 with those
of [28]. Similarly, it would be interesting to find the connection between
the construction relate of our string product (Theorem 10.1) with that of
Abbaspour-Cohen-Gruher [1] for Poincaré duality groups.

A Generalized Fulton-MacPherson bivariant
theories

In this section we recall the axioms of a Fulton-MacPherson bivariant theory.
Indeed we need a slight generalization of it because products of bivariant classes
are not always defined. This generalization is what we need to define Gysin
homomorphisms, see Section 8.2.

The underlying category

The underlying category of a generalized bivariant theory is a category C with
fiber products and a final object. The category C is equipped with the following
structure:

e A class of commutative triangles called confined triangles

f

X — Y

N

S
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We usually write this triangle as X Ty S. We sometime refer to

the above triangle as a morphism f: X — Y confined relative to S.

e a class of squares called independent squares

Note: we will distinguish the above square from its transpose, so the
transpose of an independent square may not be independent.

e a class of morphisms called adequate.

We require the following axioms to be satisfied:

A1l. A triangle X .y . Z in which f is an identity map is confined.

A2. If the inside triangles in

are confined, then so is the outside triangle.

B1. Any commutative square in which the top and the bottom morphisms are
identity maps is independent.

B2. Any square obtained from juxtaposition (vertical, or horizontal) of inde-
pendent squares is independent.

C. If in the commutative diagram

X/LI)Y/L;S/

N
X?Y?S

the left square (or its transpose) is independent and f is confined relative
to S, then f’ is confined relative to S’.

D. All isomorphisms are adequate.
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Lemma A.1 Given
XLy —-z—w
if [ is confined relative to W then f is confined relative to Z.

Proor. Use Axioms B1 and C. O

Axioms for a bivariant theory

A bivariant theory T on such a category C assigns to every morphism f: X — Y

in C a graded abelian group T(X 4, Y), or T(f) for short. We denote the
it" graded component, i € Z, of T by T*. We sometimes denote an element

aeT(X L v) by
X-Lv.

@

The functor T support three types of operations:

e Product. For every f: X — Y and adequate g: Y — Z, there is a product
Tix -Lyyeriy % z) — (X 2L 7).
e Pushforward. Given a confined triangle

f

X — Y

NS

there is a pushforward homomorphism
fo: THX 25 8) — THY 2 8).
e Pullback. For every independent square

’

g9

X =
f'\L if
Y > Y

g

there is a pullback homomorphism
g Tix Ly —rix Ly,

(Observe the abuse of notation.)
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These operations should satisfy the following compatibility axioms:

A1. Product is associative. Given a diagram

XLy Sz w

@ @ O
where g, h and h o g are adequate, we have
(a-B)-v=a-(3-7)
inT(hogo f).

A2. Pushforward is functorial. If the triangles in

are confined, then
(gofla=geofu: THX % 8) — TY(Z % 9).
A3. Pullback is functorial. If the squares in

’

X//L;X/LX

S
YN —= Y —> Y
are independent, then
(goh)* = h*og*: THX 2 v) — Ti(x" 25y,

A12. Product and pushforward commute. Given

XLy Sz w
~_ 7 ©®

with f confined relative to W and h adequate, we have

Jela-B) = fula)- B
in T(hog).
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A13. Product and pullback commute. Given

x s x
7\ fi@
vy sy
T
7 L= 7

with independent squares, g and ¢’ adequate, we have
h*(a-B) =h"(a)-n"(B)
in T(g' o f").

A23. Pushforward and pullback commute. Given

x M x
f’l fl\
' |
Yy 4> Y @
/
ARV
g g

with independent squares and f confined relative to Z, we have
(b a) = b* f.(a)
in T(q").
A123. Projection formula. Given

’

X 2= x

| e

®

with independent square, g adequate and confined relative to Z and hog
adequate, we have

a-g.(8) =g.(g"a- B)
in T(ho f).
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We say a bivariant theory T  has unital if for every X € C there is an element
1x € TY(X -, X)) with the following properties:

e For every f: W — X and everyaeT(WLX), we have a - 1x = a.
e For every g: X — Y and every g € T(X i>Y), we have 1x - 3= (.
e For every g: X' — X, we have ¢g*(1x) = 1x-.

A bivariant theory T is called skew-commutative (respectively, commu-
tative), if for any square

that is independent or its transpose is independent, g and f are adequate, we
have

g'(a) - B = (-1)* = IED f(5) - a
(respectively, g*(a) - 8 = f*(8) - @).

Note that we don’t assume the class of adequate morphisms to be closed;
that is, if f, g are adequate, f o g might not be adequate. However, in practice,
it is convenient to specify a (large) closed subclass of adequate maps, called
the strongly adequate morphisms. In particular, the product of bivariant

classes are always defined and associative on the subclass of strongly adequate
morphisms.

Using the definitions of Section 7 and results of Sections 4, 6, 6.1, it is
straightforward to prove

Theorem A.2 The bivariant theory of Section 7 is a generalized Fulton-
MacPherson bivariant theory.

Note that, in view of Lemma 6.4 and Example 7.5.1, we can choose the class of
strongly adequate morphisms to be the class of strongly proper maps.
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