A PARALLEL ROBIN-ROBIN DOMAIN DECOMPOSITION
METHOD FOR THE STOKES-DARCY SYSTEM*
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Abstract. We propose a new parallel Robin-Robin domain decomposition method for the cou-
pled Stokes-Darcy system with Beavers-Joseph-Saffman-Jones interface boundary condition. In par-
ticular, we prove that, with an appropriate choice of parameters, the scheme converges geometrically
independent of the mesh size.
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1. Introduction. The Darcy equations are a well accepted model for flow in
porous media such as that that is often found in the subsurface. Thus, discretized
versions of these equations are often used to simulate both groundwater and petroleum
flows. However, in these settings, one often finds that what the porous media does not
completely cover subsurface regions of interest. For examples, in petroleum applica-
tions, one often finds pockets of oil and in karst aquifers, one finds conduits in which
free water flows. In such regions, the flow of the liquid cannot be accurately modeled
by the Darcy equations, even though often, for expediency, that is exactly what is
done in practice. A more accurate description of the flow of liquids in cavities and
conduits is given by the Navier-Stokes equations. Due to the relative slow flows often
encountered in such situations, one can simplify matters and use the linear Stokes
equations instead. Of course, flows in conduits and cavities are coupled to the flow in
the surrounding porous media so that conditions along the interfaces separating free
flows and porous media flows must be imposed to effect the coupling. Several such in-
terface conditions have been proposed; see, e.g., [1,19]. Once a coupled Stokes-Darcy
system has been defined, the remaining tasks are to define discrete systems whose
solutions accurately approximate the exact solution of the continuous model and then
to develop efficient methods for solving the discrete equations. These are the tasks
that we address in this paper.

Here we consider a coupled Stokes-Darcy system on a bounded domain 2 =
Q,UQ; Cc R4 (d = 2,3). In the porous media region ,, the governing equations
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are the Darcy equations

u, = -KVo¢,
V-u, =0,
where u,, is the fluid velocity in the porous media, K is the hydraulic conductivity

tensor, and ¢, is the hydraulic head. In the fluid region €y, the fluid flow is assumed
to satisfy the Stokes equations

V- T(ug.pg) = £
A\ ur = 0,
where uy is the fluid velocity, ps is the kinematic pressure, f is the external body

force, v the kinematic viscosity of the fluid, T(uy,ps) = 2vD(us) — pyI is the stress
tensor, and D(uy) = 1/2(Vuy + V7Tuy) is the deformation tensor.

Porous media domain

Q
p

Interface I’

Fluid domain
Qf

FiG. 1.1. The fluid and porous media domains 2y and p, respectively, an the interface I'.

Let T = Q,NQ; denote the interface between the fluid and porous media regions;
see Fig. 1.1. Along the interface I', we require

uf-ny=—u,-n, (1.1
—7; - (T(us,py) ‘ny) =ar;-uy, (1.2

~— ~—

where n; and n, denote the unit outer normal to the fluid and the porous media re-
gions at the interface I, respectively; 7; (j = 1,--- ,d—1) denote mutually orthogonal
unit tangential vectors to the interface I'; and the constant parameter a depends on v
and K. The second condition (1.2) is referred to as the Beavers-Joseph-Saffman-Jones
(BJSJ) interface condition [12,19] which is an approximation of the Beavers-Joseph
interface boundary condition [1]. The BJSJ boundary condition is also related to the
Navier’s slip boundary condition.
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To enable direct comparisons with the results of [8] and for simplicity, we assume
that the hydraulic head ¢, and the fluid velocity uy satisfies homogeneous Dirichlet
boundary condition except onI", i.e., ¢, = 0 on the boundary 02,\I' and uy = 0 on
the boundary 02\

The spaces that we utilize are

Xp={vse[H Q)] | vi=0o0n 0Q\I'}
Qr = L*(Qy)
X, ={¢p € H () | 1, =0 on 0Q,\I'}.

For the domain D (D = Qy or ), (-,)p denotes the L? inner product on the domain
D, and (-,-) denotes the L? inner product on the interface I' or the duality pairing
between H~1/2(T") and HY/*(T).

With these notations, the weak formulation of the coupled Stokes-Darcy problem
is given as follows [2,8]: find (uf,ps) € X¢ x Qf and ¢, € X, such that

ag(uy,vy) +bp(vy,pp) + gap(dp, ¥p) + (90p, vy -mp) — (qus -nyp, ¥yp)
+04<P7—U.f,P7—Vf> = (f, Vf)Qf Vvye Xy, ¢, € X, (1.4)

br(ur,qr) =0, Vg €Qy, (1.5)

where the bilinear forms are defined as

ap(¢p7 1/);0) - (Kv¢p7 Vq/}p)ﬂp
af(ufa Vf) = 2V(D(uf)a D(Vf))ﬂf
br(vy,q) = =(V-vy,q)o,

and P, denoted the projection onto the tangent space on T, i.e.

d—1

Pu= Z(u ST

j=1

It is easy to see that the system (1.4) and (1.5) is well posed for f € [L?(2;)]? [2,8].

Since the governing equations are different for the fluid and the porous media
region, it is natural to utilize a domain decomposition method so that off-the-shelf
efficient solvers for the Darcy system and the Stokes system can be utilized [8]. The
central issue is then to determine if the domain decomposition method convergence
and its associated convergence rate. The main contribution of this paper is the devel-
opment and analysis of a new parallel domain decomposition method based on Robin
boundary conditions that converges with a rate that, for appropriate choices of accel-
eration parameters, is independent of the mesh size .

For classical second-order elliptic problems, a Robin-type domain decomposition
method (DDM) was introduced in [13] where it was also proved that the solution of
the Robin DDM converges weakly to the solution of the elliptic problems with respect
to the H' norm. In [4,5], new update techniques for the Robin data were introduced
and it was proved that the weak convergence in H' could induce strong convergence.
In [9], it was pointed out that a convergence rate 1 — O(h!/?) can be achieved in the
case of two subdomains. Recently, a rigorous analysis for the case of many subdomains
was given in [16,17] where it was proved, in certain cases such as for a small number of
subdomains, that the convergence rate could be 1—O(hY2H~1/2), where H is the size
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of the subdomain and A is the size of the finite element grid. In particular, the new
term “winding number” was proposed in [17] to describe the depth of subdomains,
and in the case of many subdomains and it was shown that the convergence rate
not only depends on the mesh size h and the size H of subdomains, but also on the
winding number. Furthermore, Robin-type DDMs for parabolic problems was also
studied in [18].

In [8], two Robin DDMs for the Stokes-Darcy equations, one a serial version(sRR)
and the other a parallel version(pRR), are considered and compared with the Dirichlet-
Neumann DDMs [6, 7]; mesh-independent convergence rates were observed for serial
Robin DDMs numerically but not proved rigorously. In addition to providing a rig-
orous analysis, in this paper, we treat the more general case of the Beavers-Joseph-
Saffman-Jones interface boundary condition instead of the further simplified interface
boundary conditions considered in [8]. However, the full Beavers-Joseph interface
boundary condition is not treated here since well posedness in the steady state case
is established only for particular choices of parameters [2]. Other algorithms that
combine ideas from multi-grid and DDMs can be found in [14], where the authors
proposed to solve the coupled problem directly on a coarse grid (with mesh size
heoarse) and then use the coarse solution to provide boundary conditions for the
Stokes and Darcy systems at the interface so tlslat they may be solved separately on

a finer mesh (with mesh size of the order of héurse). For DDMs for other settings,
and especially for the parallel Robin-Robin domain decomposition methods, one may
refer to [4-8,13,15-17,20,21] and the references cited therein.

The rest of the paper is organized as follows. In Section 2, we propose the Robin
boundary conditions at the interface for the Stokes and Darcy systems. A necessary
and sufficient condition on the equivalence of the Stokes-Darcy system with Beavers-
Joseph-Saffman-Jones interface boundary condition and the new decoupled Stokes
and Darcy systems with Robin boundary conditions is derived. In Section 3, we
propose our new parallel Robin-Robin domain decomposition method. We establish
the convergence of the new scheme for the case of equal acceleration parameters
vf = vp and the case of vy < v,, with a convergence rate for appropriate choices of
the acceleration parameters. Finite element approximations are considered in Section
4. In particular, we derive a convergence rate (depending on the mesh size h) for
the case of equal acceleration parameters and the case of 7, < 5. Although the
convergence rate is derived for globally regular triangulations only, we may easily
generalize the result to mortar elements so that solvers with different mesh size may
be utilized for the fluid and the porous media regions. We present our results of some
computational experiments in Section 5. These results are in accordance with our
analyses.

2. Robin boundary conditions. In order to solve the coupled Stokes-Darcy
problem utilizing the domain decomposition idea, we naturally consider (partial)
Robin boundary conditions for the Stokes and the Darcy equations because Robin
boundary conditions are more general and embody both the Neumann and Dirichlet
type conditions in (1.1)—(1.3).

Let us consider the following Robin condition for the Darcy system: for a given
constant -y, > 0 and a given function 7, defined on I,

1KV @y, -1, + gbp = 1p onT. (2.1)

Then, the corresponding weak formulation for the Darcy system is given by: for
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np € L2(T), find ¢, € X,, such that

'Ypap((gpa 7/)1)) + <g$pa 7/}p> = <77;Da 7/)p> Vi € Xp.

Similarly, we propose the following Robin type condition for the Stokes equations:
for a given constant vy > 0 and a given function n; defined on I,

ny - (T(ay,py) -ng) +y5uy -ny=nr  onl. (2.2)

Then, the corresponding weak formulation for the Stokes system is given by: for
ny € LQ(F), find ﬁf € Xy and [/)\f € @y such that

ag(Ug,vy)+bp(vy,Df) +vp(Us - ny, vy -nyp)
+a<PTﬁf,Pva> = (f,Vf)Qf + <77f,Vf . 1’1f> VVf S Xf (2.3)
bf(ﬁf,qf):() VQfEQf.

We can combine the Stokes and Darcy systems with Robin boundary conditions
into one system. Indeed, for any positive constant w, it is easy to see that if n, €
L*(T') and ny € L*(T") are given, then, there exists a unique solution (g/b\p,ﬂf,ﬁf)
€ Xp x Xy x Qy such that

ar(Uy,vy) +bs(vy, By) + wYpan(dp, Up) + w(gdp, ¥p) +v7(Uy - mp, vy -ny)
talPruy, Prvy) = (f,vi)ap + (g, vy -myp) +wlng,dp) Vi € Xy, vp e Xy
bf(ﬁf,(]f):o Vth EQf.
(2.4)

REMARK. 2.1. Note that the solution ((EP, Uy, py) is independent of the parameter
w.

Our next goal is to show that, for appropriate choices of v¢, vp, 7¢, and np,
(smooth) solutions of the Stokes-Darcy system are equivalent to solutions of (2.4),
and hence we may solve the latter system instead of the former.

LEMMA 2.2. Let (¢p,uyp,ps) be the solution of the coupled Stokes-Darcy sys-
tem (1.4)—(1.5) and let ((Ep, Uyr,pr) be the solution of the decoupled Stokes and Darcy
system with Robin boundary conditions at the interface (2.4). Then, (g/b\p,ﬁf,f)\f) =
(Pp,uy,pr) if and only if v, vp, Ny, and n, satisfy the following compatibility condi-
tions:

Ny = YUy 0y + 9Py (2.5)
nf = Uy np = gop. (2.6)

Proof. For the necessity, we set 1, = 0 in the Stokes-Darcy system (1.4)—(1.5)
and deduce that (¢p,us,py) solves (2.3) if

<np—ypuy-ng+ gy, vy -ny >=0 Vvye Xy (2.7)

which implies (2.6). The necessity of (2.5) can be derived in a similar fashion.
As for the sufficiency, by setting w = g/7, in (2.4) and substituting the com-

patibility conditions (2.5)-(2.6), we easily see that (¢p,Uy,ps) solves the coupled
Stokes-Darcy system (1.4)—(1.5).

Since the solution to the Stokes-Darcy system is unique, we have (g/b\p,ﬁf,ﬁf) =
((bpaufvpf)' a
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3. Robin-Robin domain decomposition methods.

3.1. The Robin-Robin domain decomposition algorithm. Now we pro-
pose the following parallel Robin-Robin domain decomposition method for solving
the coupled Stokes-Darcy system.

1. Initial values of ng and n? are guessed. They may be taken to be zero.
2. For k = 1,2,..., independently solve the Stokes and Darcy systems with
Robin boundary conditions. More precisely, gb’; € X, is computed from

”Ypap(gbza 7/)1)) + <g¢§a 7/)p> = <77];a 7/}p> Vbp € Xp; (3.1)
and u’; € Xy and p’;» € @ are computed from

ag (Wi, vy) +bp (v, pf) + s (uf -np, vy -ng) + a(Pruf, Prvy)
=(nf, vy -ng) + (Fvp)e,  VvpeX; o (32)
br(uf,qp) =0  VgreQy (3.3)

3. nl;ﬂ and n’}f"’l are updated in the following manner:

it = anf + bgol (3.4)
nitt = enf + duf - ny (3.5)

where the coefficients a, b, ¢, d are chosen as follows:

a=2 p=-1-4q (3.6)
Tp

c=-1 d=~v7+. (3.7)

In the special case for which vy = v, = ~, we have

The relations (3.6)—(3.7) are necessary to ensure the convergence of the scheme.
Indeed, suppose that 77’; and 17’; converge to 7} and 7, respectively, and gb’;, u’} also
converge to the true solution ¢, and u}, respectively. Then, by (3.4)~(3.5) and Lemma
2.2, we see that the following relationships hold:

nj = an, +bgdy = yyuy -0y — goy, (3.8)
N = Ny + duf-ny =ypui-ng +ge),. (3.9)
This leads to

(o )= (o) (%, )= 05 ) ()

du} -ny 0 d uj-ny —c 1 m,
_( 1 -a -1 vy 9%,
() GGR) e

which implies the consistency equations (3.6)—(3.7) on the coefficients a,b,c,d and
V£ Vp-

These relationships (3.6)—(3.7) among the parameters are used in the convergence
analysis of the Robin-Robin domain decomposition method.
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REMARK. 3.1. If the updating strategy (3.4)—(3.5) is changed to

nith = ainy + bigdl + cruf oy
ni Tt = axnf + bagdl + couff - ny,

then, the “consistency” conditions change to

—aq 1 1 Tp o bl C1
1 ag -1 Yf o bQ C2 ’

In this case, we have more flexibility. However, the convergence analysis is somewhat
more complicated, and will be addressed elsewhere.

The parallel Robin-Robin domain decomposition algorithm proposed here is re-
lated to the serial version (sRR algorithm) of [8]. As a matter of fact, the sRR al-
gorithm can be obtained by implementing our algorithm serially as follows. Initialize
772, and, for k =0,1,...,

1. Find gb’; by solving the Darcy system (3.1).

2. Set 77’; = an]’,f + bg(b’; and find u’; and p’; by solving the Stokes system (3.2)-
(3.3).

3. Set nptt = enf + dulf - ny.

In [8], it is proved, for vy = =, = =, that the solution of the sRR algorithm
converges to the solution of the Darcy-Stokes systems. Here, we are able to prove a
similar convergence result. Moreover, we are able to demonstrate that the convergence
could be geometric for appropriate choice of v < .

3.2. Convergence of the parallel Robin-Robin DDM. We follow the ele-
gant energy method proposed in [13] to demonstrate the convergence of the parallel
Robin-Robin domain decomposition method for appropriate choice of parameters -,
and ;.

To this end, let (¢, ur, py) denote the solution of the coupled Stokes-Darcy sys-
tem (1.4)—(1.5). Then, we have that (¢,,us, py) solves the equivalent decoupled sys-
tem (2.4) with v¢,vp, mp, 5 satistying the compatibility conditions (2.5)-(2.6) with
the hats removed.

Next, we define the error functions

k ko k k
C =lp =T €p =T Ty
k ko ok k k k
e¢=¢p—¢p €, =Uuy —uj e, =Pf — Dy
Then, the error functions satisfy the following error equations:

”Ypap(egﬂ/)p) + <ge§55 7/}p> = <€];71/);D> Vi, € X, (3.11)

ag(el,vy) +bs(vy ep) + el g, vy -ng) + a(Pref, Prvy)

= (e}, vy my)  Vvye Xy, (3.12)
bles,qr) =0 Vg €Qy, (3.13)

and, along the interface T,
E?Jrl = ae]; + bgeg (3.14)

EI;H = ce]; + del - nj. (3.15)
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Equation (3.15) leads to

lep™HIE = llEflIF + a?llef - ngl|f + 2cd(e], e} - ny).
Setting vy = ef in (3.12), we deduce

kel ng) =ayp(el,el) + yrllel - nglf + af Prek|f
and, hence, combining the last two equations, we have

lent 12 = kIR + (d® +2cdvyy)lef -nf||f +2cd agp(ef, ef) +2cd af| Pref |2 (3.16)

Similarly, (3.14) implies
e 17 = a®lleglIE + b*llgegIF + 2abley, geg).
Setting 1, = ge’; in (3.11), we have

(ep,9€5) = voap(el, gel) + (gel, gel).
Combining the last two equations, we deduce
eI = a®lleplIE + (6% + 2ab)l|geg |2 + 2abypg ap(eg, ef). (3.17)

Substituting (3.6)—(3.7) into (3.16) and (3.17), we have the following result.
LEMMA 3.2. The error functions satisfy

ek 1% = 1eblE + 02 = 27l
21y +)asle o) — 2025 +5) al Prek?
2 2
k ot s 0f
Iz = (24) |e§|%+<1—(7) )md;n%—zw (1+2) gupietich).
p

p p

We are now ready to demonstrate the convergence of our parallel Robin-Robin
domain decomposition method. The convergence analysis for vy = v, and vy # v,
are different and will be treated separately.

Case 1: vy = 7, = 7. In this case, we have

lleg ™M IF = lleflIF — dyay(ey, eh) — 4val| Pref||?

k+1 k kK
e IR = lleplIf — 4vgap(eg, eg)-
Adding the two equations and summing over k from k£ = 0 to N, we deduce

N
N k ok k ok k
lep™ M IE+ e R = llepllf + leFlE — 47 Y (as(el, ef) + g ap(el, ef) + al Prel|IF).
k=0
This implies that [}/ ™||2 + ||6}V+1||1% is bounded from above by [[€D[|7 + [|€}(|f and
that ef and e} tend to zero in (H'(€25))* and H'(€,), respectively. The convergence
of e’; together with the error equation (3.11) implies the convergence of e} in H-3(D).
Combining the convergence of €% and e’; and the error equation on the interface (3.14),

we deduce the convergence of e’} in H ’%(F). The convergence of the pressure then



A Parallel Robin-Robin Domain Decomposition Method for the Stokes-Darcy System 9

follows from the inf-sup condition and (3.12)—(3.13). Note that we have no rate of
convergence here. Hence, we have proved the following result.
THEOREM 3.3. If v, = v¢ =7, then

X X Qf
oy =5 ¢y uf =5 uy Py =5 py,
and
w H 3(D)

(
Ny — yus-ng+g¢, =—7KVe, n,+gop

1
H™3(T)
np— yup-my—gép, =ny- (T(uy,ps)-ng) +yuyp-ng. B

Case 2: vy < 7,. In this case, because e’; € X,, we deduce that, thanks to the
trace theorem and the Poincaré inequality, there exists a constant C, (independent
of K) such that

leg I < CpllK™"lap(eg, e5)- (3.18)

Thus, if vy < 7, and

1 1 2
VP Y ngIIK’lll’

2
Y Y
- (—") lgeh2 - 2y (1 T —f> gay(ch, k)
Tp Tp

Vf 1 1 -1 k _k
§79<1+—)((———>QC K —2)@ e, e
f Vs ~y pH ” p( ) qb)

Tp p

(3.19)

we have

<0.

Similarly, thanks to the trace theorem and Korn’s inequality, there exists a con-
stant C't such that

let - ny|2 < O /Q ID(e") dx.
f

Therefore, under the additional constraint

- 4y
To —Vf > A~
p Cf
we have
(vz —¥P)llek - ngllE < 2(v¢ +vp)ag (el ef). (3.20)

Hence we have, when combined with Lemma 3.2,

2
k Vf
IR < ek, ekt < (7) ek 1z
P
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which leads to

i — k Yy k—
e e < Ll Yip, e e < Llehr.
Tp Tp

This implies the convergence of the n which further implies the convergence of the
velocity e®, the pressure e’;, and the hydraulic head e’; through the error equations
(3.11) and (3.12)—(3.13).

Hence we have derived the following geometric convergence result.

THEOREM 3.4. Assume that the parameters v, and ¢ are chosen so that

Ay 11 2
0 <y —p < — I . S (3.21)
=g e W gCIK1|

Then, the solutions of the parallel Robin-Robin domain decomposition method converge
to the solution of the Stokes-Darcy system. Moreover,

L
s
apleheb) +aglebeb) + bR + IR+ 1512 < 0 (2) 7 (18IR + 1518
p

The last inequality follows from the geometric convergence of e];,e]]i, the error
relationship at the interface and the error equations.

4. Finite element approximations. We next consider finite element discretiza-
tion of the Robin domain decomposition method that was proposed in the previous
section. One of the advantages of considering finite element approximations is that
we can then derive explicit convergence rates, even for the case v¢ = v, = 7. Of
course, the rate of convergence will depend on the size of the element h. This is
different from the case of 7y < vy, where the rate of convergence is independent of h.
We will also demonstrate the convergence of the finite element approximation even
in the parameter region of 7, < vy which may seem unlikely in view of Lemma 3.2.
One of the key advantages of the finite element setting is the availability of an inverse
Poincaré type inequality [3] that allows us to control various terms.

We consider a regular triangulation 7;, of the global domain Q,JQ; which is
assumed to be regular and quasi-uniform. We also assume that the triangulation
T4 h, Tp,n induced on the subdomains 2y and €, are compatible on I' and the mesh
on the interface I' is quasi-uniform. The induced triangulation on I' will be denoted
Byj,. Non-matching grid or mortar cases will be considered elsewhere. We denote by
Xpn C X, a finite element space on the porous media domain €2, and denote by
Xpn C Xy and Qy, C Qf finite element spaces on the fluid domain Q7. We use
these spaces to approximate the hydraulic head in the porous media and the fluid
velocity and pressure.

Specifically, we choose

Xp,h = {1/}[).,}1 € Oo(ﬁp) ‘ 1/}p,h|T € P2(T); VT € 7?0,}17 wp,h‘agp\r\ = O}

Xpn=A{vn € (COQ))*

vinlr € P(T)), VT € Ty, vfyh}mf\r =0}

Qs = {apn € C°(Qy) ‘ qrnlr €Pi(T),YT € Ty}
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The spaces Xy, and Q)¢5 are assumed to satisfy the discrete LBB or inf-sup condition
[10,11].
We also define the discrete trace space on the interface

Zn = {nn, € C°(1) | nnlr € Po(7), Y7 € B, nnlor =0}

It is easy to see that 7} is the trace space in the sense that

Ypon:= Xp,h’r = Zp,
Yf,h L= vah‘F Ny = Zh.

The discrete weak formulation of the coupled Stokes-Darcy problem is then given
by: find (uﬁh,pf,h) € Xy X Qf,h and ¢, 5, € X, such that

ag(upn, ve) +bp (Ve prn) + 9ap(dp,np) + (gbpns v nyp) — (guypn - ng, ¥yp)
to(Prupp, Prvy) = (£,vp)a,  Vvy e Xpn,p € Xpn
br(upn.qr) =0,  Var € Qpn.
(4.1)
The FEM approximation of the decoupled Stokes-Darcy system with Robin bound-
ary conditions (2.1)—(2.2) can be formulated in the following way: for given 7, €

L2(F) and 7y, € L2(P), find (ap,huﬁf,huﬁf,h) € XpnxXpp % Qf,h such that

af(Ugn, Vi) +br (v, Drn) +wipap(Ppn: Up) +w(gGpn, tp) + 75 (Upn g, vy - np)
+olPrupn, Prvy) = (£,vp)a, + pn, vy -mp) +w(pn, ¥p),  Vibp € Xpn, vy € Xy
br(Usn.qr) =0,  Var € Qpn.
(4.2)
Similar to the continuous case, finite element approximations of the coupled
Stokes-Darcy system, defined by (4.1), and of the revised Robin approximation, de-
fined by (4.2), are related in the following fashion:
LEMMA 4.1 For 1jp,n € Ypn and 15 € Y, (6p,h,UpnDpn) = (Pp.ns Ws s Dfh)
if and only if np.n and nyn satisfy

Np,h = Po.n(1p0s -1+ 96p.1) npn = Pra(ysusn-ng = 9gopn),
where Py, and Py.p, are L*(T')-projections onto the spaces Yy, 5, and Yy, respectively,

i.e., for v € L*(T),

(Pp.pv,wp) = (v, wp) Yw, €Yy (Prrv,wyp) = (v,wy) Vwy € Yyp. [ |

REMARK. 4.2. Comparing with the Robin conditions (2.1) and (2.2), we see that
we have heuristically used

Pp,h('YpKV(bp,h ‘ny + g¢p,h) = Tlp,h
Py (T(apn.ppp)  nyp) +yppn - ng) =g

The choices of the spaces Y}, 5, and Yy ;, are not unique; other choices are also possible.
The parallel Robin-Robin domain decomposition finite element method is defined
as follows.
1. The initial values of 77]2),I € Y, and n?yh € Yy are guessed; they may be
taken to be zero.
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2. For k = 1,2,..., solve the discrete Stokes and Darcy systems with Robin
conditions independently, i.e., ¢’;) n € Xp,n is determined from

”Ypap(ébz,ha 7/1p) + <g¢§,ha 7/}p> = <77§,h71/);n> Vipp € Xy

and u’;}h € Xy and p’}ﬁh € @y, are determined from

ap(ufy,, ve) +bp(vepfn) + (W g, vy ong) + a(Prafy, Prvy)
= <77}€',h7Vf ng) + (f,vy)o, Vvie Xy
br(uf,,ar) =0 Var € Qpn.

3. 77];}21 and 77];321 are updated by

k k k k k k
77f,Jir11 = Pﬂh(anp,h + bg(%,h) npj}rll = Ppﬁ(cnf,h + duj - ng).
: o ko ok gk k
One important observation is that Mp.hs M 1> ¢p,h|r’ uj - nf|F € Zy, for all k, pro-
vided that the initial guesses belong to Zj,. Therefore, the projections P, and Py,
in the implementation of the algorithm are identity operators.
We now consider the error functions for finite element approximations, just as in
the continuous case studied in the previous section. Let
k k k k
€. = ok = pn €0 = R T T
k k k k k k
€p.h = Pp,h — ¢p,h €un = Ufh — Uy €p.h = DPf.h — DPf h-
It is straightforward to verify that
elljﬁ € Zy el;)h € Zy 6$7h|r € Zy efih "Ny € Zh.

It is also easy to see that the error functions satisfy the error equations

71)%(62,}17 Vp) + <9€§,h7¢p> = <€];.,h7 Vp) Vibp € Xy, (4.3)

ag(el ., ve) +bp(veep ) +yrlel - np, vy -ng) +a(Pref,, Prvy)
=(ejp.vi-ng)  VvyeXp, (4.4)
bleln,qr) =0  Yar € Qpn,
and, along the interface,

E+1 _ k k E+1 _ k k
€rn = Pf;h(a’ep,h + bg%,h) €ph = P:mh(cef,h + deu,h ‘nf).
It is easy to verify the following relationship for the error functions, just as in the
continuous case.
LEMMA 4.3. The error functions satisfy

k+1 2

llepi 11 = ek ullf + (o = vP) et n - nllE = 20vs +p)ar (el p. €t n) = 2037 + ) [ Prely 417

2 2
k Yf Yf 8
|efi,:1|%—(—f) ||e,’f,h||%+<1—(7—f) )IIgef;,hl%—%f (1+7f>gap<e§,h,e§,h>- 0

Yp p p
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The key ingredient in deriving an explicit convergence rate for the case of vf = v,
is the following estimate.
LEMMA 4.4.

llep I < CUKTHY2 +2ph = 2 KIY2)2ap(ef 4, €6.0)-

Proof. The key in the proof of this lemma is an extension operator. Let Np.n be
the set of nodes for the finite element triangulation on €, and let N, = N p|r.
Denote E, j, the zero extension operator from Y, , = Z5 to X, p,

k .
k - ep,h(P) lfPGNp,F
Ep,hep,h(P) - { 0 if P S Np,h\N ,I

Then, we have

IEpnepnllizge,) =" D (Bpnepn(P)? mh% D" (e 1(P)* = hlleg 4l (4.6)
PGNp,h PGNp,r‘

Note that E, hek 1 € Xp,n due to the definition of the extension operator and the fact

that €f , € Z,. Hence, we may set ¢, = E, nep ), in (4.3) and utilize Cauchy-Schwarz
inequality to deduce

k k k kK
||6p,h||% = 7pap(€¢,h7 Ep,h%,h) + <9€¢,ha 6p,h>
< ”Ypap(e];ﬁ,hv eg,h)lﬂa;o(Ep-,heg,hv Ep-,he];,h)l/2 + ||ge<];,h||1‘||€§,h||1‘- (4.7)

On the other hand, thanks to the inverse inequality for finite element spaces and (4.6),
we deduce

a9 (Bpneh s Evnel 1) < KNIV Epnet 112206,
< Ch K Ep.nep nll 72,y < CRTHKIllep llE- (4-8)
Combining the inequality (3.18) with (4.7)—(4.8), we obtain
lep allR < Crph™ V2K 2ay (€f s €.0) " 2 lepnllr+Co 21KV 2ay (ef s ef.0) 2 g nllie

which implies the lemma. O

REMARK. 4.5. Similar results are available for P, conforming and nonconforming
elements for classical second-order elliptic problems( [16,17]).

Now for v = 7, = v, by Lemma 4.3, we have

I k+1||r = ||6 h”F 47af(eﬁ,hveﬁ,h) - 47||Pre§,h||%
I k+1||r = ||€p h”F 4”Ygap(€§,h7€§,h)-
Combining the above equalities with Lemma 4.4, we deduce
ek LM IR < llefalE, NERHIE < (1= CyURT M2 +vh =2 [K[V2)72) 1€k 1 13-

Therefore, we have proved the following lemma.
LEMMA 4.6. For v =y, =y, we have

leg it I < (1= Cr(IKTHM2 4+ yh ™ 2K Y2)72) et IR
lefRHIE < (1= Cy(IKTH Y2 +9n~ 2KV 7). |
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This further implies convergence with convergence rate proportional to 1 —Ch'/? for
the case of v, = vf = 7.
THEOREM 4.7. If v, = v¢ =7, then

ap(e’é,h,e’;,h) + af(eﬁ,hveﬁ,h) =+ ||6];,h”%2(9f) + HGZhH% + Hflth%

— — — k
< O(1 = Cy(IKTHIMY2 +yh 2KV 3D ([lepllE + Nedli7) -

REMARK. 4.8. One important question is how to choose the parameter v so that
the Robin-Robin domain decomposition method has fast/optimal convergence rate.
The analysis above suggests that the optimal choice of the parameter may depend on
both the mesh grid size h and the hydraulic conductivity tensor K.

One possible choice of 7 is to balance the terms v~ !||[K~!|| and vh~!||K]|| and let
HK71”1/2]‘L1/2
Y= W Then,

y _ h1/2
(K2 4+ yh= 2K ([/2)2 K2 K2

(4.9)

Now, if we assume that K = KT, then |[K~!||'/2||K||'/? = 1, so the convergence rate
of the Robin-Robin domain decomposition finite element method is 1 — Ch'/2.

In the case vf # 7p, we have the same result as Theorem 3.4 with geometric
convergence with rate independent of h.

THEOREM 4.9. If (3.21) is satisfied, then

k
Vf
ap (€ €5 ) Fag (€8 €8 )k 2 ek 2R 12 < © (7) (02 + eA112)

p

Now we consider the case vy > «, which is counter-intuitive in view of Lemma
3.2. Nevertheless, at the discrete level, we are able to control the excessive growth
term by the decay terms so long as the parameters v¢ and 7, are chosen to be close
(depending on K and h). Indeed, thanks to Lemma 4.4, we have

v Yf
<<72>2 - 1) el =250+ g agleh et )

v _ _ Yf
< <<<7f>2—1>0<|K Y2 4 1/2||K|1/2>2—w<1+7—f>g> ap(ek 1r € 1)
P p

¥ 1 1 _ _
— 1+ ((— = Lyoqr12 4 pn 2|22 - g> ap(el 1€ 1)
Tp Tp Vr

<0

provided that the following condition holds

1 1 g
0< — - — < . 4.10
=% % S ORI o KR 10
An undesirable feature here is the dependence on the mesh size h. For every small h,
the vs must be very close in order to have the above inequality satisfied. This would
lead to a very slow convergence rate.
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We then have, when combined with Lemma 4.3 and under the assumption (4.10),

||€k+1||r < Hﬁj h”F 2(vy +7p)af(e5,hveﬁ,h) < ||€]},hHF 47paf( €u,h € Zh)

vt
lle kH”F < Hep hHF v (1 + 7) gap(ei,h,e’;,h) < ||€];h||1% — 2759 ap(e’é,meéi,h)-
p

Summing the two inequalities for k£ from 0 to N, we deduce the convergence of
e’; , and e¥ . that leads to the convergence (without rate) of all quantities involved.
A rate of convergence can be derived just as in the case of Yp = 7vf. Indeed, we may
deduce, with the help of Lemma 4.4 and the last inequality above,

IE5EHIR < (1= Cyp(IKTHIM2 + k= 2IK(1VY2) ) 1€k 1R
and hence we obtain

leg it IE < (1= Crp (IKTHY2 b2 IK]Y2)72) eyt IR
lEFRH IR < (1= Cyp (K2 4+ yph™ V2 IKIV2) =) el I

This further implies convergence with convergence rate proportional to 1 — Ch!/? for
the case of 7, < 77 under the additional constraint of (4.10). Therefore, we have
proved the following theorem.

THEOREM 4.10. For~y, < s, assume that the additional constraint (4.10) holds.
Then, we have the following convergence result for our parallel Robin-Robin domain
decomposition finite element methods for the coupled Stokes-Darcy system:

ko k koK k k k
ap(€h ps€pn) T ar(€ypseyn) + ||ep,h|‘%2(ﬂf) + pr,hH% + Hef,hH%
_ _ Ny
< C(L=Cyp(IKY2 + 3k V2KV 7)) ()17 + 1€GI1R) -

5. Computational experiments. We present some preliminary computational
results based on the parallel Robin-Robin domain decomposition finite element method
for the coupled Stokes-Darcy system with Beavers-Joseph-Saffman-Jones interface
boundary condition. In order to make direct comparisons with [8], we also present
computational results for the simplified boundary condition

TJ'UfZO

used in that paper instead of the Beavers-Joseph-Saffman-Jones interface boundary
condition (1.2). This simplified interface boundary condition can be formally derived
in the limit of @ — oo in (1.2).

We consider two test problems. The first is the example from [8].

Example 1: Let 2, = (0,1) x (0,1), 2y = (0,1) x (1,2), and I' = {0 < z <
1,y = 1}. The exact solution is given by

(up)i=9y" =2y+1 (up)e=a’—u
3
p=2v(z+y—-1)+1/BK) ¢=(zx(z-1)(y—1)+ % — > +y)/K + 2av.
The data in the Stokes-Darcy problem is manufactured using this exact solution.

The second test problem is physically more realistic.
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Example 2: Let 2, = (0,7) x (=1,0), 2y = (0,7) x (0,1), and T' = {0 <
x <y = 0}. Let v(y) denote any function that satisfies the boundary conditions
v(0) = —2K and v/(0) = 0 and let

up1 =v'(y)cosz  ugo=v(y)sinx  pr=0 ¢p = (¥ —e ¥)sinz.

Assume that the hydraulic conductivity is homogeneous and isotropic, i.e., K = KI.
Then, for any v(y) satisfying the boundary conditions v(0) = —2K and v'(0) = 0,
these functions exactly satisfy the Stokes-Darcy system with the simplified interface
condition (5) (but with inhomogeneous Dirichlet boundary condition on 9f2). For
example, we may take v(y) = —2K + csin’(ny). If ¢ = %, then these functions also
satisfy the Beavers-Joseph-Saffman-Jones interface boundary condition with any «.
The data in the Stokes-Darcy problem is manufactured using these function as the
exact solution.

REMARK. 5.1. More complex versions of Example 2 can be easily constructed.
For instance, a nontrivial pressure field can be considered by simply making sure
that py(z,0) = 0 and then update the body force f accordingly. We may even
construct an exact solution for which the homogeneous boundary condition for the
hydraulic head ¢, is satisfied at the expense of introducing an additional (artificial)
body force for the Darcy system. Additional examples satisfying the Beavers-Joseph-
Saffman-Jones interface boundary condition (1.2) instead of the simplified interface
boundary condition (5) can be derived easily as well. One merely needs to arrange for
v(0) = —=2K, v'(0) = 0, and v"(0) = 2K as in example 2. Alternatively, we could set
v(y) = —2K + Ky?+cy? in example 2. For domains with flat boundaries, we may also
use symbolic computational tools to find exact solutions (even with Beavers-Joseph-
Saffman-Jones interface boundary condition) that are quadratic in the velocity, linear
in the pressure, and cubic in the hydraulic head. Example 1 is a special case.

5.1. Convergence of the finite element method. Here we address the issue
of the convergence of the finite element method, i.e., we directly solve the full coupled
Stokes-Darcy system without using domain decomposition. Recall that we use P»
elements to approximate ¢, on the domain €2, and the Hood-Taylor element pair
((P)? for uy and Py for py) on the domain ;. We use a uniform triangular meshes
constructed by subdividing the rectangular domain €2 into squares of side h and then
dividing each square into two triangles. We compute the finite element approximation
using the sequence of grid sizes h = 2™, m = 1,...,6. Errors are measured using the
discrete ¢ norm which is proportional to the L?(Qy) error, modulo a factor of h%.
We presume that the relative error in the approximation to the velocity in the fluid
satisfies

A 1\“
relative error = M ~Ch*=C (—m)
[[urll 2

for some o, where uy ,, denotes the finite element approximation obtained with h =
27™. Then, we have that

log(relative error) = log w ~ logC — malog?2
uy
and
convergence factor = M = 2%

uy —wpmpl
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In Figures 5.1 and 5.3, the log of the relative error and the convergence factor are
plotted versus m. Similar plots are given for ¢, in Figures 5.2 and 5.4. Since we are
using quadratic finite element spaces for both ¢, and uy, we expect that o = 3 so
that we expect a convergence factor of 8 and a slope in the relative error curve equal
to 3log 2.
There are a two noteworthy observations that may be gleaned from the compu-

tational results.

e The convergence rates depend on the parameters K and v.

e For the case K = KT and v = 1, it seems that we have super-convergence,

ie.,
[uy —upal ~ (’)(h3'5) [¢p — Sp.nll ~ (’)(h3'5).
[Jag.nll &,
, error of finite element solution, norm(u—uh)/norm(u) convergence rate of u
10 T 16 T T T
—F—K=1

| ——K=102
10 ——K=10]]
K=10"®

6t k=107
f Ket0™®

10’ L L L L 4 L L L L L L L
1 2 3 4 5 6 1 15 2 25 3 35 4 45 5
Example 2, v=1,n=[2 4 816 32 64] Example 2, v=1,n=[24 8 16 32 64]

Fi1c. 5.1. Relative error (left) and convergence factor (right) of the finite element approzimation
of uy versus m for Example 2 with v = 1.

5.2. Convergence of the Robin-Robin domain decomposition method.
We now consider the differences between iterations of the Robin-Robin domain de-
composition method and the exact solution of the discrete finite element problems.
Specifically, in the figures that follow, we plot the ¢? norm of (u’})h — uyp) versus
the iteration counter k. The computational results presented confirm our theoretical
convergence analysis.

By setting K = 1,v = 1 and 7y = 1, Figure 5.5 shows that, for the parallel
Robin-Robin domain decomposition method,

o if v < yp(yp = %*yf or %”yf), convergence is very fast; the error is reduced by
a factor of s /7, every two steps;

o if v4 > 4,(7p = 3¢ or 2v¢), the iterative method diverges;

o if v = =, the iterative method converges, but with a slow rate.

It is interesting to compare the parallel and serial versions of the Robin-Robin
domain decomposition method. Note that the serial version of our algorithm is just the
sRR algorithm of [8]. Figure 5.6 shows the results for the serial version. Comparing
with Figure 5.5, we see that the behaviors of the two methods are similar except that
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error of finite element solution, norm(¢-¢, )inorm(9) convergence rate of 9

10 : 18 : : : : : ;
——K=1 ——K=1
2 2
0k +K-104, 16l] —F—K=10 e
K0 —— K10

K=10%|]

. . . . .
1 2 3 4 5 6 1 15 2 25 3 35 4 45 5
Example 2,v=1,n=[24 816 32 64] Example 2, v=1,n=[24 816 32 64]

F1G. 5.2. Relative error (left) and convergence factor (right) of the finite element approzimation
of ¢p versus m for Ezample 2 with v = 1.

error of finite element solution, norm(u-u, Jinorm(u) convergence rate of u

107" ‘ : : : 16 -—
\ —F%— K=1 , K=1
ol N Ezngt y ——K=102
\\\\\\ =0 et
\\\\\ K=10 .
N K=10"

10°F e/’k//gh e
10’7 L L L L 4 L L L L L L L
1 2 3 4 5 6 1 15 2 25 3 35 4 45 5
Example 2, v=1075, n=[24 81632 64] Example 2, v=10"%, n=[24 81632 64]

F1G. 5.3. Relative error (left) and convergence factor (right) of the finite element approzimation
of uy versus m for Evample 2 with v = 106,

the error for the serial version reduces or increases about two times faster, as the case
may be, than the error for the parallel version.

5.3. Possible choice of v. In (4.9), we point that v can be chosen as v = Vh/K
which leads to same convergence rate for different K = KI. We set the parameters
v=1,K=1,10"210"%1075,102,10%, 10°.

Figure 5.7 shows that the convergence rates are similar; for large K, the conver-
gence rates are same. Note that the exact solution depends on the parameters v and
K, therefore the errors of the initial step are different, so it is better to compare the
decreased speed of the error.

5.4. The choice of the parameters v; and +,. It is interesting to point out
that our scheme converges in the case of vy < =, which is contrary to [8]. In fact,
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error of finite element solution, norm(¢~4, )inorm(¢) convergence rate of 9
10" ‘ ‘ : w 18 ‘ ‘ ‘ ‘
—+—K=1
——k0y '
——K=107(] w7
Ket0®

0 " —H— K=t
) —o— K102

/ 104
W'l 13}/ K=10
/ k=108
N
10'8 L L L L 12 L L L L L L L
1 2 3 4 5 6 1t 15 2 25 3 35 4 45 5
Example 2, v=10"5, n=[2 4 81632 64] Example 2, v=10", n=[24 8 1632 64]

F1G. 5.4. Relative error (left) and convergence factor (right) of the finite element approzimation
of ¢p versus m for Example 2 with v = 1075,

error of Robin DDM solution with finite element solution, luk= uhl2

10
10° | 1
10° | 1
e X3
2 R D
3P u
10 R
107 ¢ -
10 | —— 1, =113y, i
+’\{p=1/2’Yf
1070 | —F— 1Y .
10 Yo=2Yy
10+ _ .
—k—¥,=3
—-12
10 Il Il Il Il Il
0 5 10 15 20 25 30

K=1, v=1, Yf=1/K, h=1/32

Fi1c. 5.5. Error in the iterates versus the iteration counter k for the parallel Robin-Robin
domain decomposition method.

for their choice of acceleration parameters v¢ = 0.3,v, = 0.1, we observe numerical
instability of the iterative process.

The parameters v and 7y, should be chosen carefully. Let us repeat the numerical
experiments in [8], where the sRR algorithm(i.e. the serial version of our Robin-Robin
algorithm) shows very attractive results for vy = 0.3,v, = 0.1. However, the results
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error of Robin DDM solution with finite element solution, Iuk= uhl2

10 T
—— 1, =13y,
o L[ TR ]
1Y
. _ yp=2yf
10° | 0 .
1,73
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10 g\
107 F -
1 0—10 | i
1 0_1 5 I I I I I
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K=1, v=1, yf=1/K, h=1/32

F1G. 5.6. Error in the iterates versus the iteration counter k for the serial Robin-Robin domain

decomposition method.

—6—K=1

k=102

—— k=10
e K=1079)]
—5 k=10
K=10*

G
=

KN e o UL

—o— K=t
K102
k=107
k=107
—E k=10
K=10*
—#— K10

0 5 10 15 20 25 30 0 5 10 15 20 25 30

FI1G. 5.7 vp =vp = \/E/K Left figure is for Example 1 and right figure is for Example 2.

seems to be re-analyze carefully.

In our numerical experiment we set v, = 0.1 and v¢ = 1/37vp, 1/29, Vp, 27p, 37ps

our numerical results show that the convergence behavior is complicated(See Fig.5.8

and Fig.5.9). Especially, when 7, = 0.1 and vy = 37y, = 0.3, for K=1 and v = 1, the

serial DDM method diverges!

Comparing with the parallel Robin-Robin DDM method (see Fig. 5.10 and Fig.
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5.11), we can conclude that both two methods have same convergence behavior.

error of Robin DDM solution with finite element solution, Iuk— “h‘z error of Robin DDM solution with finite element solution, Iuk— uhl2

10|5

+Yi=1/3yp

——yEy
10 |y T

X*X
—— Y,=2‘/p K
e g

— 173, “

10° A+ e

10 % . . . . !
0 5 10 15 20 25 30 0 5 10 15 20 25 30

Kat, v=t, =01, h=t/a2 K107 v=107 1 =011, hetig2

FiG. 5.8. Serial Robin-Robin DDM. Left: K = v = 1; right: K = v = 10—2.

error of Robin DDM solution with finite element solution, o= “h‘z error of Robin DDM solution with finite element solution, . uhl2

10” ;

0 5 10 15 20 % 30 0 5 10 15 2 2% 30
K=10"* v=10, 170, h=1/82 k=108 v=105, 1,70, h=1/32

F1G. 5.9. Serial Robin-Robin DDM. Left: K = v = 10"%; right: K =v =106,

5.5. Iteration numbers and meshsize. According to our theoretic results ,
for the case of v¢ # ,, the numbers of Robin-Robin DDM iterations is independent
of the grid size if the DDM method is convergent, and for the case of v; = ~,, the
numbers of Robin-Robin DDM iterations is slight dependent of the grid size. Now we
set n = 2,4,8,16,32 and the mesh size is h = % We terminate the iteration process
if the relative increment of the trace of the discrete normal velocity on the interface
u’% 5 - 1|r is less than the tolerance 107%. We also terminate iteration process if the
iteration number is bigger than maximum iterative steps 400, which is denoted by the

sign -’ in the table 5.1. The results in table 5.1 confirm our theoretic estimates.
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n Y =0.1,7f = ’YTP Y =017 =
(1,1) | (1,107%) | (10%,1) | (10%,1072) (1,1) | (1,1072) | (10%,1072)
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TABLE 5.1

The numbers of iterations. Here (a,b) means K = a,v =b.
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