Fourier Multipliers and Dirac Operators
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Abstract. We use Fourier multipliers of the Dirac operator and Cauchy
transform to obtain composition theorems and integral representations.
In particular we calculate the multiplier of the IT-operator. This opera-
tor is the hypercomplex version of the Beurling Ahlfors transform in the
plane. The hypercomplex Beuling Ahlfors transform is a direct general-
ization of the Beurling Ahlfors transform and reduces to this operator in
the plane. We give an integral representation for iterations of the hyper-
complex Beurling Ahlfors transform and we present here a bound for the
LP-norm. Such LP-bounds are essential for applications of the Beurling
Ahlfors transformation in the plane. The upper bound presented here is
m(p* —1) where m is the dimension of the Euclidean space on which the
functions are defined, 1 < p < oo and p* = max(p,p/(p — 1)). We use
recent estimates on second order Riesz transforms to obtain this result.
Using the Fourier multiplier of the Il operator we express this operator
as a hypercomplex linear combination of second order Riesz transforms.
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erator, Beurling Ahlfors transform, LP-estimates.

msc : 47F, 47G, 30G

1. Introduction

We determine the Fourier multipliers of the hypercomplex Cauchy transform
T and the Vekua II-operator over R"*1. Various relations between these op-
erators, and the Dirac and Laplacian operator, are easily obtained using these
multipliers. Theorem 3.2 is a convolution identity on C§°(R™1) involving the
iterated Cauchy kernel and Dirac operator. This is a special case of results
in [4]. See also [5] and [6]. Theorem 4.2 shows that a similar convolution
integral, with the iterated Cauchy kernel conjugated in this case, represents
powers of the IT-operator. The notation II was used by Vekua [21]. See also
[13] and [12]. In the plane this operator has applications to quasiconformal
analysis and in that context is called the Beuling-Ahlfors transform [16], [17]
. Lemma 4.3 represents the Il-operator as a hypercomplex combination of
second order Riesz transforms. This shows that a hypercomplex combination
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of Riesz transforms is a square root of the IT-operator. In the plane it is an
important open problem to determine the exact value of the LP norms of
the Beurling-Ahlfors transform, in particular as an application to two dimen-
sional geometric function theory [16]. Using recent estimates of the LP-norms
of second order Riesz transforms, obtained in [19], we obtain estimates of the
LP-norms of the IT-operator in higher dimensions. In [19] this was done for
another higher-dimensional analogue of the Beurling-Ahlfors transform, S,
to a Grassman algebra. We explore the distinctions between the operators 11
and S.

2. Preliminaries

We write C/,, for the real universal Clifford algebra over R™. This Clifford
algebra is generated as an algebra over R by the elements

{80,61,62,...,(3"}. (1)

Here {e1, €2, ..., e, } is a basis of R with the relation e;e; + eje; = —24;; and
ep = 1 is the identity and commutes with the basis elements. The dimen-
sion of C/,, is R?". We have an increasing tower R ¢ C € H C Cls C - - -.
Here H is the quaternions. Using the above relations, products of the el-
ements {e1, ez, ...,e,} can be expressed in the form +ejej, - - - e;,, where
{j1,92, -k} C{1,2,...,n} with j; < jo < -+ < jg, 1 < k < n. We call the
representations e, e;, - - - €5, reduced products.

Notice that an element u € C¢,, can be written as a linear combination
of these reduced products

U = Uupgey + Lalala

where the o are the indices of the reduced products, ug and the u, are real.

The Clifford algebra C/,, is a graded algebra as C¢,, = ®}_, ClF where
ClF are linear combinations of elements whose reduced Clifford products
have k basis factors, k > 1 and C¢2 = R. We use the conjugation (e;, ...ej,) =
(71)k6jk ...6]'1 .

For A,B € C{, we write AB for the resulting Clifford product. The
product AB defines a Clifford valued inner product on C¢,,. We have AB =
BA and A = A. For A € C/,,, Sc(A) denotes the scalar part of A, that is
the coefficient of the element ey. The scalar part of a Clifford inner product,
Sc(AB), is the usual inner product in R?" when A and B are identified as
vectors. We will denote this usual inner product as (A, B).

The space C/,, is a Hilbert space with this inner product.

The resulting norm is the usual Euclidean norm given by |ugeg+Xqtua€n| =
(3 + Bqu2) 12

A Clifford valued function f : R™*! — Cf, can be written as f =
foeo + o faea where fy and each f, is real valued and the e, are reduced
products.
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We write C£2! for the subspace C£0 @ Cl,l. A nonzero element ¢ € C£2:!
has a multiplicative inverse as (¢ = |¢|2. We will identify R**! with C¢%:!
throughout.

We write LP (Rt C/,,),p > 0, for those functions f : R**! — C/,, such
that

I, = ([ 1f@pds)”

is finite. Here and elsewhere, dx denotes usual Lebesgue measure. We also
define the inner product

(F) = [ (@)@

We use the following Cauchy-Riemann operators, with (zg,z1, ..., 2, ) coor-
dinates of R**1,

0 0
D= _—"—4X";—
(9{)30 + e &nl
and
— 0 0
D=_—" —Yle;—.
(9l‘o 1€ Bxl

We have DD = DD = A where A is the Dirac Laplacian. For h : R"*! — R
we define the Fourier transform

Q)= [ hw)esp(ila,O)de

The complex i is not identified with any of the basis elements e, es, ..., €,,
commutes with each of them and is invariant under Clifford conjugation,

1 = 1. Extend the definition linearly

f = ]EOeO + Eozfaea
Identifying ¢ = X0 ¢e; and { = X0¢é;,

Df=if
and -
Df =ilf.

A given ( defines a linear transformation of C/, to itself by the Clifford
product : w — (w. The matrix in the standard basis (1) is of the form

[(]=Cl+0O
where the matrix O satisfies
0" = -0 = (I(]* - o

Furthermore

[(] =Gl - O.
It follows that
[i]" = [ic]
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corresponding to the roles of D and D as adjoint operators. It also follows
here that
[i¢)li] = —G§1 + 0% = —|¢*L.
This is the matrix for the Laplacian.
For a given convolution operator A with a € C/,, and kernel k : R**! —

Cly,
Af) = af@)+ [ k=l

we write A for the conjugate operator

At =af@+ [ Fa= s

3. The Cauchy Transform

We assume throughout this section that f € C§°(R"*1,Cl,,). We define the
Cauchy transform T by

1 —
Tf(z)= - /Rn+1 #f(y)dy.

Here w is the area of the unit sphere in R Tt is well known that T-operator
serves as a right inverse to D and T is a right inverse to D :

DTf =/,
DTf = f.
See [12] and [13]. It follows that
DT} =iTf=f (2)
and
DTf=iCTf = f. (3)

Hence the Fourier multiplier of T is fi%, while the Fourier multiplier
of T'is the conjugate —iﬁ. The multipliers also show that 7" and D commute

on compactly supported functions and that 77 is A~
Lemma 3.1. o
a) TD=TD =1,
b) TTA=TTA = 1.
This identifies 7T as the Riesz potential of order two,

_ 1
TTf) = 2f @) = wnt1(2—(n+1)) /Rn+1 ly — :J;|((3i)+1)2 dy,  (4)

Hence 5;’” = ﬁ f . We now define the iterated Cauchy kernel. For m =
1,2, ..., we define the kernel K,, : C{, — C{, by
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(-1)"z(x 4+ z)" !
K (z) = w21 (m — 1)l|z[?+1

We also define the operator

Tof@) = [ Kuly=o)fw)d (©

When m = 1 this is the usual Cauchy operator T' = T;. It follows from
direct calculation the for m = 2,3, ...,

DT, =Ty 1. (7)
Because of this we have
_ 1 .
Tnf =771,
T m

and we see that T, is the m-fold convolution of T :
T,=TT ---T=ToTo---0T

m times. The next result is a special case of results in [4] and [6] and follows
from the above multipliers.

Theorem 3.2. Form=1,2,...,

f(x) = Km(y —x)D™ f(y)dy. (8)

Rn+1

4. The Beurling Ahlfors transform
We define the Hypercomplex Beurling Ahlfors Vekua transform :

Iif = DTY.
Explicitly
1 (=Dt ()P 1 —n
I == Y=z d —_— .
f@) == [ T )+ T @

When n = 1 this reduces to the usual Beurling Ahlfors transformation in the

plane
_ 1 f(©)
B =~ /c C—a2 ™

The operator II is bounded on LP and is an isometry on L2. See [12]. Using
(2) it follows that -
N (Y
Hf=iTf=-5T1
<l
~\2
As such the multiplier of the Beurling Ahlfors transform is (‘82 . Whenn=1

this is the multiplier of the Beurling Ahlfors transform in the plane. Also [12]
we have the formula IT = DT'. It follows from the previous multipliers that

the multiplier of IT is %7 which is the conjugate the multiplier of II. This
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also follows from the Hecke identities, see [20] and [16]. The above multipliers
give the following results.

Lemma 4.1. On C§°(R"1,C4,,),

a) I = 1111 = 1,
b) D = D,
c) DIl = D,
d) M= D*A""

See [12] and [13]. The properties Lemma 4.1 b) and c) are useful to solve
hypercomplex Beltrami equations of the form Df = p(xz)Df.
The following result parallels Theorem 3.2. See [8] and [7].

Theorem 4.2. Assume thatn > 1 and f € C§°(R"1,Cl,). Form=1,2,...,

W fe) = [ Kl o)D"y = [ Ry 210" )y, (9)
Rn+1 Rn+1
The Riesz transforms are defined, for j =0, ..., n, as follows
1 Ti—Y;i
R f(z) = —— YT Yi 0.
Jf(x) w /Rn-f—l ‘.’E _ y|n+2 f(y) Y
It is well known (and follows from the Hecke identities [20],[17]) that

Ri=igf

We also define the Clifford Riesz transforms as
R = R() + Z;L:leej
and
R =R, — E”ZlR-ej.

is the square root of the multiplier for II, H = % is the square

Since I%\
root of II and so
II=HH=-RR.

We remark that
HH=-RR=-Ry’>—Y/_ R;>=1.

Hence H serves as a Clifford valued Hilbert transform. Furthermore the op-
erator I can be expressed in terms of second order Riesz transforms.

Lemma 4.3.
Il = —Rj + )_, R7 + 257_, Ry Rje;.
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The matrix form of the multiplier of II is then given by

2¢5 — I¢I? 2¢o
——— T+ =0,
I¢[? I¢]?
while that of II is

268 — 1¢1* ;260
——1 - =0.
<12 <12

In the complex case, n = 1, the matrix O is of the form

(g 041> (10)

and the matrix of the multiplier of IT is
IC2\ 260G ¢ -
In the case of the quaternions, n = 2, the matrix O is of the form

0 -G —C 0
G 0 0 Co

12
G o0 -G (12)
0 -G G 0
Hence the matrix of the multiplier of II in this case is
205 = 1< =260 —2C0C2 0
|2 2¢oC2 0 205 - I<P —20G
0 —2GoC2 20061 265 — [P

The complex Beurling Ahlfors transform has also been generalized to
the Grassman algebra, [16], [17], by the following definition :

S =(ds—dd)A™ AR — AR

Here A, 11 = @A 11 is the graded Grassman algebra over R™*+! | generated
by dxq,dxq, ..., dx,, with exterior derivative d and formal Hodge adjoint .
Notice the similarities with the formula in Lemma 4.1 d).

Although S is also expressed in terms of second order Riesz transforms
the internal structures of II and S are quite different. First the operator S
preserves the grading of the Grassman algebra where as I : C/F — ClE+2 @
ClF @ ClE=2. Because of this, unlike II, S has a block diagonal form : S =
diag(1, S1,..., S, —1) where Sy : A¥ ; — Ak . In the plane, n = 1, the
matrix of II has the form

_ (R?-R: —2RyR,
H<2R0R1 R2_R2) (14)

This is identical with the Beurling-Ahlfors transform. In comparison,

1 0 0
s=[o0 5 o0 (15)
0 0 -1
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where R2 — R} 2RoR
o 41 T<eftodu
1= <—2R0R1 R} — R%) ' (16)
Hence S; can be identified with II under a linear change of variables
in the case that n = 1. In higher dimensions the matrix of II is 2™ x 2". In
comparison the matrix of S is 2"*1 x 27*! and the kth blocks have dimen-
(n_(ﬁtllg)‘, 7 X (n_(ﬁtllg)" +7. Moreover the diagonal entries of IT are identical,
always having the form in the matrix (13). In comparison the diagonal entries
of S have minus signs that are permuted across the sums. See [16]. Because
of these observations the operators do not directly compare in dimensions
n+1,n>2.

sions

Next we give an estimate of the LP—norm of the II operator. For the op-
erator S a similar result appears in [19]. The inequalities follow by separately
estimating the norms of the second order Riesz transforms. It is suspected
that the true values of these norms will be revealed from a study of the in-
ternal structure of these operators and the averaging properties which they
possess. See the work [14].

Theorem 4.4. The LP-norm of 11 : LP(R"*1 C¢,) — LP(R"*! Cl,),1 < p <
00, has the estimate

[Tl < (n+1)(p* = 1).

Here p* = max(p, p/(p — 1)).
In 1983 Iwaniec proposed the following conjecture [15],

Conjecture 4.5. When n = 1 the complex Beurling Ahlfors transform has
LP-norm, 1 < p < o0,

1Bl = p* — 1.

Unfortunately, Theorem 4.4 does not attain the conjectured constant in
the plane, reducing to 2 instead of 1. As such the bound is far away from the
Iwaniec conjecture. In the plane the constant 2 was obtained in [18] using a
special Bellman function. See also [9], [10] and [11].

Using martingale transforms the constant 2 is obtained in [3] and is
reduced to 1.575 in [1]. Martingale techniques have been used subsequently
to improve LP-bounds for the Grassmann operator, S, see [2].

Although often results in complex analysis in the plane do not extend
to hypercomplex analysis, the algebraic similarities of the Fourier multipliers
suggest the following conjecture.

Conjecture 4.6. The norm of the hypercomplexr Beurling Ahlfors transform
II: LP(R™HL Cl,) — LP(R™FL CL,), 1 < p < oo, is

[Tl = p" = 1,

i all dimensions.
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This conjecture for the S-operator appears in [16].

5. Proof of Theorem 4.4

We include an outline of the proof of Theorem 4.4 here for completeness.
Theorems 5.1 and 5.2 are proved in [19]. Below £ denotes a Hilbert space
with inner product (,)s and corresponding norm |- |¢. Here R;,l = 0,....,n
are the Riesz transforms as above, ¢,v : R"t! — £ are test functions and
&, 1) are extensions of ¢ and ¢ to RT‘? These extensions are solutions to the
heat equation with ¢ and ¢ as initial data.

Theorem 5.1. For j,k=0,....,n
/RRH<RJ'R1<:¢»¢>5d$ = -2 /Rn+2<8x] b, a1 —— 1)) edadt.
Theorem 5.2. For 1/p+1/q=1,
im0 [ g0l Pedad
< (n+1)(p— Dol r@etr o)l La@nr g)-

Using the representation of Lemma 4.3, Theorem 5.1 and Theorem 5.2
with & = C/,, and Hélder’s inequality we obtain

o) =1 [ (o)
<I [ R+l [ (o)

+z”1|/ (RoR;¢,¥)| + X7 1|/ (RjRog, )]

=2|/Rn+2<ax0¢, 0|+ 23 1|/ (59 5
+Ixj 1|/n+ 8z0¢’ 8m1¢>|

n < I

W [ 1 < 2% [ Uyl

< (n+1)(p—Dllolpllvlg.

With the choice ¢ = II¢|II¢|?/9~1 and using density and duality, we
obtain Theorem 4.4.
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