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Abstract

We establish the mathematical validity of the Prandtl boundary layer theory for a
family of (nonlinear) parallel pipe flow. The convergence is verified under various
Sobolev norms, including the physically important space-time uniform norm, as
well as the L>°(H') norm. Higher order asymptotics is also studied.

Keywords: Navier-Stokes system, parallel pipe flow, boundary layer, Prandtl
theory, no-slip boundary condition

1. Introduction

Boundary layers associated with slightly viscous incompressible fluid flow
equipped with the physical no-slip no-penetration boundary condition are of
great importance. From the physical point of view, in the absence of body force,
it is the vorticity generated by the boundary layer and later advected into the main
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stream that drive the flow (see for instance the classical treatise by Schlichting
[23] and the references therein). Indeed, many physical phenomena cannot be
explained in a satisfactory fashion without accounting for boundary layer effects
(D’ Alembert’s paradox is one). From the mathematical point of view, the bound-
ary layer problem is a serious challenge since the slightly viscous fluid equation,
the Navier-Stokes system at small viscosity, can be viewed as a singular perturba-
tion of the Euler system that governs the flow of inviscid fluids (see for instance
the book by Oleinik [20] and the review paper by E [3]).

Moreover, the leading order singular behavior governed by the so-called
Prandtl equation [21, 20] may be ill posed (see the recent work by Guo and
Nguyen [8], Gerard-Varet and Dormy [5], Grenier [7], and E and Engquist [4]).
Even if the Prandtl boundary-layer system is well posed, one still needs to ver-
ify a spectral constraint on the Prandtl solution to ensure the convergence as was
pointed out in [31]. The verification of such kind of spectral constraint may not
be straightforward and it is still unknown if the classical Oleinik profile (as pre-
sented in her classical treatise [20], see also Xin and Zhang [35]) that leads to a
well-posed Prandtl system satisfies the spectral constraint.

The well-posedness of the Prandtl system is already a challenge (see the works
cited above). Our knowledge on the validity on the Prandtl boundary layer the-
ory under Dirichlet boundary condition is also very limited and the validity itself
remains a conudrum. Besides various cases where the Navier-Stokes system re-
duces to the trivial linear heat equation (either in half-space, or in a channel, or
in a disk), the only known results on the validity of Prandtl theory are either for
analytical data in half-space due to Sammartino and Caflisch [22], or channel flow
with uniform injection and suction at the boundary by Temam and Wang [27, 28],
or a special class of plane parallel flow introduced in [30] with the boundary layer
behavior carefully investigated by Mazzucato, Niu and Wang [19]. Therefore, it
is worthwhile to identify special type of flows for which the Prandtl theory may
be rigorously validated.

In this work, we investigate the validity of Prandtl boundary layer theory asso-
ciated with a special type of parallel pipe flow introduced in [30]. In this case we
assume that the fluids occupy an infinitely long pipe with circular cross-section
of radius 1, and with the z— axis being the axis of the pipe. We impose that the
flow is parallel to the axis of the pipe all the time (therefore no component of the
velocity in the radial direction), and the flow is periodic in = with period L for sim-
plicity. The classical Poiseuille flow is a special case of our ansatz provided we
identify the mean pressure gradient as part of the (periodic in x) body force. Hence
the spatial domain is Q = Q x [0, L], where Q = {(r,¢)|0 < r < 1,6 € [0, 27]}
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is the unit disk and L is the horizontal period in the cylindrical coordinates with
¢ being the azimuthal angle and r being the distance to the axis of the pipe (see
figure 1 below).

.,
D

Figure 1: Cross section on the circular pipe.

Throughout the paper, we will denote the solution of the Navier-Stokes system
with viscosity coefficient v by u”, while the solution of the Euler system will be
denoted by u’. For simplicity, we will take the same initial condition for both u”
and u’, which we will denote by u,. This choice can be relaxed.

The special type of parallel pipe flow that we investigate in this manuscript
satisfies the following ansatz for the Navier-Stokes solution:

u’ = ug(t,r)ey +uy(t,r,d)e,, p”=p"(tr), (1.1)

where u”, p” are the velocity and pressure field respectively, and e, e,, e, are
the unit vector in the azimuthal direction, x direction, and radial direction respec-
tively.

Observe that such flow satisfying the incompressibility condition automati-
cally, and the Navier-Stokes system with viscosity v, external body force f and
the boundary shear velocity 3 reduces to the following weakly nonlinear system
under the ansatz (1.1)

— (u;)2 +ro.p” =0,



1% 1%
atu; - ;ar(raru;) - 7’_2“; + fl(ta 7“), (12)
v u;jﬁ v v v v v
815“:(: + 78¢ux = ;&(r@rux) + ﬁanggux + fz(t, T, gﬁ)’

with the following boundary and initial data

uy|7“:1 = /6 = Bqﬁ(t)eqﬁ + Bﬂ:(ta ¢)exa
u” is periodic in x direction, (1.3)
u’|i—o = ug = a(r)e, + b(r, )e,.
It is remarkable that the pressure term p” can be uniquely (up to a constant) recov-
ered from the first equation in system (1.2). Therefore the second equation and

third equation of (1.2) form a closed weakly coupled parabolic system, written in
Cartesian coordinates as the following:

ol —vAul =Fq,
(1.4)
ol + (04 - Vy)ul — vAul = Fy,

with the same boundary and initial conditions as (1.3). It follows in particular
that the ansatz (1.1) is preserved by the evolution of the flow.
Here ul = (—ugsing,uycos¢), Fi = (= fi(t,r)sing, fi(t,r)cos¢), u’ =
(uy, uy), Fo = fo(t,7,0), Ay = Opyay + Oryays Voo = (O, Oy

Similar to the ansatz (1.1), we also assume

uw = ug(t,r)qu +ul(t,r, p)e,, p’=p’(t,r). (1.5)
Then the Euler system reduces to the following system:

— (ug)? +rop° =0,
Oyug, = f1, (1.6)

w0
@ug + —¢8¢U2 = fg,
T
with initial condition
uoltzo = a(r)e, + b(r, d)e,, (1.7)

We observe that the no-penetration condition at the walls for the Euler solution is
automatically satisfied in this case.



Due to the disparity of boundary conditions between the reduced Navier-
Stokes system (1.2) and the reduced Euler system (1.6), a boundary layer must
exist outside of which the flow is expected to be well approximated by the Eu-
ler solution u’. Inside the layer, a flow corrector is needed, which approximates
u” — u’. At leading order, the corrector 8° is formally governed by the Prandtl-
type equation (2.4) (see the next section for a formal derivation). The goal of
this manuscript is to investigate the mathematical validity of the Prandtl-type ap-
proximation for this special type of flow in a pipe. More precisely, we investigate
whether u” — u® — 6° converges to zero in various norms. Our main result is the
rigorous verification of the Prandtl theory in the sense of the following theorem.

Theorem 1.1. Under appropriate smoothness and compatibility assumptions on
the initial and boundary data, we have, for some constant c independent of the
Viscosity v,

u” —u® — 0% L0, 1;0200)) < v, (1.8)
u” —u® — 0% L~ 1im1()) < v, (1.9)
[0’ —u® — 6°|| L (axpoyy) < cv?, (1.10)
[p” — p0||L°°(Qx[o,T]) < CV%, (1.11)

19" = Pl ormie)) < v, (1.12)

Flows with the special symmetry (1.1) were first investigated in [30], where
the convergence in the L>°(L?)-norm of the viscous solution u” to the inviscid
solution u® as v — 0 was established via a Kato-Hopf type approach without
referring to the Prandtl theory. Mazzucato and Taylor [18] have recently carried
out an analysis of the boundary layer using semiclassical teachniques and layer
potentials. This approach does not rely as well on the Prandtl theory and does
not require any type of compatibility conditions between the intial and boundary
data. However, it yields only convergence in L>(LP) with p € [1, +o0] and does
not provide any estimate on normal gradients at the boundary.  Convergence
in L>(L?) and L?(H") norm was formally derived and announced in [31]. We
believe that the result presented here is the first rigorous result on the validity
of the Prandtl boundary-layer theory for the Navier-Stokes system in a nonlinear
setting in a domain with curved boundaries. The curvature effect can be discerned
from the pressure estimates which is different from the flat boundary case (see for
instance [19]). The curved boundary also motivated us to further develop certain
classical anisotropic estimates and embeddings. (See Temam and Wang [26, 28]
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for this idea applied to boundary layer associated with the linear and nonlinear
Navier-Stokes equations with Dirichlet boundary conditions with flat boundary.)
In particular, a novel coupled boundary layer and interior domain approach is
developed in order to derive the L>°(H!) estimate in our curved geometry.

We also remark that there exist abundant literature on boundary layer analysis
as well as the related vanishing viscosity limit problem associated with the Navier-
Stokes system equipped with different (non-Dirichlet) boundary conditions. For
instance, for the case of Navier-slip (and the simpler free-slip) boundary condition,
there are many interesting works on the related vanishing viscosity limit as well
as the analysis of the (secondly) boundary layer. (See for example [1, 2, 6, 9, 10,
12, 15, 16, 17, 29, 32, 33, 34, 36] among many others). However it is beyond the
scope of this paper to survey results associated with various kinds of boundary
conditions (non no-slip no-penetration).

The rest of paper is organized as follows. We provide a formal derivation of
the Prandtl-type equation for the leading order corrector 8° utilizing the Prandtl-
type ansatz in Section 2. The well-posedness of the Prandtl-type boundary-layer
system as well as appropriate decay properties is briefly discussed in Appendix
Appendix A. An approximate solution to the reduced Navier-Stokes system (1.2)
is constructed in the second part of Section 2 utilizing the inviscid solution u’
and the leading order boundary-layer type corrector 8°. The validity of the ap-
proximation proposed in Section 2 is rigorously established in Section 3 under
various norms. Higher-order asymptotic expansions are considered in Section 4.
The regularity of solutions to Euler equations as well as the compatibility condi-
tions needed to ensure the smoothness of the Navier-Stokes system are mentioned
in Appendix Appendix B.

2. Prandtl type equation and approximate solution

2.1. Prandtl-type equation for the corrector

According to the Prandtl boundary layer theory as proposed in [21], the vis-
cous solution and the inviscid solution are close to each other outside a boundary
layer of thickness proportional to /. Moreover, the viscous solution must make
a sharp transition to the inviscid main flow at the boundary within the bound-
ary layer because of the no-slip boundary no-penetration condition of the viscous
flow. Therefore, we postulate that the solution to the Navier-Stokes system can be
approximated by

u’(t,r,¢) =~ u(t,r,¢)+ 0°(t, 1% }), 2.1



1—r
N

where u®(t,7, ¢) = ug(t,7)eq + ul(t,r, d)e, is the inviscid solution to the Euler
system, and the (boundary-layer-type) corrector 6°(t, %, ¢) = 65(t, %)eqs +

p(t,r, ¢) =~ p°(t,r) + (¢,

), (2.2)

0°(t, 1—\;;7", ¢)e,, thanks to our flow ansatz (1.1).

—_

Introducing the stretched variable Z =
satisfy the following matching conditions

_VT, we notice that the corrector must

§

0° = 0as Z = o0, 6°(t,-¢)[z=0 = B(t,¢) —u’(t,1,¢).  (2.3)
It is then convenient to work with the following domain for the corrector 6°:
Qo :=[0,27] X [0,00).

Introducing (2.1) and (2.2) into (1.2) and (1.3), utilizing the Euler equation
(1.6) and keeping the leading order terms in v, we deduce the following Prandtl-
type equation for the leading-order of the boundary-layer profile (corrector) 6°:

D480 — 07260 = 0,

0,00 + 928(]5142 (t,1,¢) + 9850(;5(92 + ug(t, 1)040% = 07,62,
(09,09) ] 2=0 = (Bs(t) — ud(t, 1), Ba(t, ¢) — ud(t,1,9)),
(03, 02) 2200 = 0, (05, 02)|:=0 = (0,0).

(2.4)

The well-posedness of the system is trivial. The decay, as Z — oo, of the
solution can be derived in a straightforward manner just as in the case of the lin-
earized compressible Navier-Stokes system studied by Xin and Yanagisawa [34],
assuming appropriate compatibility conditions between the initial and boundary
data. These are discussed in Appendix Appendix B. Decay estimates as well as
the main idea of the proof are presented in Appendix A.

It is also easy to realize that the leading-order correction ¢ to the pressure
term satisfies

974" =0, (2.5)

and hence we can conveniently set

¢ =0. (2.6)



2.2. Approximate Solution

With the leading-order corrector 6° and the inviscid solution u® in hand, we
are now in a position to construct an approximate solution to the Navier-Stokes
system (1.2) with the given ansatz (1.1).

As in Temam and Wang [26, 28] and Mazzucato, Niu and Wang [19], we
introduce a cut-off function to ensure that that the approximate Navier-Stokes
solution u?, given below, satisifes the same boundary conditions as the true
Navier-Stokes solution u”. Let p(r) be a smooth function defined on [0, 1] such

that
1 rel;1],

p(r) :{ 0 refol]. 2.7)

Because of (1.1), the approximate solution to the Navier-Stokes equation must
have the form:

N[ =

=

= g (t,r)ey + A (L7, des, (2.8)
1._

@ (t,r) = (L, r) + p(r)00(t, 77“), (2.8a)

B (1. 6) = t.7.0) + p((E " 6). @2.80)

NG

In view of (2.6), we take the pressure associated with the approximate velocity to
be:
P =7 (2.9)

It is straightforward to verify that the approximate solution u*”? constructed
above satisfies the Navier-Stokes system with (small) extra body force:

- (ﬁzpp)2 + /r_arpapp = A7
~Q 14 ~aQ v ~Q,
3tu¢pp - ;ar(raruggpp) + ﬁu(bpp =B+C+ f17 (210)

~app
- N v B v ~
B, uP + —ﬁ Ogiis?” — 0, (1O U") — 5006y = D+ E+ F + fo,

where the (small) extra body forces are given by
A= —(pég)2 - 2pu26’0,

1 1 1 1
B=v —;&(r&,ug) + ﬁug — ;p’(r)Qg + ﬁpQS, —p" ()63,



1
C = \/; |:;p820¢0) + 2,0/(7’)8Zeg:| y

0 t,
D=y (p 1) 600,67 + (%(T ) _ ot 1)) PO 2.11)

; _
1
1 0 1 ! 0 /1 0
B = | 0,000) + - ()60 + §(r)e0
1 0 1 0
+5000Uz + 500060z |
F=\v [2p’(7“)8z92 + %paﬁﬁ} :

This approximate solution satisfies the desired boundary and initial conditions in
the sense that

ﬁapp‘r:l - /Bd)(t)ed) + /8$(t7 ¢)e$7
u),_o = a(r)es + b(r, ¢)e,. (2.12)

3. Error Estimates and Convergence Rates

We are now ready to prove our main result, that is, estimates on the error u” —
u’”P. We observe that the convergence of u”” to u” also implies the convergence
of u” — u® — 6° to zero due to the choice of the cut-off function pin (2.7) and the
decay property of the boundary layer function 6°.

For the purpose of convergence analysis, we introduce the error solution
u®”" = u” — u”?, with associated pressure p“" = p” — p®??. (We recall that,
due to the symmetry of the flow, the pressure appears only in the equations for the
cross-sectional components of the velocity, which are linear.) The error solution
satisfies the following system of equations:

(") + 2ug g —rdp™" = A, (3.1a)
vV 1%
Oug” — 0 (rOrug”) + Sug” = —B - C, ©.1b)

Eerr

err ug err ud’ ~app v err

ol + —0pul" + ——0pul? — =0, (roul™")
T T r

- %%u;’”r —_D-E-F, (3.1¢)



where the body forcing terms A through F' are given in (2.11), and the boundary
conditions and initial data are specified as:

err ‘

u =1 = 07

U, = 0. (3.2)

Our goal in this section is to show that u®”, p®" converge to zero in different s
norms as v tends to zero. More precisely, we aim at proving the following result.

Theorem 3.1. Suppose the initial data v, the boundary data 3, and the external
forces ¥ are given as in Proposition Appendix B.1. Then there exist positive
constants cs independent of v, such that for any solution 0" of the system (1.2)-

(1.3),

[[u” — Q"P|| poo (0,1 02(02)) < i, (3.3)
[0 = @] 2 o 11 () < v, (3.4)
0" — Q|| oo 0,711 (52)) < €1, (3.5)
[[u” = a"P|| oo (axfo,1) < w3, (3.6)
1" — 2| ax o)y < €V, (3.7)
lp” — p0||Loo(0,T;H1(Q)) < cvi, (3.8)

Our main result, Theorem 1.1, follows from the theorem above and the decay
property of the boundary layer corrector 8°, once a choice of cut-off function p
has been made.

In view of the estimate

1
| ’90 | ’L‘X’(O,T;L2(Q)) R cr4,

and (3.3), by the triangle inequality we can derive sharp convengence rates in
viscosity as an immediate corollary of Theorem 3.1.

Corollary 3.2. Under the hypotheses of Theorem 3.1, the following optimal con-
vergence rate holds:

1 1
cvi < |Ju” — ||z < Ve, (3.9)

where c; and co are positive constants, independent of v.
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The proof of Theorem 3.1 consists of several parts. We first show that the
extra body force terms are small. The L>°(L?) and L?*( H') estimates then follows
directly. Estimates in L>°(2 x [0, T']) are derived, instead, via the maximum prin-
ciple and the anisotropic embedding theorem. The L>(H') estimate requires
a different approach, which entails two distinct bounds, one near boundary, the
other in the interior, obtained by introducing a further cut-off function.  The
convergence of the pressure follows from the convergence of the velocity field.

3.1. Smallness of the extra body forcing terms

We first verify that the extra body forcing terms A-F in the right-hand-side of
the equations in (3.1) are all small in some appropriate sense. Here and below,
with a slight abuse of notation, ¢ denotes a generic constant, independent of the
viscosity v, which may change from line to line. Also, we set (Z) = v/1 + Z2.

Lemma 3.3. Suppose the initial data v, the boundary data 3, and the forces
F are given as in Proposition Appendix B.l in Appendix B. Then the following
estimates for A-F given in (2.11) hold:

A

HT_QHL‘X’(O,T;Ll(Q)) < w3, (3.10a)
||é”L°°(O,T;L2(Q)) < CVi, (3.10b)
1B + Clleomza@) < v, (3.10c)
ID + E + F|~ori2 ) < i, (3.10d)
105(D + E + F)||L0.1;22(0) < i, (3.10e)
1B + Clli=(@xiomy < cv?, (3.10)
ID + E + F|| 1 xory < cv?. (3.10g)
[|1B + Cl|re(0,7;02(00)) < v (3.10h)
1D + E + F||p~or2 @y < cv, (3.10i)

for any subset Y of Q such that the closure Q' C .

PROOF. We first observe that inequality (3.10a) follows from the estimate:

||ﬁ||L1<Q) =

A 1 90 2+2 090
/ (p ¢) |PU¢ ¢| rdr

r2
1

11



1 1—7r_9 1—r
C(1+|\U2HL°°(Q))ﬁ (92(75’7» +\92(t,7)!dr

4
< (Ut i) [ (8062)" + 00, 2) 02
0

< o, (3.11)

IN

where we have utilized the regularity and decay properties of the corrector 1935
and the fact that the term A contains the cut-off function p. (See Lemma Ap-
pendix A.2 and Remark Appendix A.l in Appendix Appendix A for further
details.) Estimate (3.10b) is deduced in the similar fashion. The constants ¢ in
(3.10a) and (3.10b) depend on the norms of ||ug||n2(q), ||F||rmH2(0)) and

18] 25075122
We now turn to estimates || B + C|| e (0,r;2(00)) and ||E + F||pe07:22(0)-
Making the change of variable Z = 1—\; in computing ||63]|.2(..) yields a factor

of v1 in the bounds below, which follow from similar arguments as before:

1B 0,520 < || Aubes)||r o2y + v 15| Lo 0.1:22(0.00)-

| |C| |Lo<>(o,T;L2(Q)) < CV% | |3292>| |L°°(O,T;L2(0,oo))7

1B oo 01522 (62)) < ev||Aug]| oo 0,720 (3.12)
+ cy% (

’92\ ‘L°°(07T;L2 (0,00)) T \ |3¢¢92\ \Loo(o,T;L2 (O,oo))) )
3
||F||L°<>(0,T;L2(Q)) < CV4||8ZQ<?5||L°°(0,T;L2(0700))'

These in turn give immediately (3.10c) and (3.10d).
To estimate the norm of D, we decompose D into three parts D = [1+ o+ 13,
with

2m 1
12l = lIo2 = D0y = [ [ AE = 12092 0,097 s
2
< C/ (

—
(V]

(62)%(0p02)% rdr + / (r — 1)2(93)2(a¢92)2rdr) do

S\“

3
2

2(040°)2 Z* dZ dp+

o / / A0 2 dzdo
0 0

12



< 3 [109]13 0,400 |1 (Z) 021220 (3.13)

and
uo(t 7“)
112]1 72 () = = [|p(-2 ug(t,1)) 9001720
0 t 2
/ / { Uyt ) ug(t,l))&ﬁg} rdrde
2 2
-/ / P 01— . 1)0u| ravdo
<c %( g || oo @) + 10| oo Q)) 1(Z >8¢02||%2(Qoo)7 (3.14)
and finally
Apul(t,r, ¢
30y = NP0 0,00(0,1, )60 2o

2
/ / { a‘f’“ ”"b) a¢ug(t,1,¢))eg] rdrde

2
/ / = mug(t,w)—a¢u2<t,1,¢>)eg] rdrds,
<ec

2
< ez (10Ul | 1) + [10rsul |z 11 (Z) 01220 500y (3.15)

We remark that we have imposed enough regularity to ensure the validity of the
computations above (see Lemma Appendix A.2, Appendix A.3 and Appendix
B.2 in Appendices Appendix A and Appendix B.) Inequalities (3.10c) and
(3.10d) then follow from (3.12)-(3.15) with constants ¢ depending on ||ug || z4(q),
|| oo 0,712 0))» 1|18 Loe (0,150 (02)) -

Estimates (3.10h) and (3.10i) contain only the forcing terms C', D and F. We
suppose that Q' C B(0, o) with B(0, o) being a ball of radius o < 1. We discuss
in detail how to bound the first term in C', all other terms can be bounded in a
similar fashion:

7 1—r 2
2((v) < O, —— .
P laay < < [ (0t ﬁ» dr (3.16)

= 1—0/ NG - (023 \/_))er

by
= o [ 208" 42 < 01| (2) 0289 o

—0o

NG
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Finally, (3.10f) is a direct consequence of the estimates for the corrector °
contained in Lemma Appendix A.2 and Lemma Appendix A.3, as well as the
regularity of solutions to the Euler equations stated in Lemma Appendix B.2. The
constant ¢ here depends on ||ug|| g4y, ||F||Le(0.1:84@))s ||8|] 2o (0,114 (2)). One
can derive (3.10g) similarly to (3.10d) employing the L° norm instead. The con-
stant ¢ in (3.10g) depends , however, on more regular data in H7 (1), see Lemma
Appendix A.3.

Remark 3.1. It is mentioned that the interior estimates can be improved up to
any order of v for terms C, D, F. However, the interior estimates (3.10h) and

(3.101) are optimal because of the appearance of Aug and Au® in terms B and
E.

Remark 3.2. We did not try to optimize the regularity condition we imposed on
the data vy, F and B, because the boundary layer exists even if the data is as-
sumed smooth.

3.2. The L=(L?) and L*(H") convergence

We recall that the error solution u®” = u” — a%?, p” = p” — p° satisfies the
system (3.1)-(3.2).

It will be convenient here to work in Cartesian rather than cylindrcal coordi-
nated. We observe that equations (3.1b), (3.1c) together with the initial boundary
conditions (3.2) form a closed weakly coupled parabolic system which can be
rewritten in Cartesian coordinates as

ovy" — VAV = ga, (3.17a)
oS + (uf - Vy)u§" — vAw§" = gs, (3.17b)

where v¢"" = u®" in Cartesian coordinates, that is,

err

Ve'r'r(t’ xl’ 33’2) —_ (U1 err

err Pp— err err err
;s 08TT) = uge + ug ey + ug e,

with

Vi (t, 21, 19) = —ug " sin @,

vy (t, 71, 12) = ug " cos ¢,

err
xr

v (t, w1, 22) = u

err __ err err _ err err
Vy =V €y T Uy € =1U, € + U, €,
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together with homogeneous initial and boundary conditions

Verr|T:1 — O,
(3.18)
Verr’tzo — 0
The forcing terms g5, g3 are given by
=—(B+0)( - ==, ——),
g2 = —( It Va3 \/zf—&—a:%) (3.19)

g3 =—(D+ E+ F) — (v¥" - V)02

(%

err

We notice that the cross-sectional component v{'" satisfies a two-component
(scalar) heat equation (3.17a). Therefore standard energy estimates and the maxi-
mum principle together with the estimates (3.10c) and (3.10f) in Lemma 3.3 yields

W

Ve | ooz < cvi,

Ve || 2ormny < cvd, 520,
[V | oo o)y < vt , '
Ve | peaxoayy < cvr.

For later use, we also derive an interior estimate on ||V || Lo (0,r;12(c)) for
Y cc Q. Let n(r) be a smooth function with compact support in €2. Multiplying
equation (3.17a) by n*v", and integrating the resulting equations by parts leads
to

1 d err err
S nvy ||%2(Q)+V||77VUVU ||%2(sz)

2dt
S CHB + C||L2(Q/)H77V2TTHL2(Q) — V/ VUVETT X (vav’n) . Vsrr dx
Q
z err
< cv|nvy || 2@) + vt | InVovy || L2 ) (3.21)

where we have employed (3.10h) in Lemma 3.3 and the L°°(L?) estimate in
(3.20). Applying first Cauchy’s inequality, and then Gronwall’s inequality, we
then obtain

1 err
vy Lo o.rs020)) + V2 NVovy |2 0,1522(0)) < cv. (3.22)

15



We now notice that the last term in g5 can be rewritten as:

err

(VT V) aP? = 0, u.
T

We then conclude again from the definition of u®”? given in (2.8), the decay prop-
erties of the corrector #° found in Appendix Appendix A, and the regularity of
solutions to the Euler system in Lemma Appendix B.2, that

1 ~a
||;8¢U;gpp||Loo(Qx[o,T]) <g (3.23)

with a constant ¢ depending on ||uo|| g3y, ||F|| L 0,7;13(0)), and

18| o< (0,1 113 (52))» but independent of v. Therefore one has the following uniform
estimates by (3.20) and (3.23):

—a 1
(Ve - Vo ) UG || Lo (ax o)) < cv2. (3.24)
Applying the same energy argument to equation (3.17b) gives

3
cvi,

IN

05" || oo 0,7:12(02))

Vi, (3.25)

IN

05" | L2 0,711 (02))
0§ [|Le 0,2y < cv.

by inequalities (3.10d), (3.101) in Lemma 3.3 and estimates (3.20), (3.22), (3.24).

3.3. Uniform in space and time convergence

We begin by observing that the uniform convergence of the tangential compo-
nent v{'" has been already derived in the previous subsection via the maximum
principle. Similar uniform estimates on v§"" can be derived via maximum princi-

err

ple as well since v satisfies a (scalar) advection-diffusion equation with source
term. For this purpose, we define the differential operator L by

L:at—FUZ'V,U—I/A.
A simple calculation shows that

L(v§™) < L(fy llga(s)lz () ds), and

16



0§ < Jo||g3(8)||pe() ds,  on PQ

where () is the parabolic boundary of the domain 2 x [0,7"]. Then the com-
parison principle for linear parabolic equations (see e.g. [14]) implies that v§™" <

t 3 3 3 err
Jo lgsllze@yds in Q x [0,T]. Similarly, ~we have v
> — f(f ||93|| (@) ds. One then concludes from estimates (3.10g), (3.20) and
(3.23) that

t
1
05" || Lo (ax[o,) < ’/ g5l o=@ ds| < T|gs||L=@xjor) < cv2,  (3.26)
0

with a constant c¢ depending on T, ||[uollu7), ||F||c~rn7), and
18Il o .37 (<2 -

Remark 3.3. An alternative proof of uniform bounds in L™= () x [0, T)) is based
on the use of anisotropic Sobolev-type embedding (see for instance [26, 28] for the
case of flat boundary.) In the case, as our setting, of curved boundaries, the main
idea is to perform separate estimates, one valid next the boundarty, the other in the
interior. Near the boundary, curvilinear coordinates allow to generalize the flat
case result (see Lemma 3.4 below, which is a counterpart of Remark 4.2 in [26]).
Away from the boundary, on the other hand, we expect to employ a direct energy
estimate due to the absence of the boundary layer. This alternative approach has
the advantage that it can handle systems where the maximum principle may be
invalid. This dual approach will be utilized to derive L>(H") estimates.

Lemma 3.4. Suppose the domain D is an annulus D = {(r,0)|0 < Ry <1 <
Ry,0 € (0,27)}. Then for any function uw € H'(Q) satisfying either u|,—r, = 0
or u|,—g, = 0, there exists a constant C depending only on Ry such that

1 ou, 1 Oou, 1 ou, 1
||UHL°°(D) < C(H“HH(D)HEHL?(D)+||5HL2(D)||%||L2(D)
1 0%y 1L
 lullZay 1555l ) (3.27)

The proof is straightforward via Agmon type embedding in the azimuthal di-
rection together with embedding (interpolation) in the radial direction. General-
ization to general curvilinear coordinates as well as high dimension can be con-
sidered as well.

17



3.4. Converegence in L™(H"')

The goal of this section is to derive L>°(H") estimate for v$™", given that an
L>(H") estimate of v¥" was already obtained in (3.20). This estimate is the
most interesting given that it involves normal gradients of the error solution.

We employ again the the two-step approach described above: first, we derive
an estimate near the boundary based on the better control we have on tangential
derivatives even in the presence of a boundary layer; second, we derive a standard
interior energy estimate away from the boundary layer. In order to separate the
boundary layer from the interior, we introduce a further cut-off function (r) with
an appropriately chosen support in €2 (to be specified below).

Let us denote w = Yuf" = 1v5™". Then w satisfies the following equation
written in polar coordinates:

err
77/1“¢

U g — ¥ Y —
oyw + . Opw Tar(rarw) = OppW =
V(D + E+F) —vul Ay — 209 (r)0,ul™, (3.28)

8¢ﬂ;pp—

with homogeneous initial and boundary conditions
w|r:1 = Oa
w|t:0 =0.

3.4.1. Estimate near the boundary
To emphasize that this is a construction near the boundary, we will ¢,(r) for
¥ (r) and w, for w in (3.28). We take () to be a smooth function defined on

0, 1] such that
1 ez 39
el =1 relo,]. -2

First, we multiply equation (3.28) by —0yswy - r and then integrate in 7 and ¢,
in light of estimate (3.10e) in Lemma 3.3,

1d 8¢¢wb
5 a1 sunlFaoy + V19srwn| e + V]

ScWM%mmmWMM%mmmwwm%ﬂm@+

(1A + [10sp02 ]| L (@00 | [10ug " ] 20 )H%wbllm(nﬁ

HL2(Q)

rr g
(Vg™ Atdu| |2y + 20 ][4 (r) D [ 2()) || =2 b|| ()
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w,
® |l 2y (3.30)

3 7)
< cvi||Opws | L2(q) + cv|| 00
Then it follows from Gronwall’s inequality and estimate (3.25) that

|10pwp|| oo (0,722 (0) +

OppW
VU ([10grws|| 20,7220 + || 72—

»Jk\CN

l[z20,7:22(2 ))) <c (3.31)

In order to obtain an estimate for 0,w;, we multiply by —%&(T@rwb) -7 on
both sides of equation (3.28) and integrate it by parts

1d ar¢wb
A Y L X s R [ Y [

< (g oo + 17 el Botwnl |z + V11 2o+
VGO sy + 19D + B + Pl e+

~Q err 1
10615 || oo o |51 || 20 )II;ar(Tarwb)llmm)Jr

8wb

cz/||8¢wb]|L2 H ||L2(Q) (332)

Young’s inequality and Gronwall’s inequality then yield

1
HarwbHLoo(o,T;LZ(Q)) + \/;H—@T(ra wb)HL2(0,T;L2(Q))

(‘)w 1
+ V|| =

20,7522 < eVt (3.33)

where we have used estimates (3.23) and (3.31).

3.4.2. Interior estimate
We now turn to the estimates in the interior of €2. To this end, we let ¢;(r) =
1 — () so that
1 relo,z],

Yi(r) = { 0 rel2) (3.34)

N

We rewrite equation (3.28) in Cartesian coordinates as

Orw; + (uj, - Voy)w; — vAyw; = —h(D + B+ F) — vug" A1)
— 2vi(r)005"" — ((ivy'") - V) ugh, (3.35)
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with homogeneous initial and boundary conditions.
Multiplying (3.35) by w; and integrating the resulting equation over (2 gives

1d
5 il ay + MVl By
< (D + B+ Pl il + vl el 1240y

8¢,u

+ ¢|| [ Lo @ [sug " || 2 @) Jwil | 22 @) - (3.36)

By utilizing the estimates (3.10i), (3.22), (3.25), and the tangential estimate on the
approximate solution (3.23), we deduce that

1
|wil|Loo0.7:02(0)) + V2| VowillL20.1:02(0)) < cv. (3.37)

In particular,

1

[V owi|| 20,1 02(0)) < cv2. (3.38)

Furthermore, by multiplying equation  (3.35) by —A,w; and integrating over
the domain €2, one has that

1d

2 dt
< [[yi(D + E+ F)l[zz@llAvwillz2@) + V105"l @ | Avwil |2 (@)

~(l

—AIVowil[ 12 + vl Avwil [z )

+ H ||L°°Q)H¢1UWHL2 Y Awi|[ 220

+ / (uy - Vy)w; Ayw; dx. (3.39)
Q

We now recall that u?? = ﬁ‘;pp ey, that V, - u? = 0, and that u” = v + a™?
Consequently, all terms in the right hand side of equation (3.39) except the last
one can be estimated in the same way as in (3.36)-(3.37). We deal with the last
term as follows:

/(uZ - Vo) wi Ayw; dx

Q

- /(VZ”" - Vo) w; Ayw; d:}c+/( PV, w;Ayw; da
Q Q

S cy%||va,-||L2(Q)||Avw,~||L2(Q) — /(valgpp : val) : vai dx
Q
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v ~a
< el|Vowil[72) + ZHAvwiH%Q(Q) + [V 0P| oo o) | [ Vowi |72
< c(llugeg||m2+s@) + 120203 | L (0.00)) [ Vowi[ 120

v
+ el Vowillzz o) + 1Az, (3.40)

where ' = {r < 2} by the definition of the the cut-off function (3.34). By
introducing (3.40) back into (3.39), applying Young’s inequality, integrating in
time ¢, we finally obtain, utilizing (3.38),

vawHLoo(O’T;LQ(Q)) < cr2. (341)
Combining estimates (3.25), (3.31), (3.33) and (3.41) gives the desired estimate
1
5™ || oo (0,731 (0)) < eVt (3.42)

Remark 3.4. An alternative way of deriving the L>°(H") estimate is to include
higher-order terms in the asymptotic expansion (2.1)-(2.2). We address this point
in Section 4.

3.5. Convergence of the pressure
We first recall the following calculus formula for a vector function u = v(r)e,

Vu, — ( —dwsinge, — Zcospey ) . (3.43)

drvcospe, — Zsingey

Then it follows directly from equation (3.1a) that

orr (u;rr)Q QUZ{T&;PP A
100" L2y <] lz2@) + 11— lz2e) + 1| llr2@)
err ~Q ug“?“ 1
< (g =@ + 2@ @)= = llz2@) + v
< IVouy |2 + wi < cvi (3.44)

where we used the estimates (3.10b) and (3.20) as well as the calculus identity
above.
Next, we integrate equation (3.1a) to find that, assuming p*"(1) = 0

1 uerr 2 2uerr,&app A
—pmz/ ™) | 270 A (3.45)

S S S
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Therefore estimates (3.10a) and (3.20) yield

87’7’||

p

<(Q)
uerr O
< || —lz20) +C(||—\|Loo +||9¢||L°°o+oo))||um||+0\| |z
< ||V v 220 Fov? + et < vl (3.46)

4. Improved convergence rate

We ask whether the rates of converegence in viscosity presented in our main
theorem, Theorem 1.1, are optimal. A heuristic argument using the order of the
expansion in v indicates that some of the rates are suboptimal. Optimal rate of
convergence can be deduced by formally expanding the Nevier-Stokes solution to
higher orders as it is classically done (see for instance [27, 19, 34] among oth-
ers). However, expanding to higher order requires correspondingly more strin-
gent compatibility conditions between the initial and boundary data, as discussed
in Appendix Appendix B. Below, we present an asymptotic expansion up the first
order (which is the next order) to illustrate the point and for the sake of simplicity.

4.1. Formal asymptotics
Similarly to (2.1) and (2.2), we now assume that the approximate Navier-
Stokes solution has the form:

u?PP (¢ r, ¢) == u(t, r) + u(t,

1—7r
N
p PPt r) = pOt, ) + Vupt(t,r) + Vgt (t,

,9), 4.1)
1—r

7

). 4.2)

where
. u"“(t, r,¢) = u(t,r) + /vul(t,r) is the outer solution, valid in €;
o uc(t, 7, ¢) = 0°(t ,1_75,¢)+\/501(t, 1%,@5) is the corresponding bound-

ary layer solution, which is valid in €2

T

In terms of the stretched coordinate Z = % the corrector satisfies the following
matching conditions
0" = 0as Z — oo, (4.3)

where 1 = 0, 1.
The equations satisfied by the outer solutions and correctors can be easily
derived by keeping only terms with the same order in v:
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1.

2.

The leading order u®(t,r,¢) = (0,ug(t,r), ud(t,r, ¢)) satisfies reduced
Euler equation (1.6) with initial data (1.7).

The first order of outer solution u'(t,7,¢) = (uy(t,7), uy(t,r, ¢)) satisfies
the following equations

— Qu(;utlz, +7rop' =0,
dyuy, =0, (4.4)
ul ul
Opul + T¢8¢Ui + 7¢8¢u2 =0,
(ugliw ualc)‘t=0 = (07 0)
Since (u;ﬁ, ul) satisfies transport equations with homogeneous initial data,

it follows that (uj,u,) = 0, and consequently, we can take p' = 0 for
convenience.

The leading order of the boundary layer profile 8°(¢, Z, ¢) satisfies system
(2.4) in Section 2.

The first order of the boundary layer profile 8*(¢, Z, ¢) = (0,63, 0;) satis-
fies the following system:

(09)% + 2ug(t,1)05 = —0zq",

00y, = 07205 — 0,63,

0,0 + uS(t,1)940% + 030,01 — 97201 = —09,6° 4.5)
— 030,01, 1, 0) + Z63(0,0,u2(t, 1,6) — Dgi(t, 1, 0))
+ Z(8,ul(t, 1) — ud(t,1))0p80 — Z650,60 — 9760,

(03, 0:)|z=0 = (0,0),

(05, 02) z=00 = 0, (05, 0;)]1=0 = 0.

The existence, regularity, and decay properties of solutions to system (4.5) can

be derived in a manner similar to that for the system satisfied by the zeroth-order
expansion under higher regularity assumptions and higher compatibility condi-
tions between the initial data and boundary data , as illustrated in Appendix Ap-
pendix A.

4.2. Approximate solution

The formal expansion u®PP-! presented in the previous subsection cannot be

directly used to accommodate for the fact that the decay properties of the corrector
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arise in an infinite domain. As in Section 2, we remedy this point by introducing a
truncation factor in the radial direction. We then define a truncated approximation
@t 7, 0) = (ag™ (¢, r), @ (1, ) with

() im () + )68+ VL) 1, D),

\/;
ar(t,r, @) = ud(t,r,¢) + p(r) (02 + VvO))(t, 1% ¢),  (4.6)
1-— 7’)

N

PR(t, ) = p°(t, 1) + Vv (L,

where p is defined in Section 2.
Then t%?P+! satisfies the following system

— (@21 4 70, = A,

14

Q! = =0,(rd i) + Sut = i+ B+C+G, @)

~app,1
u v v
~app,1 ¢ ~app,l _ Y ~app,1\ _ Y ~app,1
Oyugr? + . Oplly r&,(r@rux ) > Opp U

= fo+D+FE+F+H,
where /1, B, C’, G, ﬁ, E, F and Hare given by
A= (r—p")(05) +205(rug(t, 1) — ug) — 2v/v(ug + ph3)0; — vp*(6;)?,
» 1 0 1 0 L, 0 1 0 1 0
B=v —;8T(raru¢) + Uy~ P (r)0g + r—2p6¢ —p"(r)0,
+L0,40}+ 20 (020}

1

2 (r 1
G=v {ﬁ%— g, (r)é’é},

r

L — Ouy(t,1,0) + Vv Z (Orpun(t, 1,9) — dpup(t, 1, ¢))} 05
0
e [% (1) + VPZ (Bt 1) — 1))} 0,0

24



(r (g 1 \/ZZ) 600,67,

)
P 0 1 1 0 1 . 0 / 0
P51 (05046, + 0,0,07) + p ~ = 1) 020, +2p 070, (4.8)

O
(an — Opud(t, 1, gb)) 0+ p (—d’ — uy(t, 1)) 8¢0}6] ,

P

;
1 /

H=v|=1000a8) ~ (L0 ) ot (2420 )
r T T

2 1
+p—9§>8¢9i — 5009 — %5@92} :

+p
E=\v
_|_

m\w

F=v {——91 ”9;,—%%9;].

The corresponding boundary conditions and initial data are imposed as

4.3. Convergence
We define again an error solution 0" (¢, , ¢) :=

( err(t 7") Aeﬂ"(t T, (b)) and perr where
ag”(t,r) = uh(t,r) — w (¢, 7),
B (L. 6) = (L7 6) — B (1,7 ), 49
P = p0 () = P ).

Then the error solution satisfies the following system

~ ~ ~ 1 A 1
( err‘) + 24 e?“r app _ rarperr — A,
1 1% A A

atAerr . ;ar<rarazrr) + = > At;rr =-B-C-G, (4.10)
aerr
ata;rr ¢8 ~err a(j)@gpnl Va (7“(9 uerr) . _a¢¢Aerr
r r
—(D +E+F+H),

with corresponding boundary and initial conditions

NETT

u |r:1 = 07
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4",y = 0. 4.11)

One can verify that the extra body force terms B’, cee F' are small in the fol-
lowing sense: o
1B + C + Gl 0m502(0)) < v,
|ID + E+ F + Hl| 1 01;02(0)) < ¥,
IB + C + Gllp=omr0) < v,
HD +E+F+ HHLOO((LT;LOO(Q)) < cv.

(4.12)

Utilizing the new expansion (4.1) and applying exactly the same technique
as in the proof of Theorem 3.1, we are able to improve the convergence rate of
Theorem 3.1 as follows:

Theorem 4.1. Assume that the initial data a(r),b(r,¢) and the boundary data
(B, Bx) satisfy appropriate high order compatibility conditions as described
in Appendix Appendix B.  In addition, we assume that v’ € H™(Q),8 €
H?(0,T; H™()), m > 9. Then we have that

[u” —u® — p(r)(8° + V0" || oo 01er1 (@) < O(17), (4.13)
[u” —u® — p(r)(6° + Vv8") || L= (01)x0) < Ov), (4.14)
where the cut-off function p(r) is defined in Section 2.

Remark 4.1. Estimate (4.14) is sharper than the corresponding result for plane-
parallel flows (inequality (6.13) in theorem 6.1 of [19]), since we employ here the
maximum principle instead of the anisotropic Sobolev embedding, and we impose
more compatibility and regularity conditions on the data. Therefore we can reach
optimal convergence rates in viscosity.

As a corollary, we deduce the following optimal convergence rates for the
zeroth order approximation.

Corollary 4.2. Under the same assumption as Theorem 4.1, we have

1 1
csvi < |u” —u® — p(r)6°|| Loy < cavi,

1 1
;v < [Ju” —u® — p(r)0°|| Lo axjory < V2,

where c3, ¢4, c5 and cg are generic constants depending on uy and (3 but indepen-
dent of viscosity v.
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Appendix A. Corrector estimates

In this appendix, we discuss the decay properties and the regularity of the
correctors 8° and @' governed by the Prandtl-type equations (2.4) and (4.5) re-
spectively. For this purpose, we introduce the following general Prandtl-type
boundary-layer problem for a corrector-like function # over the domain {2:

8t9 + CL(t, Z)@d,@ - 8229 = h(t, qb, Z) in Qoo X [O,T],
0l,.=0, 0],_ =0, (A1)
9|t:0 =0,

where a(t, Z) and h(t, ¢, Z) are given functions with the following regularity:

OFa € L% (0o x [0,T)), (2)' 0FFh € C(0,T; L*(Qse))
fork+p<n, k=01, (A.2)
where (Z) = v/1+ Z2,1 n, and m are given positive integers.

Moreover, we impose the following compatibility conditions on the data in
problem (A.1):

OFn0,0,2) =0, k=0,1. (A.3)

Then one can modify the approach in Xin and Yanagisawa [34] (Theorem 4.1)
to obtain the following result.

Proposition Appendix A.l. Assume conditions (A.2)-(A.3) hold. Then the Prandtl
type boundary layer equation (A.1) has a unique solution such that

(2)' 0310320 € C(0,T; L*(Q0)),
(5] —f- ]_

forag + | |<n—-1, ay<2, (A.4)

and

(2) 0roh0 € C(0,T; L*(2x)),
fork+p<n-1, k=0,1. (A.S)

In addition,

or0(0,0,2) =0, k=0,1. (A.6)
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We now apply Proposition Appendix A.1 to equations (2.4). First, we notice
that the m-th order compatibility conditions (B.2) on the data in equations (1.3)-
(1.4) imply the following compatibility conditions on the data in equation (2.4):

af(ﬁ_u0|r:1)|t:0 =0, sz,l,...,[m/Q], (A7)

where [2] denoted the greatest integer in z. Now, define j, = [8o(t)—ud(t,1)]e™” g

Then one finds that 8, = 02, — Jo» Where 92) is defined below equation (2.2), sat-
isfies equation (A.1) with a(¢, Z) = 0 and

h(t, Z) = —[By(t) — Ol (t, 1)]e™%" + [Bo(t) — u(t, 1)](42% — 2)e 7",

It is easy to verify that conditions (A.2)-(A.3) are satisfied with p = 0 if we assume
m > 4. Therefore the conclusion of Proposition Appendix A.1 holds for §;. Then
it follows that

(Z)' 930, € L=([0,T] % [0, +0)), «=0,1,
from the interpolation inequality
1602, 2)|| L= (£ (0.400)) < K||9||E§O(L2(o,+oo))||9||zgo(H1(o,+oo))'
The lemma below then follows from the definition of §; given above.

Lemma Appendix A.2. Under the same conditions as in Proposition Appendix
B.1 withm > 4, 03 € ﬂg-rZ?]C’j([O, T]; H™ (0, +00)) and

(Z)! 9365 € C(0,T; L*(0, +0)), <2, (A.8)
(2)' 0500 € L=([0,T] x [0, +00)), a=0,1, (A.9)

and
0f05 =0, k=0,1. (A.10)

Remark Appendix A.l. An alternative way of deriving L™ estimate in time and
space for 92) is to use a comparison principle of parabolic equation (see e.g. [19].)
In fact, one can show that 9,03 € L*°([0,T] x [0,400)) by the same method.
Moreover, by integrating equation (A.1) one finds that 63 € L>(0,T; L' ().
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We now similarly define j, = [B.(t, ¢) — ul(t,1,¢)le 7" and 65 = 60 — 7.,
where 6° is also defined below equation (2.2). Then one easily verifies that 6,
satisfies equation (A.1) with

a(t, Z) = 03 + ud(t, 1), (A.11)
h(t, 6, Z) = —050,uS(t,1,6) + [Ba(t, 6) — ul(t, 1,0)](42% = 2)e™ 7
— al0yB,(t, 8) — Opul(t, 1, 0)le %" — [01Ba(t, &) — Oul(t, 1, 0)]e %" (A.12)

It follows that h € C'(0,T; H™ %) given the regularity of the data, that of the
Euler solution u’, and the regularity of #%, we established above. Therefore con-
ditions (A.2)-(A.3) are satisfied with n = m — 2 and p < m — 2 by Lemma
Appendix A.2, Remark Appendix A.l and compatibility condition (A.7), if we
assume m > 7. We thus have the following lemma.

Lemma Appendix A.3. Under the same condition as Proposition Appendix B.l
with m > 7, one has

(z)! 0510520 € C(0,T; L*(Qs)),

1
for oy + [0‘2; <4, 0<ay<2, (A.13)
(Z)' 051 0526° € L (0o x [0,T]), 0 <oy <2,0 <o <1, (A.14)

(2)! 05867 € C(0,T; L*(20)),
forp<m—3, k=01, (A.15)
and
ok =0, k=0,1. (A.16)

We note that estimate (A.14) follows from (A.13) and the following
anisotropic Sobolev embedding result for the domain (2., which can be derived
in the same way as Lemma 3.4

101100y < C(11611721106011 72 + 1102011721196
1 1
+110]12:110529117) - (A.17)

Finally, we notice that conclusions of Lemma Appendix A.2 and Lemma Ap-
pendix A.3 apply to 6} and 6, as long as we impose 1m > 9.
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Appendix B. Compatibility condition and regularity

To analyze the boundary layer for the pipe flows under consideration, we need
to assume that the initial data, boundary conditions and body forcing term in (1.3)-
(1.4) satisfy appropriate compatibility conditions so that the viscous solution is
sufficiently regular.

Following Xin and Yanagisawa [34] (see also Temam [24]), we define the
p—Cauchy data of (1.3) and (1.4) inductively by

0, v o
J;u }t:O = uy,

8fuz|t:0 = (VAvaf_luZ + af_lFl) ‘t:O’
1

p
14 p_l S .V —l=s_ v
afum|t:0:<_ ( s )atuv-v,,,af Tl
=0

S

VA U+ af—%)‘ . (B.1)

t=0

Then 3, uy, F = (Fy, F3) are said to satisfy the compatibility condition of order
m for the initial boundary value problem (1.3)-(1.4) for any v > 0 if

8fu”‘t:0m:1 = Gf,B| p=0,1,...,m, forany v > 0. (B.2)

t=0’

These compatibility conditions prevent the formation of an initial layer in the
Navier-Stokes equation (1.2)-(1.3) due to the possible mismatch of the boundary
and initial data. The zeroth order compatibility condition simply takes the form:

a(1) = s(0),  b(1,¢) = 5:(0,9), (B.3)

and the first order compatibility condition are given by:

9:B5(0) = v(d' (1) + a"(1) — a(1)) + f1(0,1),
atﬁ:c(ov ¢) = V(arb(la ¢) + 87"7“6(17 ¢) + a¢¢b(1a Qb)) - a(l)a¢b(1> ¢)
+ f2(0,1,¢). (B.4)

We notice that the first order compatibility condition involves the viscosity v. This
undesirable dependence, however, can be eliminated if we impose that 0,b(1, ¢) +
9rb(1, ) + Ogeb(1, ¢) = 0 and 0,8,(0, ¢) = —a(1)04b(1, ) + f2(0,1, ¢).

Since we are working in a domain that is periodic in the x direction, we employ
the following Sobolev spaces for m € Z ,:
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H™Q) ={f € L*(Q), D*f € L*(Q),|a| <m,

f periodic in the x direction and the azimuthal direction ¢}.

We denote the subspace of functions in H™(()) that are constant in = by H™(€2).
We also use H™(Q) to denote (H™(Q))? for vector functions. Concerning the
existence and regularity of the solution u” to the initial boundary value problem
(1.3)-(1.4) for fixed v, the following result is classical (see page 219 of [13] and
[24], for instance.)

Proposition Appendix B.1. Let v > 0 be a constant. Let m be an integer. Sup-
pose the forces and boundary data are smooth, F, 3 € C>=(Q2 x [0,T]), and the
initial data vy € H™(N2) satisfies the compatibility condition of order [m/2] for
the initial boundary value problem (1.3)-(1.4). Then there exists a unique solution
u” in the space ﬂﬁéﬂ CI([0,T]; H™21(Q)).

Remark Appendix B.1. The requirement F, 3 € C=(Q x [0,T)) is purely for
the ease of simplifying notation. In fact, the same conclusion holds under much
less regularity on F and 3. We refer to [24] for details.

The solution of (1.6)-(1.7) can be obtained by solving an ordinary differential
equation and a transport equation. Therefore the well-posedness of u® is read-
ily established. For example, if uy € H™(Q), and F € C(0,7; H™(Q)), then
u’ € C(0,7; H™(Q)). (See Temam [25] for results concerning the existence of
smooth solution to the full Euler equations. )Since we are also working in cylin-
drical coordiantes, we gather the regularity of solutions to the Euler equation in
cylindrical coordinates in the following lemma.

Lemma Appendix B.2. Suppose uy € H™(Q), F € C(0,T; H™(Q)) with m >
4. Then one has, in polar coordinates’:

0 0 Ug 1 0y, U
Uy, Oy, gt (—;@(r@ru(z,) + 7’_2> € L>(]0,T] x ), (B.5)
1 3¢¢u0
u, 0pul, pud, Oypul, <;6r(r8rug) + T—2$) e L>*([0,T] x Q).  (B.6)
PROOF. Recall the ansatz (1.5):

u’ = ug(t, re, +ul(t,r, ¢)e, = (—ug sin ¢, ug cos ¢, ud) . (B.7)
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Noticing that u' is independent of variable x, one concludes by Sobolev imbed-
ding that

u’, Vu’, Au’ € L*=([0,T] x Q) (B.8)
Then (B.6) follows directly, given that
0 x 0 Ty O

or  r Ox, 1 Oxy

3——:1: 0 +xi
a¢— 2 1 3

8_371 8I2
and using the fact €2 is bounded.
’LLO .
Next, the bound (—%@(r@rug) + T—S) € L>(]0,T] x ) follows, since

0 1 AW o0
A(ugysin ¢) = (;&(7’&%) — §> sing € L*([0,T] x §2)

0
In order to deduce 0, uy, “e ¢ ([0, T] x Q), we differentiate uf sin ¢ and
ug) cos ¢ with respect to x; and x5 respectively. One has

0
O, (ug5 sin ¢) = (&ug — %) cospsing € L>([0,T] x Q), (B.9)

0

Oy (ugsin @) = dyud(sind)? + %(cos $)? € L*(]0,T] x Q), (B.10)
0

O, (g cos ) = Dyuy(cos ¢) + %(sm ¢)? € L>([0,T] x Q), (B.11)

w9
It follows from (B.9) that <8rug - 7¢> € L*>([0,T] x ). On the other hand, the

’LLO
addition of (B.10) and (B.11) implies 0,uy, + -* € L>([0,T] x Q). Therefore,
uO
one obtains d,uy, -* € L=([0,T] x Q).
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