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CHERN CLASSES OF LOGARITHMIC VECTOR FIELDS

XIA LIAO

ABSTRACT. Let X be a nonsingular complex variety and D a reduced effective divi-
sor in X. In this paper we study the conditions under which the formula csam(lv) =
¢(Derx (—log D)) N [X] is true. We prove that this formula is equivalent to a Riemann-
Roch type of formula. As a corollary, we show that over a surface, the formula is true if
and only if the Milnor number equals the Tjurina number at each singularity of D. We also
show the Rimann-Roch type of formula is true if the Jacobian scheme of D is nonsingular
or a complete intersection.

1. INTRODUCTION

Let X be a nonsingular variety over C, and U be the complement of a free divisor D in
X. In this paper, we study the conditions under which the formula

csy(1y) = ¢(Der x (—log D)) N [X] (1)

is true. The left hand side of the formula is the Chern-Schwartz-MacPherson class of the
open subvariety U, and the right hand side is the total Chern class of the sheaf of logarithmic
vector fields along D.

We show that this formula is equivalent to an analogue of a Riemann-Roch type of
formula. As a corollary, we show that on a surface, formula (I]) is true if and only if the
Tjurina number and the Milnor number are the same for all singularities of D.

The question is motivated by two previous results of Aluffi [Alu] [ATu99], which state that
if D is a normal crossing divisor, or a free hyperplane arrangement of a projective space,
then formula (] is true. Because normal crossing divisors are free divisors, It is a natural
question to ask if formula (I]) holds for any free divisor D. The result of this paper implies
the freeness of the divisor is in general insufficient to guarantee the validity of formula ().

Replacing X by a complex manifold, we get a complex analytic version of formula ().
In this case, it is well known that the local quasi homogeneity of the divisor at an iso-
lated singularity is characterized by the equality of the Tjurina number and the Milnor
number[Sai7l]. So the corollary about formula (Il) over surfaces can be restated in a slight
different manner: formula () is true for surfaces if and only if the divisor D is locally quasi
homogeneous.

2. TECHNICAL PREPARATIONS

2.1. Chern-Schwartz-MacPherson class of a hypersurface. Continue with the nota-
tions introduced in the previous section. Recall there is a unique natural transformation
from the functor of constructible functions to the Chow functor, associating the character-
istic function of a nonsingular variety to the total Chern class of its tangent bundle. Then
csym(1y) is the image of 1x — 1p in the Chow group of X. For the purpose of the calcula-
tion in this paper, we don’t need a detailed description of the MacPherson transformation.

What we need is a formula of the CSM classes of singular hypersurfaces proved in [Alu99].
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Lemma 2.1. Let D be an effective divisor in a nonsingular variety X, and let Jp be its
Jacobian scheme. Then

csm(1p) = ¢(Derx) N (s(D, X) + c(0(D)) "' N (S(Jp, X)" @x D)) 2)

Remark 2.2. The following is a brief clarification of several notations in the formula and
some properties we will use in the next section. Proofs and more detailed explanations can
be found in [Alu94]

(1) The Jacobian scheme Jp, also called the singular subscheme of the divisor D, is the
subscheme locally defined by the equation of D and all its partial derivatives.

(2) For a subscheme Y of X, s(Y, X) is the Segre class of Y in X in the sense of [Ful84],
Chapter 4.

(3) The Segre class s(D, X) is easy to compute for an effective divisor D in X. It equals

D
the class % .

(4) If A= @;a’ is a rational equivalence class on a scheme X, indexed by codimension,

we let
AY = Z(_l)iai
i>0
the dual of A; and for a divisor D we let

aZ
ASx D=2 S5y
>0
the tensor of A by D. The subscript of the tensor tells the ambient variety where
the codimension of A is calculated.
(5) This tensor product of a rational equivalence class and a divisor satisfies the “asso-
ciative law”.

(A®x D) ®x Dy = A®x (D1 ® Ds)

(6) if .# is a coherent sheaf of rank 0 on a nonsingular variety X, then
o Ze@D)N[X]=(c(F)N[X])®x D

2.2. sheaves of logarithmic vector fields. Let X be a nonsingular variety over a field
k, and D a reduced effective divisor on X. The sheaf of logarithmic vector fields along the
divisor D is a subsheaf of the sheaf of regular derivations. Over an open subset where the
divisor D has a local equation f, it is given by Derx(—log D)(U) = {0 € Derx(U)|0f €
(f)}. Saito was the first to study this sheaf in full generality[Sai80]. He showed that
Derx(—log D) is a reflexive sheaf. Its dual sheaf is called the sheaf of logarithmic 1-
forms. Saito also gave a criterion when Derx(—log D) is locally free. A divisor is free if
Derx (—log D) is locally free. Normal crossing divisors (in particular nonsingular divisors)
are always free.
From the definition of the Derx(—log D), we obtain an exact sequence:

0 — Derx(—log D) = Derx — #Zp(D) — 0

where ¢p is called the Jacobian ideal of D. It is an ideal sheaf of &p locally generated by
0f for all 8 € Derx (U). From this description, we see the second arrow in the above exact
sequence takes each 6 € Derx(U) to 0 f over an open subset U.

Combining this sequence with the sequence defining the Jacobian scheme Jp:

0— #p—0p— 05, =0
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we get a long exact sequence
0 — Derx(—log D) — Derx — Op(D) — O;,(D) — 0 (3)

Exact sequence () implies that a singular divisor D is free if and only if its Jacobian
scheme Jp is Cohen-Macaulay of codimension 2. This is easy to see from the following
argument. Jp being Cohen-Macaulay of codimension 2 is equivalent to the depth of the
Ox-module Oj, being n — 2 at each stalk where n = dim(X). The Auslander-Buschbaum
formula tells us the projective dimension of &;, at each stalk is thus 2, which in turn is
equivalent to the syzygy sheaf Derx(—log D) being locally free. This simple observation
allows us to deduce the fact that any reduced effective divisor in a surface is free. In fact, the
Jacobian scheme Jp is 0-dimensional in this case. A 0-dimensional module is always Cohen-
Macaulay because the depth is smaller or equal to the dimension for a finitely generated
module over a local ring.

3. A RIEMANN-ROCH TYPE FORMULA

Theorem 3.1. Formula (@) is true if and only if a Riemann-Roch type formula m.(c(Og)N
[X]) = c(0y,)N[X] holds. Here Jp is the Jacobian scheme of D, X is the blowup of X along
Jp, E is the exceptional divisor, and w is the morphism X — X. The same result can also

be stated in terms of a comparison between a Segre class and a Chern class: Formula ()
is true if and only if [X] — s(Jp, X)¥ = c(Oy,) N [X].

Proof. The proof of the theorem is based on equation (2) and exact sequence (@) in the
previous section. Taking the total Chern class for exact sequence (B]), we have:

c(Derx)Ne(0g, (D))  c(Derx)Nc(Oy,(D))

c(Dery (—log D)) = c(6p (D)) B c(0(D))

Then
csm(1y) = ¢(Derx(—log D)) N [X] <=

)1 (X1 - sy = 2 ) = g )
100 1 < B

[(X] - S(Jp, X)) ®@x D=c(0;,(D))N[X] <=

[X] = S(Jp, X)" = c(04,) N [X]

In the last step, we “tensor” the classes on each side of the equation by the divisor —D.
The tensor product of [X] and —D is [X] itself because the codimension of the class [X]
is 0. The tensor product of S(Jp,X)" ®x D and —D is S(Jp, X)" according to property
(5) of The right hand side term of the equation is taken care of by property (6) of 2.2
because O, is a rank 0 Ox-module.

For the Riemann-Roch type of formula, recall the Segre class is preserved by proper
morphisms of schemes: ,(s(F, X)) = s(Jp, X)[Ful84]. It is also easy to see the dual
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notation of classes is compatible with the push forward of classes. Thus we have:

[X] = S(Jp, X)" = m([X] - s(E,X)")

0

Corollary 3.2. Let D be a reduced effective divisor on a nonsingular complex surface X.
Then formula () is true if and only if the Tjurina number equals the Milnor number for
all singularities of D.

Proof. The corollary is based on the following results:

(1) s(Jp,X) = > u(P)[P] where the sum is taken over all singular points P of the
divisor D and p(P) is the milnor number of P.

(2) ¢(0y,) = [1c(@p)"P) where the product is taken over all singular points P of the
divisor D. [(P) is the length of the stalk of €, at P (because we have isolated
singularities, each such stalk is an Artinian ring). These numbers are also called Tju-
rina numbers in literatures. Op is the structure sheaf of the nonsingular subscheme
supported at P.

(3) e(@p) N [X] = [X] - [P]

The proof of property (1) can be found in section 7.1 of [Ful84] and example 10.14 from
[Tev05]. The key step in the proof is that s(Jp, X) = s(Jp, X), where J}, is the subscheme
having the same support as Jp but defined by a (in priori) smaller ideal generated by all
partial derivatives of a local equation of D (the ideal Jp contains all partial derivatives of
a local equation of D as well as a local equation of D).

Property (2) is obtained by considering the sequences

0— 7777 & gt 5 gt 40

where .7 is the ideal sheaf of the nonsingular subscheme of X supported at a singular point
P. Because all stalks are Artinian rings, some big powers of . become 0, so we only have
finite sequences to consider. Also notice the sheaves .#7/.#7%! are &p-modules. Taking
Chern classes for these sequences, we get

c(fj)/c(fjﬂ) = c(jj/jjﬂ) _ c(ﬁp)l(yj/jjﬂ)

Multiplying all such equations together, we get the desired result.
Property (3) is a special case of the Riemann-Roch without denominators. A general
discussion can be found in section 15.3 of [Ful84]. O

As mentioning in the introduction, the Milnor number being equal to Tjurina number
characterizes local quasi homogeneity for isolated singularities [Sai7l]. The previous corol-
lary can be stated in the following manner:



CHERN CLASSES OF LOGARITHMIC VECTOR FIELDS 5

Corollary 3.3. Let D be a reduced effective divisor on a monsingular complex surface X.
Then formula () is true if and only if the divisor D is locally quasi homogeneous.

4. A FURTHER DISCUSSION OF THE RIEMANN-ROCH TYPE FORMULA

In previous section, we showed the original formula (D)) is true if and only if a formula
concerning a Segre class is true, and it is moreover equivalent to a Riemann-Roch type
formula. Although a byproduct of the original study, the last formula can be studied
independent of the context of Chern classes of logarithmic vector fields. We ask the question:
For what type of the subscheme Y of a nonsingular scheme X is the formula:

[X] = s(Y, X)" = c(6y) N [X]

true? The formula can be easily tested true if Y is a divisor. We can derive a little deeper
result:

Theorem 4.1. The above formula is true if Y is reqularly embedded in X of codimension
2.

Proof. Notice in these cases, the subscheme Y has the normal bundle in X. Let N be the
normal bundle. We have an easy expression of the Segre class in terms of the normal bundle:

s(Y,X) =c¢(N)"tn[Y]
Then
[X] = s(Y, X)" = [X] = e(NV) " N (=[Y]) = [X] +e(NY) "I [Y]
By an application of Riemann-Roch without denominators, we can also show
c(Oy)N[X] = [X] +c(NY)" Y],
More details can be found in example 15.3.5 and example 18.2.1 from [Ful84]. O

Remark 4.2. By the same method, we can also show that this theorem is not true for regular
embedding of codimension 3 or higher.

Corollary 4.3. Formula (0l) is true if the Jacobian scheme of the divisor D is reqularly em-
bedded in X of codimension 2. (The freeness of the divisor D is automatic by the conditions
in this case.)
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