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Abstract A third-order in time numerical IMEX-type algorithm for the Stokes-
Darcy system for flows in fluid saturated karst aquifers is proposed and ana-
lyzed. A novel third-order Adams-Moulton scheme is used for the discretiza-
tion of the dissipative term whereas a third-order explicit Adams-Bashforth
scheme is used for the time discretization of the interface term that couples
the Stokes and Darcy components. The scheme is efficient in the sense that
one needs to solve, at each time step, decoupled Stokes and Darcy problems.
Therefore, legacy Stokes and Darcy solvers can be applied in parallel. The
scheme is also unconditionally stable and, with a mild time-step restriction,
long-time accurate in the sense that the error is bounded uniformly in time.
Numerical experiments are used to illustrate the theoretical results. To the
authors’ knowledge, the novel algorithm is the first third-order accurate nu-
merical scheme for the Stokes-Darcy system possessing its favorable efficiency,
stability, and accuracy properties.

This work is support in part by a grant from the NSF.

Wenbin Chen
School of Mathematical Sciences, Fudan University
E-mail: wbchen@fudan.edu.cn

Max Gunzburger
Department of Scientific Computing, Florida State University
E-mail: gunzburg@fsu.edu

Dong Sun
Department of Mathematics, Florida State University
E-mail: dsun@math.fsu.edu

Xiaoming Wang

Department of Mathematics, Florida State University
E-mail: wxm@math.fsu.edu Corresponding author



10

11

12

13

14

15

16

17

18

19

20

21

22

23

24

25

26

27

28

29

30

31

32

33

34

35

36

37

2 Wenbin Chen et al.

Keywords Stokes-Darcy system - Adams-Moulton-Bashforth method -
unconditional stability - uniform in time error estimates - third-order accurate
in time - karst aquifers

Mathematics Subject Classification (2000) 35M13 - 35Q35 - 65N30 -
65N55 - 76D07 - 76505

1 Introduction

Certain rocks such as limestone, dolomite and gypsum are susceptible to dis-
solution due to reaction with carbon-dioxide and water which leads, over long
(geological) time, to the formation of voids (vugs) and conduits. This type of
landscape is referred to as karst. Due to the existence of vugs and conduits,
large amount of water may be stored in karst regions to form karst aquifers
that are of great practical importance and are susceptible to pollution [34].
For example, about 90% of the fresh water used in the State of Florida comes
from karst aquifers and contamination is a serious problem [32].

For many important applications such as contaminant transport in karst
aquifers, one must couple the fluid motion in the porous media with the fluid
motion in the conduit or vugs. For instance, contaminants driven into the
porous media during a flood season may be released during a drought season.
Moreover, because fluid motion in the porous media (matrix) is much slower
compared to fluid motion in conduits, long-time accurate numerical schemes
are highly desirable if one is interested in capturing the physically interesting
retention and release of contaminants within karst aquifers.

There has been a recent surge in interest in the design and analysis of
numerical algorithms for the Stokes-Darcy and related systems that govern
the motion of fluids flows in saturated karst aquifers. See, e.g., [9H11} 14}
161/19-23,[251133,[35H42, [45-48]. In particular, first order and second order in
time accurate and long-time stable schemes have been proposed and studied
in [11,(16L[36}37,42].

The purpose of this work is to propose and investigate a novel third-order
Adams-Moulton-Bashforth method for the Stokes-Darcy system. The algo-
rithm is a special case of the implicit-explicit (IMEX) class of schemes [113}[5].
The coupling term in the interface conditions is treated explicitly in our algo-
rithm so that only two decoupled problems (one Stokes and one Darcy) are
solved at each time step. Therefore, the scheme can be implemented very ef-
ficiently and, in particular, legacy codes for each of the two components can
be utilized. Moreover, we show that our scheme is unconditionally stable and
long-time stable in the sense that the solutions remain bounded uniformly in
time. The uniform in time bound of the solutions further leads to uniform in
time error estimates. This is a highly desirable feature because one would want
to have reliable numerical results over the long-time scale of contaminant se-
questration and release. We also provide the results of numerical experiments
that illustrate our analytical results.
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A Long-time accurate 3rd order scheme for the SD system 3

This work can be viewed as an improvement of our earlier work [16] in
which a second-order in time Adams-Moulton-Bashforth algorithm was stud-
ied. This is the first third-order algorithm that is unconditionally stable, long-
time accurate in the sense of the existence of a uniform-in-time error bound,
and efficient in the sense that only two decoupled problems (one Stokes, one
Darcy) are needed at each time step.

The rest of the paper is organized as follows. In Section 2, we introduce the
coupled Stokes-Darcy system, the associated weak formulation, and the third-
order in time scheme. The unconditional and long-time stability with respect
to the L? norm are presented in Section 3. Numerical results that illustrate
the accuracy, efficiency, and long-time stability of our algorithms are given in
Section 4. We close by providing some concluding remarks in Section 5.

2 The Stokes-Darcy system and one type of third order IMEX
method

In this section we recall the Stokes-Darcy system modeling flows in saturated
karst aquifers. A third-order in time numerical scheme based on the Adams-
Moulton-Bashforth approach is presented as well.

The Stokes-Darcy system. For simplicity, the following conceptual domain is
considered for a karst aquifer. It contains a porous media (matrix), denoted
by §2, € R?, and a conduit, denoted by 2 € R?, where d = 2,3 denotes the
spatial dimension. I" denotes the interface between the matrix and the conduit.
The remaining pieces of the boundaries for the matrix and the conduit are
denoted 02, and 02¢, respectively. We assume 0f2, and 0f2; are non-empty
for simplicity.

I
P

Fig. 1 The physical domain consisting of a porous media {2, and a free-flow conduit §2;.

The governing coupled Stokes-Darcy system for karst aquifers is given by

S? ~ V- (KV¢) = f in {2,
oy 1 W
i,V T =f ad Veoup=0 in 0y,
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where the unknowns are the hydraulic head ¢ in the matrix and the fluid
velocity uy and the pressure p in the conduit [1§]. The Darcy velocity u,, in
the matrix can be recovered by the Darcy equation u, = —KV¢. In , f
denotes a sink or source in the matrix, f denotes a body force density in the
conduit, p the fluid density which is taken to be 1 for simplicity, and T (uy, p)
denotes the stress tensor in the conduit. The physical parameters involved
are the water storage coefficient S, the hydraulic conductivity tensor K, and
the kinematic viscosity of the fluid v. For simplicity, we assume homogeneous
Dirichlet boundary conditions for the hydraulic head ¢ and the free flow veloc-
ity uy in the conduit except on the interface I'. On the interface I’, we impose
the continuity of normal velocity (for conservation of mass), the balance of nor-
mal component of the normal stress, and the Beavers-Joseph-Saffman-Jones
interface boundary conditions (BJSJ) [6}31},44]:

uy-ny =u, -ny =—(KV¢) - ny
—7; - (T(uy,ps) -ny) =apjssr;-uy, j=1...,d—1 (2)
—ny - (T(uy,ps) -ny) = go.

In , n; denotes the outer normal vector to 2y and {7,},j=1,2,...,d—1,
denotes a set of linearly-independent tangential vectors on the interface I

The additional physical parameters are the gravitational constant g and the

Beavers-Joseph-Saffman-Jones coefficient agjg; = 0@557\/%.
race

Weak formulation of the Stokes-Darcy system. Let (-,-)p and || - ||p denote
the standard L?(D) inner product and norm, respectively, where D can be (2,,
£2¢, or I'. We omit D whenever there is no ambiguity. We define the function
spaces

Hy = {ve (H'(2))" | v=0on02\T},
H,={ypeH' (2,) | v=00n002,\I},
Q = L*(£2), W =H; x H,.

Let X' denote the dual space of X with respect to the duality induced by
the L? inner product. The X', X action is denoted by < -, >x/ x with the
subscript omitted if it is clear from the context.

A weak formulation of the Stokes-Darcy system is then derived by the fol-
lowing procedure. First, we multiply the three equations in by three test
functions v € Hy, gy € Hp,, and ¢q € Q, receptively, and integrate the results
over each corresponding domain. Then, integration by parts is applied to the
terms involving second order derivatives, a process that produces boundary
integrals. Finally, we appropriately substitute the BJSJ interface boundary
conditions into the boundary integral terms to arrive at the weak formu-
lation

((u, v)) +a(u,v) +b(v,p) + ar(u,v) = (f,v) YveW,

b(u,q) =0 VgeQ, ®)
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where W = Hf X Hpa u = [ua¢]Ta V= [Vaw}T7 £ = [fagf]T? ()t = 6()/6ta

(g, v)) = (ue, vy, +95(dt,¥)e,,  b(v.q) =—(¢,V-V)ay,,
a(u,v) = ap(u,v) + ay(¢,) +apsss(u,v),

ar(u,v) = g(¢,v-ng)r —gu-ng,¢P)r,

(£.v) =, v)o, + (9f.¥)a,,

(4)

with
af(u,v) =v(Vu,Vv)g,, ap(p,) = g(KV¢, Vi),
apyss(u,v) = apyss(u-7,v-7)r.
The bilinear form a(-,-) can be shown to be coercive, i.e.,

a(u,u) > V[|Vul|? + gKuinlVo|* + apssslu-7(7) = Col [ Vul?,  (5)
where C, = min(v, gKmin) > 0 and Ky, denotes the smallest eigenvalue of
K. Details can be found in, e.g., [8/16].

For the sake of exposition, we introduce the two norms

1 1
[ufle = (a(u,w))®, |v[ls = {(v,v))2.
It is easy to see that ||v||s is equivalent to the L? norm, i.e.,
Cslvlls < [[vll < Csllv|s, (6)
where Cs = min{1, /¢S} and Cs = max{1,/¢S}.

Third-order Adams-Moulton-Bashforth IMEX method (AMB3). To define our
novel third-order scheme that is unconditionally stable and long-time accurate,
we first define two Adams-type difference operators. The first is the novel
Adams-Moulton difference operator defined on a 2At mesh

2 5 1
D n+l _ 2 n+l ~“,n=1_ =  n-=3 7
AMU FU"T g TR (7)
and the other is the Adams-Bashforth difference operator
23 4 5
nt+tl _ “Y n _ F . n—1 ~ . n=2
Dagv" ™ = 3V T 3Y + TR (8)

Note that the Adams-Moulton operator is different from the standard one
%U”‘H + %v” — 1—121)"_1. The novel form of the Adams-Mouton operator that
we adopt here is, due to its dissipativity, crucial to the long-time stability.
The third-order Adams-Moulton-Bashforth method is a combination of the
third-order explicit Adams-Bashforth treatment for the coupling term and the
novel third-order Adams-Moulton method for the remaining terms. Specifi-

cally, we have, for any v € W and ¢ € Q,

n

ntl _
<<%,g>> +@ (Danu™,v) + b (v, Danp™)
- <DAM£”+1’X> _ar (DABE"H,X) 7 (9)
b (DAMunJrla q) =0.
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Wenbin Chen et al.

Here the bilinear form a(u,v) is defined as

a(u,v) = a(u,v) + ay(u,v),

where the artificial stabilizing term as:(-,-) is defined as

ast(gvz) :'Yf(u'nf,v'nf)F+”Yp(¢,1/))F (10)

with parameters ¢, v, > 0. It is obvious that

a(u,u) > a(u,u) > C,||Vul?, (11)

so that we can define the norm

lulZ = a(u, u).

The interfeace term ar(u,v) is modified by ar(u,v) as

ar(u,v) =ar(u,v) — as(u,v).

Efficiency of the scheme. Note that the only term that couples the Stokes
equation in the conduit with the equation in the matrix is the interface term
ar through ar. Because this coupling term is treated explicitly in our scheme
@D, the scheme is of high efficiency because we only need to solve two decoupled
subproblems at each time step, one Stokes and one Darcy:

1.
2.

4.

nfl’ un72’ un73;

At time t = t,,41, given u™, u u
Set v = [v, 0] so that all the terms involving ¢"*! vanish and thus we only
need apply a fast Stokes solver to determine u™*1!;

Set v = [0, g% so that all the terms involving u"*! vanish and thus we
only need apply a fast Darcy solver for ¢"+!;

Set n =n + 1 and return to step 1.

The computation of step 2 and 3 can be conducted in a parallel fashion and
one can use legacy Stokes and Darcy codes, respectively, for each step, if one
so desires.

3 Unconditional and long-time stability

Useful inequalities. We recall a few inequalities to aid readability.

— Trace inequality: if v € W, then

¥l < CorVIlIVYl,  vllr < CorllVell, (e < Cirllvla (12)

— Poincaré inequality: if v.€ W, then

[¥[l < Cpl|Vyl. (13)

— Young inequality:

2

azbic < 62?+5(b2+62) Ya,b,c,e > 0. (14)

— Triangle inequality: [la+b||z < |la]z + ||b]=.

Other variants of Young’s inequality will also be used.
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o3 Useful lemmas. Here we introduce a few useful lemmas that are useful in the
o analysis of our schemes.
o The following estimates follow from the basic inequalities.

Lemma 1 Let ay(-,-) and aq(-,-) be defined as in and (10), respectively.
Then, there exists a constant C.; such that

lar(u,v)| < lasi(u,v)| + |ar(u,v)| < Cellullrllvllr Vu,veW.
Lemma 2 For any f1 >0, v,w € W, we have
lar(v,w)| < Bi(|[v]z + [wlf3) + B2V, (15)
9% where By = & B °CECLCE.CL.

Proof By Lemmal[l] the equivalence between |- ||s and || -||, (6), (LI), and the
trace theorem, we have, for any v,w € W,

~ 1 1

ar(v,w) < Cullvlrllwllr < CeeCfIvlIZ [ Vyl|? wla (16)
1 T
< C3CaChCa *|IVIIE VI 1wl

_1 1
o7 The inequality is then obtained by setting ¢ = 3,Cy * C’C_th,;QCa“ in the
e Young’s inequality.

Lemma 3 The interface term ar(Dapu,u) can be bounded by
5
o ~ “arn T on—1 Y n—=2 n+1
1 23 16 5
<—Atu T2 + == Atf|u”]]2 + — At[u™ |2 + — At|lu" 2|2
<o A + S A 4 o A2 + g At
23 ni2 8 n—11(2 ) n—212
+EB2AtHE ||s+§52At||E Hs“‘ngAtHH IIs-
Proof Set 1 = & in Lemmal2] Then 3, = 10648C2C4,C5.C;t and
- 23 4 5
— 2Atap <2un _ T.n—1 T un—2,un+1)
At Ballu™ [ + <2 + < [V 2
= s T ggliE e T gglit = a

8 1 1
Z At n—1/2 i\ n—12 IV n+1(2
+ 54 (Bl 13 + ggIvwr R + a2 -
+ 2t (B2 + & VR 2 4 Va2
6 - 88" — @ 88" T @
1 23 16 5
<A T2 + Z Atu" ]2 + — At[u” 2 + — At]|[u™ 2|2
e R R
§ A ni|2 § A n—1/2 § A n—2(2
+ 2o At + 2 g At + 2 A2

9 so that the lemma is proved.
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Lemma 4 The interface term —ar(Dapu,u) + ast(Dapu — Dapu,u) can
be bounded by

23 4 S "
— 2Atar <12un3un 1+32 272 Jr1>

2 23 7 5 1

2At s _Zantt —ua" Tyl 7 n—2 - .n=3 . n+tl
+ at( quttt St - ut T pet T Sut e

< BBA itz 2TAE e LA rpp  TAE e (18)
- 360 360 360 360

At n . n e

22 (4 205) A w4 50 A" w3

CgAt

+203A w7t — "2 + o [lu" T - a3,

wo  where Cy = 4920750030@030;1 and Cs = 3375C%C4L,CH.C1.

Proof Recall ar(u,u) = 0. Therefore, the interface term can be rewritten as
_ ZAta[‘ (Zun+1 T Cut — 7un—1 4 un—27un+1>
2
2At < _Z2.n+l “oen o toon—1 Y n=2 n—3 . n+l
+ Gst ( U + pY —u + e + pY u

—2Ata ( n+1 un, n+1) _ %Atap (En _ En—l un+1>

=

(19)

+ %Atap (En—l _ En—Q’En—i-l) _ gAtast (En—O—l _ En’gn—i-l)
- gAtast (u" —u""hu") - Atag (u"Tt - w2 u )
_ %At(lst (En72 _ un737gn+1) .

Similar as in the proof of Lemma[2] the first term on the right-hand side can
be estimated by

2At&[‘ ( n+1 Hn7gn+1)

n+1 2 C At n+l n 2 20
< SLr R oAt (20)
1w and the other terms can be directly estimated by Lemmal Wlth 51 = =. The
w2 desired result (18] then follows easily.

103 The following variants of the Grownwall-Bellman inequality will simplify
104 the analysis. They are particularly useful for the stability analysis of multi-step
s methods.

Lemma 5 Assume that {z,} and {y,} are two non-negative sequences that
satisfy

k k

Zng1 + € 1Ynt1 < 2n + Atz CiZn—i + Zfiynﬂ' + Atz, (21)
i=0 i=0
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where Z, &;, and (; are nonnegative constants and

k
-1 2> Zﬁi- (22)
i=0

Let
En:Zn+ C] n—i é‘jyn i
1+At21 0<1'L§;]§:7, 1+At2z Oglgjz:z
(23)

Then

B, < eXi=oSit <Ek T > (24)

n = k
Zi:o Cz
for any nAt < t.
Proof From the definition of E,, and the constraint , we have
k
By < (1+ ALY G)E, + Atz (25)

i=0
so that the bound is easily derived via recursion.

Another variant of Grownwall-Bellman inequality will be useful in the long
time stability analysis.

Lemma 6 Assume that {z,} and {y,} are two nonnegative sequences that
satisfy

k
Znt1 + 1Aty < 2 + At Z CiYyn—i + AtZ, (26)
i=0
where (;, i = —1,...,k, are nonnegative constants and

k
(= %H <<_1 — ;g) > 0. (27)

Let
k B k
Ep=2n+ At | (k=i)C+Y ¢ | yni- (28)
i=0 =i
Then
_ k
Epi1 + CALY yni1—i < By + Atz. (29)
=0

Moreover, if zpt1 < C¢Yny1, then

B, <(1+CA) " VB +

C = min {E #_
20 2AC 1 — O At

where

—— Q“ |
—
w
i
S~—
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Proof Let d; = (k—i)(f—!—Z?:i ¢j- Then E,, = z,+ At Ef:o diYn—;. It is easily
verified that

dO‘i’C_: C—la (32)
di—di+1—€:Ci, fori=1,~-,/€—1, (33)
dk} = Ck?a (34)

so the inequality can be recast as

k-1
Znp1+ At (do+)Yns1 < zn+ AL Z(di*dm—l*C_)yn—HrAtdkyn—kJrAtZ (35)
i=0
or
k B k k
Zn+1 + At Z diyn+17i + CAtZ Yn4+1—i S Zn + Atz diynfi + At«i (36)
i=0 i=0 i=0

which is exactly the inequality . Now, if 2,41 < C¢yny1, then

k k
1 Yn+1

E Yntl—i = Znt1 + o+ E Yn+1—i

i=0

2C¢ 2 P
1 L
> Eznﬂ + AtC ; diYnt1-i, (37)

where ? =4 min{ﬁ,min{d;1 k)= m. Note that dp = kQT—FZ?:O G =
(_1 — ¢ so that

k k
ézynﬂﬂ' > C(zng1 + Atz diynt1-i) = CEpyi1, (38)

i=0 1=0
where C is defined in . Then, from , we have
1+ CAE, 1 < E, + Atz. (39)

Now by recursion, we have

n—k
B, < (1+CAt) " ME, + Atz> (14 CAt)~

=1

<(A+CA)y~" PR, 4

QI

so that the lemma is proved.

Additional sequences are considered in the following lemma.
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Lemma 7 Assume that {z,} and {y%}, ¢ = 1,...,L, are nonnegative se-
quences that satisfy

L ke
Zny1 + At Z Lty Sz + ALY Yyl + Atz (41)
=1 i=0
where ({0 =1,...,L and i = —1,..., kg, are nonnegative constants with 1 <
ke <k, and
=0 1 Y i ¢
= — S >0. 42
¢ Ml(c_l §;<> (42)
Define
ke
= 2n + At (ke = )¢ + > ¢ | whs (43)
=1 i=0 j=i
Then
L ke
Epir+ Aty > yhyy i < B+ Atz (44)
=1 =0

In addition, assume that z,+1 < C’Cyff_‘_l for some £y. Then

~(n—k)

E, < (1+CAt) E, + % (45)
where
. o 5
C =min{ >— min ——>— % 46
mm{wc,mzmg(celdw} (46)

The proof is very much the same as that for Lemma [6] and thus is omitted
here.

Unconditional stability. Now we can prove that our novel AMB3 scheme is
unconditionally stable over any finite time.

Theorem 1 Let T > 0 be any fized time. Then, the AMBS3 scheme @ 18
unconditionally stable in (0,T).

Proof Set v = 2Atu™*! in (9). Using of < 2a,a — b >=|a|® + |a — b]* — [b]?,
we obtain

[0 E — (|3 + lu™*! — u™|[§ + 2Ata (Dapa™ ™ u" )

47
= 24t (Danf" u™) — 2Atar (Dgpu™', u*t), 1)

1

where the pressure term b (u" !, 2pntt 4 Zpn=t — ﬁp" %) = 0 because u™*! €
Hf and anrl n—1

,p" L, p" 3 € Q. A crucial observation is that the last term on
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the left-hand-side can be bounded below, i.e., according to Young’s inequality,
we have

(2 ) 1
2 <3un+1 4 EHn—l _ lzun—37un+1>

2 5 1
n+12 n—12 n+12 n32 n+1
22 (B 12 - 2 (w2 + 1 12) - o (12 + 1 12)

5. 0 5 . 1 .
> 2 lun 2 - A2 - A, "
48

122 This implies that the special Adams-Moulton operator that we developed is
123 dissipative because the coefficient of the positive term is larger than the sum
124 of the coefficients of the negative terms. This fact will be exploited heavily
125 below to prove the unconditional stability as well as the long-time stability of
16 the scheme.
We also notice that the forcing term on the right-hand-side can be bounded
above according to Young’s inequality:

2D ) £ L a4+ 63 D
(49)

< 2 [+ By a1

where 83 = 10C%4C;!. Combining the above estimates with Lemma 3| and
discarding the term [[u™*! — u"||%, we have

308
HE”HH% + oog At

23
<1 42 62At Hu”Hs+ BzAtIIu" g+ BzAtII " 2||s+528 A" |3
44 2
7At n—1)2 Atllu”~ 22 At n—3(|2 At & )
LA+ o A2 S Al + s Avmax ]
Now, define
7By At _ 582 At _
E:u"2+—un12+—un22
308 At - 285 At 12
528 (14 228, At) lu” 528 (1+ 2B, At) R (50)
49At 444t

[(F
528 (14 £p/At)

7). (51)

n—212
u at
528 (1 + 2B, At) ™13

We then have, by Lemma

303
2203,

” n+1||2 <E <6352T<

17 on any finite time interval [0, 7).
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Long-time stability. We next show that our scheme is long-time stable in the
sense that the solutions will remain bounded uniformly in time as long as
a time-step restriction is satisfied. As a direct consequence of this long-time
stability, we are able to show that we are able to derive uniform in time bounds

on the error.

Theorem 2 Assume that f € L>(L*(£2)). For the AMBS3 scheme, there exists
Aty > 0 such that the solution is uniformly bounded in time if At < Aty. In
particular, there exist 0 < A\; < 1,0 < Ay < 00, and E5 > 0 such that

Hgn-HHQ S )\71172E3+)\2.

Proof After rearranging in a slightly different way, we have

[ — "

= 2At (Dap ™ 0" —

1% + !

+ 2Atag (Dapu™' — Dy u" ).

—u"(|% + 2Ata (Dapu™ ™ u

2Atar (Dapu™tt, u"t)

n+1)

(52)

Similar to the proof of the previous theorem, the bilinear term on the left-
hand-side can be bounded from below by

a(Dapu

b)
n+17gn+1) EH n+1H2

5
12

"G -

and the forcing term can be bounded from above by

2(Dapf" ") < —

1
— 180

1

1ol

lw™ 13 + Ba max | £7]]2,

3”2

(53)

(54)

where 84 = 300C%C; . The interface term has been estimated in Lemma
Combine the above inequalities with Lemma [d] we have

240
360

u
S 3

™S + o At

+ 7&@”—3”3 + 5C3At[lu”

360
Cs At
_|_ [

un72
=

We require that

A convenient choice is

u"M? 1 - (Cy +2C3) At]|lu™ T —u™||%
171
ni2 n—12 n—22
At At
At|la™ |5 + 555 360 [u" e + 5 360 w22

1-— (CQ + 203)At >

1

—u" 0% + By At max||£1]2.
K2

2205

Aty < ———
Co +

31
503

At.

—u"HE + 205 At [u" Tt —u" R

(55)
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such that 1 — (Cy + 2C3) At > 28 At if At < Atg. Let

239 211

En — ni2 Atllu™ 2 At n—1)2

o2 + S0 Adlu™ |2 + Zo Adu™ 2 +
31 24C5 At

At n—3(2 aFe

o A2+ T
i 8C3 At

3

39
At n—2|2

lu" — " (58)

Cy At
e

™ = w3

Note that [|[u"™!|% < C¢llu™|2, where C; = C%C,2C 2. By Corollary

a?
we arrive at the conclusion

[ IS < Bogr < (14 CAY" 2By + C' By max [ ]|, (59)

where C' = min{ﬁ, 155} The theorem is proven if we set Ay = (1+CA¢)~*
and \g = C~!3; max; ||f||%.

An immediate consequence of the previous theorem is the following uniform
in time error bound. This is a highly desirable property because the retention
and release of contaminants in karst aquifers usually occur over very long time
scales.

Theorem 3 Suppose that the solutions u and p are smooth and bounded uni-
formly in time. Let €™ := u(nAt) — u™ denote the error. Then, provided that
the time-step restriction as in the previous theorem is satisfied, we have the
estimates

le™H* < (14 CA) ™" el + Ca(At)°,

where C' and Cy are appropriate positive constants, and

239 211 39
e = |le’||z + %At\\ﬁ?’ﬂi + %Atllél\i + %Atﬂglﬂi
24C3 At 8C3 At Cs At
2O gz M e oy BB

Proof Because u,p are smooth and bounded, and since the scheme [J]is third-
order in time, we have that the solution satisfies the scheme in the form of

(MDA 800 )Y 4G (Dasen((n + 1) A1), v)

+b (V, DAMp((TL + 1)At)) = <DAM£n+1,X> — ap (DABQ((H + I)At),z)
+ <R7L+17X) ,
b(Damu((n+1)At),q) =0,

where the remainder term R" is uniformly bounded by

IR"| < C(At)* Vn=1,2,....
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This implies that the error €™ satisfies

en+1 —_e”
<<#72>> +a (Dane™™,v) + b (v, Damep™)
=—ar (Dape"™,v) + (R, v),
b (DAMen+1a Q) =0,

where e = p(nAt) — p™. Repeating the same argument as in the previous
theorem leads to the desired estimate. Therefore, we have a third-order uniform
in time error bound provided that the time-step restriction is satisfied and that
the scheme is initiated properly so that €3 is of third-order. This ends the proof
of uniform in time third-order error bound.

Remark 4 If a conforming finite element is used, the scheme is still long-
time stable under the constraint At < Aty where Aty is independent of the
finite element mesh size h. Moreover, based on the stability analysis, we can
prove that the AMBS3 scheme is third-order temporal accurate. Following the
analysis in |16], if the Taylor-Hood (P2-P1) finite element pair is used for the
discretization of the Stokes system and continuous piecewise quadratic (P2)
finite elements are used for discretization of the Darcy system, the error of the
fully discretized scheme will be ||u"(t) —ul|| = O(At>+h3), which is illustrated
by the numerical results in next section.

4 Numerical results

We report here on the results of several numerical experiments. The numerical
results illustrate the third-order accuracy, unconditional stability, and the long-
time stability and uniform in time error bounds.

Suppose that the error behaves like O(h%t + At%2). Then, if we set At = h?,
the rate of convergence would be of the order of rj, 9 = min(6;, 66;) with re-
spect to h. The rate of convergence can be numerically estimated by calculating

||u2h,0 - u(—:xact”l2

Huhﬂ - uexactHﬂ .

Th,0 ~ log, (60)
Here, we use the discrete [? norm of nodal values to measure errors.

We set 2 = (0,1)x(1,2), £2, = (0,1)x(0,1), and the interface I" = (0, 1) x
{1} which separates £2; and §2,. Uniform triangular meshes are created by first
dividing the rectangular domains {2, and {2; into identical small squares and
then dividing each square into two triangles. With respect to such grids, the
Taylor-Hood (P2-P1) finite element pair is used to discretize the Stokes system
so that the conduit fluid velocity uy, is approximated by continuous piecewise
quadratic functions and the conduit pressure p is approximated by continuous
piecewise linear functions. Continuous piecewise quadratic functions are used
to approximate the hydraulic head ¢y,.
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4.1 Convergence rates

We choose the manufactured solution of the Stokes-Darcy system given by

1
us(x,t) = ( — ;ey sin wx cos 2nt , (e¥ — e) cos wx cos 27rt>,

pr(x,t) = 2eY cos mx cos 2mt,

d(x,t) = (e¥ — ey) cos mx cos 27t.

The right-hand side data in the partial differential equations, initial conditions,
and boundary conditions are then chosen correspondingly. Here, we set At = h,
K=LLv=g=S=v=7v=1,T=1,and apjs; = 1.

Table [1| shows that the numerical convergence rate is approximately third
order for ¢ and u, and of a bit over second order for p. This is all consistent with
the third-order temporal scheme and the Taylor-Hood (P2-P1) finite element
pair for the Stokes equations and the the P2 element for the Darcy equation.

h €4 eu ep
1/16 1.40e-3 | 6.49e-4 | 1.35e-2
1/32 2.05e-4 | 9.44e-5 | 1.97e-3
1/64 2.70e-5 | 1.24e-5 | 3.36e-4

1/128 3.45e-6 | 1.58e-6 | 6.55e-5
1/256 4.36e-7 | 1.99e-7 | 1.41e-5
1/512 5.45e-8 | 2.49e-8 | 3.26e-6

[ Tierminal | 300 | 3.00 | 211 |

Table 1 Relative error and order of accuracy with respect to the spatial grid size h for
Example 4.1 at t = 1 and with At = h and T¢erminal = T1/512,1 defined by .

4.2 Long-time error

To illustrate the long-time behavior of our schemes, we use the following man-
ufactured solution that is a slight modification of one used in [9):

uy(x,t) = ([x2y2 +eY), [—%myg T2— Wsin(ﬂ'a:)]]) [2 + cos(2nt)]

pr(x,t) = —[2 — wsin(mz)] cos(2my)[2 + cos(27t)]
d(x,t) = [2 — mwsin(mz)][—y + cos(m(1 — y))][2 + cos(27t)].

The right-hand side data in the partial differential equations, initial conditions,
and boundary conditions are then chosen correspondingly. Here, we set K =1,
v=¢g=85=1,T=1,and agjs; = 1. In this long time numerical experiment,
we set the terminal time T = 100 and h = 1/64. Figure [2| displays the relative
error as a function of ¢ for two different values of At. We see that the long-time
error remains bounded, and indeed, seems to not grow.
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Err Err
X 10° ¢ GX10° ‘ v
o = O 4F
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Fig. 2 Relative error for the hydraulic head in the matrix ¢ (top-left), conduit velocity u
(top-right), and conduit pressure p (bottom) for 0 < ¢t < 100 for h = 1/64.

4.3 Long-time stability analysis

We use the same domain and the same initial conditions as in the Section
i.e., we have

1
us(x,0) = (— ;ey sinmx , (e’ —e) coswm),

pr(x,0) = 2e¥ cosmz,

d(x,0) = (¥ — ey) cos e,

but now the forcing terms are set to zero and homogeneous Dirichlet boundary
conditions are imposed on the hydraulic head ¢ and conduit flow velocity
u. To study the long-time stability of the scheme, we define the functionals
Ey =|¢||%, Eq = |Ju||%, and E, = ||p||%. The the final time is set to 7' = 100.

For Figure we set h = 1/128, At =1/10, K=1, v =g =5 =1, and
vf = ¥p = 0. The energy does decay as time evolves, which suggests that the
long-time stability time-step size constraint in the analysis is satisfied with the
above choices for the parameters.

For Figure 4, we set h = 1/128) K = I, » = 0.0001, ¢ = S = 1, and
7vr = ¥p = 0. The figure shows that for this choice of v, the time-step constraint
is between 1/15 and 1/10 which is more restrictive compared to that for Figure
[ for which v = 1. Thus, we note that the theoretical time step size constraint
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At=1/10 At=1/10
10° 10°
107 107
Lu:
—40 Q 40
+ 10 w10
u
107 107%°
107 107
0 20 40 60 80 100 0 20 40 60 80 100
t t

Fig. 3 Long-time behavior of the functionals Eg + Eu (left) and Ej (right) for v = 1 and
K=1I

decreases as v becomes smaller so that the long-time numerical results of
Figures [3] and [4] are consistent with our long-time stability analysis.

At=1/10 At=1/15
10% 10°
1030
20
LIJ: 10 LlJ: .
5 + 10
ur 4o L
10°
107° 107
0 20 40 60 80 100 0 20 40 60 80 100
t t
At=1/10 At=1/15
10% 10°
30
10 g
1072
107
o o _4
L ur 10
1010
6
10
10°
10_‘0 L L L L 10_8 L L L n
0 20 40 60 80 100 0 20 40 60 80 100
t t

Fig. 4 Long-time behavior of the functionals Eg + Eu (top row) and E;, (bottom row) for
v =0.0001 and K = 1.

For Figure weseth =1/128, K=0.01,v=g=S=1,andvy; =+, =0.
The figure shows that for this choice of K, the time-step constraint is between
1/50 and 1/45 which is more restrictive compared to that for Figure [3] for
which K = I. Thus, again, the long-time numerical results of Figures [3] and
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201 are consistent with the theoretical time-step size constraint (7)), i.e., the
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time-step constraint becomes smaller as the minimum eigenvalue of K becomes
smaller.

At=1/45 At=1/50
10% 10°
10%° 107°
Lu: 1020 Lu: 10 10
+ +
5 10 5 -15
(THPPS w10
10° 107
107° ‘ : : ‘ 107 ‘ : : :
0 20 40 60 80 100 0 20 40 60 80 100
t t
At=1/45 At=1/50
1040 100
10%° 107°
10%° 107°
o o
wu u
10'° 107"
10° 107
107° ‘ : : ‘ 107 ‘ : : ‘
0 20 40 60 80 100 0 20 40 60 80 100

t t

Fig. 5 Long-time behavior of the functionals E4 + Eu (top row) and E;, (bottom row) for
v =1 and K = 0.01LL

For Figure [6] we set h = 1/128, K = 0.01I, v = g = § = 1, and 75 =
vp = g/2. The figure shows that for this choice of v; and ~,, the time-step
constraint is between 1/45 and 1/40 which is less restrictive compared to that
for Figure 5| for which vy = 7, = 0. Thus the results show that the stabilizing
term does provide better long-time stability.

5 Concluding remarks

We proposed and investigated a long-time, third-order accurate, and effi-
cient numerical method for coupled Stokes-Darcy systems. The algorithm is
a combination of a novel third-order Adams-Moulton method and a Adams-
Bashforth method. Our algorithm is a special case of the class of implicit-
explicit (IMEX) schemes. The interfacial term that requires communications
between the porous media and conduit, i.e., between the Stokes and Darcy
components of the model, is treated explicitly in our scheme so that, at each
time step, only two decoupled problems (one Stokes and one Darcy) are solved.
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At=1/40 At=1/45
10° 10°
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ur o 10
+ +
ur gt
. 10
10
107
107° 1072
0 20 40 60 80 100 0 20 40 60 80 100
t t
At=1/40 At=1/45
10° 10°
107°
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-15
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0 20 40 60 80 100 0 20 40 60 80 100

t t

Fig. 6 Long-time behavior of the functionals E4 + Eu (top row) and E;, (bottom row) for
v=1,K=0.01l, and vf = v = g/2.

Therefore, our scheme can be implemented very efficiently and, in particular,
legacy codes can be used for each component.

We have shown that our scheme is unconditionally stable and, with a
mild time-step restriction, long-time stable in the sense that solutions remain
bounded uniformly in time. The uniform bound in time of the solution leads
to uniform in time error estimates. This is a highly desirable feature because
the physically interesting phenomena of contaminant sequestration and re-
lease usually occur over a very long time scale and one would like to have
faithful numerical results over such time scales. The estimates are illustrated
by numerical examples. All these features suggest that the method has strong
potential in real applications.

Methods having even higher-order temporal accuracy and the desired un-
conditional and long-time stability can be derived via suitable combination of
a higher-order Adams-Moulton method for the dissipative term and a stan-
dard Adams-Bashforth method for the interface term. Details will be reported
on elsewhere.
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