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Abstract. We study 3-dimensional dynamically coherent partially hyper-
bolic diffeomorphisms that are homotopic to the identity, focusing on the
transverse geometry and topology of the center stable and center unstable fo-
liations, and the dynamics within their leaves. We find a structural dichotomy
for these foliations, which we use to show that every such diffeomorphism on
a hyperbolic or Seifert fibered 3-manifold is leaf conjugate to the time one
map of a (topological) Anosov flow. This proves a classification conjecture of
Hertz-Hertz-Ures in hyperbolic 3-manifolds and in the homotopy class of the
identity of Seifert manifolds.

Nous Ã c©tudions, en dimension trois, les diffÃ c©omorphismes partiellement
hyperbolique qui sont dynamiquement cohÃ c©rent et homotope Ã l’identitÃ c©.
Nous nous focalisons particuliÃ¨rement sur la gÃ c©omÃ c©trie et la topolo-
gie de leurs feuilletage central stable et central instable, ainsi que sur leur
dynamique dans les feuilles. Ainsi, nous obtenons que la structure de ces
feuilletages doit satisfaire Ã une dichotomie. Usant de cette dichotomie,
nous montrons que, lorsque la 3-variÃ c©tÃ c© est hyperbolique ou de Seifert,
les diffÃ c©omorphismes Ã c©tudiÃ c©s ont leur feuilletage central conjuguÃ c©
Ã celui du temps un d’un flot d’Anosov topologique. Ceci prouve une conjec-
ture de Hertz-Hertz-Ures pour les variÃ c©tÃ c©s hyperbolique et dans la classe
d’homotopie de l’identitÃ c© pour les variÃ c©tÃ c©s de Seifert.
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1. Introduction

A diffeomorphism f of a 3-manifold M is partially hyperbolic if it preserves a
splitting of the tangent bundle TM into three 1-dimensional sub-bundles

TM = Es ⊕ Ec ⊕ Eu,
where the stable bundle Es is eventually contracted, the unstable bundle Eu is
eventually expanded, and the center bundle Ec is distorted less than the stable
and unstable bundles at each point.

From a dynamical perspective, the interest in partial hyperbolicity stems from
its appearance as a generic consequence of certain dynamical conditions, such
as stable ergodicity and robust transitivity. For example, a diffeomorphism is
transitive if it has a dense orbit, and robustly transitive if this behavior persists
under C1-small deformations. Every robustly transitive diffeomorphism on a 3-
manifold is either Anosov or “weakly” partially hyperbolic [DPU99]. Analogous
results hold for stable ergodicity and in higher dimensions [BDV05].

From a geometric perspective, one can think of partial hyperbolicity as a gen-
eralization of the discrete behavior of Anosov flows, which feature prominently
in the theory of 3-manifolds. Recall that a flow Φ on a 3-manifold M is Anosov
if it preserves a splitting of the unit tangent bundle TM into three 1-dimensional
sub-bundles

TM = Es ⊕ TΦ⊕ Eu,
where TΦ is the tangent direction to the flow, Es is eventually exponentially
contracted, and Eu is eventually exponentially expanded. After flowing for a
fixed time, an Anosov flow generates a partially hyperbolic diffeomorphism of a
particularly simple type, where the stable and unstable bundles are contracted
uniformly, and the center direction, which corresponds to TΦ, is left undistorted.
More generally, one can construct partially hyperbolic diffeomorphisms of the
form f(x) = Φτ(x)(x) where Φ is a (topological) Anosov flow and τ : M → R>0 is
a positive continuous function; the partially hyperbolic diffeomorphisms obtained
in this way are called discretized Anosov flows1.

1Note that a discretized Anosov flow is not in general the time-1 map of a reparametrization
of the Anosov flow, see Appendix G
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In this article and its sequel [BFFPa] we show that large classes of partially
hyperbolic diffeomorphisms can be identified with discretized Anosov flows. This
confirms a large part of the well-known conjecture by Pujals [BW05], which at-
tempts to classify 3-dimensional partially hyperbolic diffeomorphisms by asserting
that they are all either discretized Anosov flows or deformations of certain kinds
of algebraic examples.

1.1. Homotopy, integrability, and conjugacy. There are two important ob-
structions to identifying a partially hyperbolic diffeomorphism with a discretized
Anosov flow. The first comes from the fact that the latter are homotopic to
the identity, while the former may be homotopically nontrivial. Homotopically
nontrivial examples include Anosov diffeomorphisms on the 3-torus with distinct
eigenvalues, “skew products,” and the counterexamples to Pujals’ conjecture con-
structed in [BPP16, BGP16, BZ17, BGHP17].

The second major obstruction comes from the integrability of the bundles in
a partially hyperbolic splitting. In the context of an Anosov flow Φ, the stable
and unstable bundles Es and Eu integrate uniquely into a pair of 1-dimensional
foliations, the stable foliation Ws and unstable foliation Wu. In fact, even the
weak stable and weak unstable bundles Es⊕TΦ and Eu⊕TΦ integrate uniquely
into a transverse pair of Φ-invariant 2-dimensional foliations, the weak stable
foliation Wws and weak unstable foliation Wwu.

In the context of a partially hyperbolic diffeomorphism f , the stable and un-
stable bundles still integrate uniquely into stable and unstable foliations,Ws and
Wu [HP18]. However, the center stable and center unstable bundles Ec⊕Es and
Ec ⊕Eu may fail to be uniquely integrable. In fact, there are examples where it
is impossible to find any f -invariant 2-dimensional foliation tangent to the center
stable or center unstable bundle [RHRHU16, BGHP17].

If one can find a pair of f -invariant foliations tangent to the center stable and
center unstable bundles then f is said to be dynamically coherent. This condition
is certainly satisfied if f is a discretized Anosov flow (cf. Appendix G).

We take dynamical coherence as an assumption in the present article; Part II
[BFFPa] works without this.

1.2. Results. Most of the existing progress towards classifying partially hyper-
bolic diffeomorphisms takes an outside-in approach, restricting attention to par-
ticular classes of manifolds, and comparing to an a priori known model partially
hyperbolic (see [CRRU15, HP18] for recent surveys). In particular, partially
hyperbolic diffeomorphisms have been completely classified in manifolds with
solvable or virtually solvable fundamental group [HP14, HP15].

Ours is an inside-out approach, using the theory of foliations to understand the
way the local structure that defines partial hyperbolicity is pieced together into a
global picture. We then relate the dynamics of these foliations to the large-scale
structure of the ambient manifold. An advantage of this method is that, since it
does not rely on a model partially hyperbolic to compare to, we can consider any
manifold, not just one where an Anosov flow is known to exist.

The following two theorems are the main consequences of our work, applied to
two of the major classes of 3-manifolds. Note that the classification of partially
hyperbolic diffeomorphisms is always considered up to finite lifts and iterates,
since one can easily build infinitely many different but uninteresting examples by
taking finite covers.
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Theorem A (Seifert manifolds). Let f : M → M be a dynamically coherent
partially hyperbolic diffeomorphism on a closed Seifert fibered 3-manifold. If f is
homotopic to the identity, then some iterate is a discretized Anosov flow.

We eliminate the assumption of dynamical coherence in [BFFPa]; this resolves
the Pujals’ Conjecture for Seifered fibered manifolds2. Note that Theorem A
does not use the classification of Anosov flows on Seifert fibered 3-manifolds
[Ghy84, Bar96].

Theorem B (Hyperbolic manifolds). Let f : M →M be a dynamically coherent
partially hyperbolic diffeomorphism on a closed hyperbolic 3-manifold. Then some
iterate of f is a discretized Anosov flow.

This resolves a classification conjecture in [CRRU15] for hyperbolic 3-manifolds.
Note that this theorem does not assume that f is homotopic to the identity,

since any homeomorphism on a closed hyperbolic 3-manifold has a finite power
that is homotopic to the identity. It does, however, assume dynamical coherence.

Theorems A and B strengthen a more general statement which works in every
3-manifold and which requires some knowledge of taut foliations. See Appendix B
for the relevant definitions.

Let f : M → M be a partially hyperbolic diffeomorphism on a closed 3-

manifold M . When f is homotopic to the identity, we denote by f̃ a lift to

the universal cover M̃ that is obtained by lifting such a homotopy. For a dynam-
ically coherent partially hyperbolic diffeomorphism, we denote the center stable

and center unstable foliations by Wcs and Wcu, and their lifts to M̃ by W̃cs and

W̃cu.

Theorem C. Let f : M → M be a dynamically coherent partially hyperbolic
diffeomorphism on a closed 3-manifold M that is homotopic to the identity. If
Wcs and Wcu are f -minimal, then either

(i) f is a discretized Anosov flow, or

(ii) Wcs and Wcu are R-covered and uniform, and f̃ acts as a translation on

the leaf spaces of W̃cs and W̃cu.

Here, f -minimal means that the only closed sets that are both f -invariant and
saturated by the foliation are the empty set and the whole manifold M . If f is
transitive or volume preserving, then it is already known that Wcs and Wcu are
f -minimal [BW05]. We will show that this holds as well when M is hyperbolic or

Seifert and the lift f̃ fixes a leaf in the universal cover (see Proposition 3.15). We
show that (ii) cannot occur in a hyperbolic manifold, and Theorem B follows.

It is likely that Theorem B could be shown in the setting of 3-manifolds with
atoroidal pieces in their JSJ decomposition, but we have not pursued this here
as it would require proving results similar to [Thu, Cal00, Fen02] in this setting.

The technique to eliminate the possibility (ii) in Theorem C is more widely
applicable: In a companion article [BFFP20], we use the same ideas to show
that a partially hyperbolic diffeomorphism on a Seifert manifold which acts as a
pseudo-Anosov on (part of) the base is not dynamically coherent.

For Seifert manifolds, it is possible to show that, after taking an iterate, there

is another lift f̃ that is still a bounded distance from the identity and which

2The conjecture is true for Seifert manifolds with fundamental group with polynomial growth
[HP14] and false in Seifert fibered manifolds when the isotopy class is not the identity as the
examples in [BGP16, BGHP17] are not homotopic to identity and so cannot be discretized
Anosov flows.
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fixes a leaf of W̃cs, and f -minimality follows. We show that (ii) implies leaf
conjugacy of (possibly an iterate of) f to a time one map of an Anosov flow on a
Seifert fibered manifold, and Theorem A follows. We also completely classify the
partially hyperbolic diffeomorphisms for which it is necessary to take an iterate,
as opposed to f itself, to get a discretized Anosov flow (see Remark 7.3).

1.3. Remarks and references. The definition of a partially hyperbolic diffeo-
morphism traces back to [HPS77] and [BP73].

The classification problem for 3-dimensional partially hyperbolic diffeomor-
phisms has attracted significant attention since the pioneering work of [BW05,
BBI04, BI08], which was partially motivated by Pujals’ conjecture (see also [PS04,
§20] or [HP06, §2.2.6]). For example, there is interesting recent work done under
some restrictions on the center dynamics [Zha17, BZ19] or assuming some condi-
tions on the derivatives [CPR19]. See also the surveys [CRRU15, HP18, Pot18].

Besides its intrinsic interest, the classification problem for partially hyperbolic
diffeomorphisms has dynamical implications. For example, several finer dynam-
ical and ergodic properties have been studied under the assumption of having
a discretized Anosov flow (while not using that terminology), for instance in
[AVW15, BFT19] (see also [Pot18, Wil10]). Our results here and in [BFFPa]
make that condition checkable. Several of the techniques presented here also
yield information about the dynamics along the center direction, which is so far
poorly understood (see, e.g. [FP18]).

In addition, this article contains several new results of independent interest.
Indeed, important steps in our study do not use partial hyperbolicity, but instead
only use the more general setting of foliation preserving diffeomorphisms. Thus
some results (see §3 and §8 for instance) are much more widely applicable. In par-
ticular, in §8 we use regulating pseudo-Anosov flows to understand the dynamics
of a diffeomorphism that translates the leaves of an R-covered foliation, showing
that any such diffeomorphism has “invariant cores” that shadow the closed orbits
of the corresponding flow.

1.4. Acknowledgments. We would like to thank Christian Bonatti, Andrey
Gogolev, and Andy Hammerlindl for many helpful comments and discussions.

T. Barthelmé was partially supported by the NSERC (Funding reference num-
ber RGPIN-2017-04592).

S. Fenley was partially supported by Simons Foundation grant number 280429.
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ber DMS-1611768. Any opinions, findings, and conclusions or recommendations
expressed in this material are those of the authors and do not necessarily reflect
the views of the National Science Foundation.

R. Potrie was partially supported by CSIC 618 and ANII–FCE–135352.

2. Outline and discussion

In this section we will set some basic terminology, outline our major arguments,
and detail the organization of this paper.

Definition 2.1. A C1-diffeomorphism f : M →M on a 3-manifold M is partially
hyperbolic if there is a Df -invariant splitting of the tangent bundle TM into three
1-dimensional bundles

TM = Es ⊕ Ec ⊕ Eu
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such that for some n > 0, one has

‖Dfn|Es(x)‖ < 1,

‖Dfn|Eu(x)‖ > 1, and

‖Dfn|Es(x)‖ < ‖Dfn|Ec(x)‖ < ‖Dfn|Eu(x)‖,
for all x ∈M .

See Appendix F for more details. Our major goal is to show that large classes
of partially hyperbolic diffeomorphisms are discretized Anosov flows:

Definition 2.2. A discretized Anosov flow is a partially hyperbolic diffeomor-
phism g : M → M on a 3-manifold M that is of the form g(p) = Φt(p)(p) for a
topological Anosov flow Φ and a map t : M → (0,∞).

The precise definition of a topological Anosov flow is given in Appendix G,
where we also explain the relationship between discretized Anosov flows and
the more common notion of partially hyperbolic diffeomorphisms that are leaf
conjugate to time-1 maps of Anosov flows.

Consider a discretized Anosov flow g : M →M on a closed 3-manifold M . We
will see (Proposition G.2) that g is dynamically coherent, and that the center
leaves of g are exactly the orbits of the underlying flow. This means that g fixes

each leaf of the center foliation. Moreover, it has a natural lift g̃ : M̃ → M̃ to

the universal cover that fixes the lift of each center leaf, but fixes no point in M̃ .
Indeed, such a lift may be obtained by flowing points along lifted orbits. That

is, g̃(p) = Φ̃t(π(p))(p), where Φ̃ is the lifted flow and π : M̃ → M is the covering
map.

In fact, to show that a partially hyperbolic diffeomorphism f : M → M is a

discretized Anosov flow, it will suffice to find a lift f̃ : M̃ → M̃ with this property,

i.e., that fixes the leaves of the lifted center foliation, but fixes no point in M̃ .
This argument is essentially given in [BW05, Section 3.5] — see Section 6.2.

2.1. Setup. We will now set some basic definitions and outline our major argu-
ments. We will assume some familiarity with 3-manifold topology, taut foliations,
and leaf spaces; see Appendices A and B for an outline of the necessary back-
ground.

In this paper, M will be a closed 3-manifold, and f : M → M will be a dy-
namically coherent partially hyperbolic diffeomorphism that is homotopic to the
identity.

The center stable, center unstable, stable, unstable, and center foliations on M
are denoted byWcs, Wcu, Ws, Wu, andWc. These lift by the universal covering

map π : M̃ →M to foliations on M̃ which we denote by W̃cs, W̃cu, W̃s, W̃u, and

W̃c.

Convention: Throughout this paper we will assume that π1(M) is not vir-
tually solvable.

This assumption implies that there is no closed surface tangent to either Ecs

or Ecu (Theorem F.1), a fact that we will use often.
The classification of partially hyperbolic diffeomorphisms on manifolds with

virtually solvable fundamental group is complete [HP14, HP15], and our assump-
tion does not affect our main results (see Theorem F.5).

2.1.1. Good lifts. Since f is homotopic to the identity, we can lift such a homotopy

to M̃ , and obtain a lift f̃ : M̃ → M̃ that is good :
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Definition 2.3. A lift f̃ : M̃ → M̃ of a homeomorphism f : M → M is called a
good lift if

(i) it moves each point a uniformly bounded distance (i.e., there exists K > 0

such that d
M̃

(x, f̃(x)) < K for all x ∈ M̃), and
(ii) it commutes with every deck transformation.

Throughout this paper we will always take f̃ to be a good lift of f .

Remark 2.4. In fact, it is easy to show that (i) follows from (ii) on a closed
manifold.

A homeomorphism may have more than one good lift. Indeed, composing a
good lift with a deck transformation in the center of the fundamental group yields
another good lift. Conversely, the existence of more than one good lift implies
that the fundamental group has non-trivial center. By the Seifert fibered space
conjecture [CJ94, Gab92], this implies that the manifold is Seifert-fibered with
orientable Seifert fibration.

2.2. Outline of the paper. Recall that there are no closed surfaces tangent to
the center stable or center unstable bundles. In particular,Wcs andWcu have no

closed leaves, which implies that they are taut. Furthermore, M̃ is homeomorphic

to R3, and each leaf of W̃cs or W̃cu is a properly embedded plane that separates

M̃ into two open balls (cf. Theorem B.1).

2.2.1. Dichotomies for foliations. In §3 we study the basic structure of the center

stable and center unstable foliations, and the way that f̃ permutes their lifted
leaves. Much of this section applies more generally to a homeomorphism that is
homotopic to the identity and preserves a foliation.

The basic tool is Lemma 3.3, which says that the complementary components
of a lifted center stable or center unstable leaf are “large” in the sense that they

contains balls of arbitrary radius. Since f̃ moves points a uniformly bounded
distance, this has immediate consequences for the way that it acts on the leaf

spaces of W̃cs and W̃cu.
In particular, we deduce that the set of center stable leaves that are fixed

by f̃ is closed in the leaf space Lcs of W̃cs, each complementary component of

this set is an open interval that is acted on by f̃ as a translation, and any two
leaves in one of these “translation regions” are a finite Hausdorff distance apart
(Proposition 3.7). The same holds for the center unstable foliation.

When Wcs is f -minimal, or M is hyperbolic or Seifert-fibered, we use this to
show that either:

(?)
• f̃ fixes every leaf of W̃cs, or

• Wcs is R-covered and uniform, and f̃ acts as a translation on

the leaf space of W̃cs.
Recall that R-covered means that the leaf space in the universal cover is home-

omorphic to R, and uniform means that any two leaves in the universal cover are
a finite Hausdorff distance apart.

This dichotomy is easy to show under the assumption of f -minimality, where
it does not use partial hyperbolicity (Corollary 3.10). It takes significantly more
work assuming instead that M is hyperbolic or Seifert-fibered (Proposition 3.15).3

If Wcs and Wcu are f -minimal, or M is hyperbolic or Seifert-fibered, we are
left with three possibilities:

3This dichotomy holds even without the assumption of dynamical coherence, but the proof
is substantially more difficult (see [BFFPa]).
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(1) double invariance: f̃ fixes every leaf of both W̃cs and W̃cu;

(2) mixed behavior: f̃ fixes every leaf of either W̃cs or W̃cu, and acts as a
translation on the leaf space of the other, which is R-covered and uniform;
or

(3) double translation: f̃ acts as a translation on both W̃cs and W̃cu,
which are R-covered and uniform.

The remainder of the argument is arranged around these three possibilities.
We will see in §5 that mixed behavior cannot happen. In §6 we show that double
invariance implies that f is a discretized Anosov flow. The double translation
case is ruled out for Seifert-fibered manifolds in §7, and for hyperbolic manifolds
in §8–§9.

2.2.2. Center dynamics in fixed leaves. In §4, we work under the assumption that

f̃ fixes every leaf of W̃cs, and study the dynamics within each center stable leaf.
In particular, we show (Proposition 4.4):

(??)
If f̃ fixes every leaf of W̃cs, then any leaf of W̃cs that is fixed by a
nontrivial deck transformation contains a center leaf that is fixed by

f̃ .

This immediately eliminates the possibility of mixed behavior (see §5). It will
also be used in §6 to show that double invariance implies that f is a discretized
Anosov flow.

Consider a center stable leaf L that is fixed by a deck transformation γ. The
proof of (??) comes down to understanding the topology of the stable foliation
within L “in the direction of” γ. The formal meaning of this is the axis for

the action of f̃ on the stable leaf space in L (see Appendix E), but it can be
understood intuitively as the set of all stable leaves that cross the core of the

cylinder M̃
/
〈γ〉 essentially.

Suppose that there is an line’s worth of stable leaves in this direction, which

corresponds to circle’s worth in M̃
/
〈γ〉 as depicted (roughly) in the left half

of Figure 1. Then one can find a curve representing γ that is transverse to the
stable foliation, and a “graph transform argument” finds a corresponding center

leaf preserved by both γ and f̃ (Lemma 4.5).

Figure 1. Axes

The other possibility is that one finds gaps, which look roughly like Reeb
components as in the right half of Figure 1. We eliminate the possibility of such
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gaps by combining the dynamics coming from partial hyperbolicity with two
conflicting forces:

(i) On one hand, the topology of the stable and center foliations within L
forces the existence of a center ray within this gap that is expanded by f
(Lemma 4.7).

(ii) On the other hand, we find from the geometry of L that the entire gap,
and any center leaf within it, must be coarsely contracted (Lemma 4.9).

These conclusions are contradictory, so there can be no gaps, completing the
proof of (??).

The existence of the expanded center ray (i) is delicate, and depends crucially
on dynamical coherence (see Remark 4.8 and Figure 6). The coarse contraction
of gaps (ii) is more robust, and will be used again in the dynamically incoherent
case in [BFFPa].

2.2.3. Double invariance. In the doubly invariant case (1), one would like to show

that f̃ fixes each center leaf. Since by assumption it fixes each center stable and
center unstable leaf, it fixes the intersection between any two such leaves. Each
component of this intersection is a collection of center leaves, but there is no a

priori reason for it to have a single component. In §6.1, we show that f̃ fixes
either every center leaf or no center leaf, and so by (??) it fixes every center leaf.

Once we know that f̃ fixes every center leaf, we can use the arguments of
Bonatti–Wilkinson [BW05] to show that the center foliation is the orbit foliation
of a topological Anosov flow, and hence that f is a discretized Anosov flow. This
is done in §6.2, completing the proof of Theorem C.

2.2.4. Double translation in Seifert-fibered manifolds. The double translation case
(3) turns out to be the trickiest. The preceding results work with either topolog-
ical conditions (M being Seifert fibered or hyperbolic) or dynamical conditions
(minimality or f -minimality). To handle double translations we will need topo-
logical restrictions.

Part of the difficulty is that double translation do in fact exist (Remark 7.3)!
However, these examples live in Seifert-fibered manifolds, and have iterates that
are discretized Anosov flows. Using a similar idea (see section 6.2 of [BFFPb]),
one can build homeomorphisms that act as a double translation on any manifold
which admits an R-covered Anosov flow which is not a suspension, but our tech-
niques do show that they cannot be dynamically coherent partially hyperbolic
(even in a topological sense) when the ambient manifold is hyperbolic.

Eliminating double translations when M is a Seifert manifold relies on a trick:
Since there are many good lifts, we show in §7 that some good lifts (of a power
of f) must fix the leaf of at least one foliation. This completes the proof of
Theorem A.

2.2.5. Double translation in hyperbolic manifolds. We are left to treat the case of
double translations in hyperbolic manifolds, which we do in §8 and §9.

In §8, we prove a result about R-covered foliations that is of general interest.
In a hyperbolic 3-manifold, an R-covered foliation admits a transverse regulat-
ing pseudo-Anosov flow (see Appendix D). We will use this flow to understand
the dynamics of any homeomorphism that acts as a translation on its leaf space
(Proposition 8.1):
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(? ? ?)

Let f : M → M be a homeomorphism on a closed hyperbolic 3-
manifold that is homotopic to the identity and preserves a taut, R-
covered foliation T . Suppose that a good lift acts as a translation on

T̃ .
Then for each periodic orbit γ of the regulating pseudo-Anosov flow
Φ, there is a corresponding invariant “core” Tγ for f . Moreover, the
dynamics of f at Tγ is coarsely identical to the dynamics of Φ at γ
(in the sense that they have the same Lefschetz index).

There is a little lie in this description, as the core Tγ is in fact in the cover

M̃
/
〈γ〉 and is invariant under the appropriate lift of f to that cover.

In fact, having a hyperbolic manifold is not essential — we use similar tech-
niques on Seifert-fibered manifolds in [BFFP20].

The result (???) is the main ingredient in §9, where we show that double trans-
lations cannot occur in hyperbolic manifolds and complete the proof of Theorem
B.

The rough idea is that (? ? ?) gives a circle invariant by (a lift of) f and
with at least one fixed point, but partial hyperbolicity implies that any fixed
point must be, say, repulsive. But the devil is in the details, and while one can
make this rough idea precise in the case of a foliation, it does not lead to a
contradiction for branching foliation. This is why Theorem B requires dynamical
coherence. In the non dynamically coherent case, treated in [BFFPa], while
we do not prove or disprove its existence, we obtain a detailed description of
the permitted structure in the translation case that in particular produces some
topological obstructions for the existence of partially hyperbolic diffeomorphisms
in hyperbolic 3-manifolds.

3. Foliations and good lifts

In this section we will study the way that a good lift f̃ of a dynamically coherent
partially hyperbolic diffeomorphism f : M →M that is homotopic to the identity
permutes the leaves of the lifted center stable and center unstable foliations.

Most of the arguments in this section apply to any homeomorphism of a 3-
manifold that preserves an appropriate foliation and is homotopic to the identity,
so we will work for a while in this more general setting. At the end, we obtain
the following results for our setting.

Proposition 3.1. Let f : M →M be a dynamically coherent partially hyperbolic
diffeomorphism on a closed 3-manifold that is homotopic to the identity, and let

f̃ be a good lift of f . If Wcs is f -minimal, or M is hyperbolic or Seifert fibered,
then either

(1) Wcs is R-covered and uniform, and f̃ acts on the leaf space of the lifted
foliations as a translation, or

(2) f̃ fixes each leaf of the lifted foliation.

The same holds for the center unstable foliation Wcu.

3.1. General homeomorphisms. Let T be a taut foliation on a closed 3-
manifold M that is not finitely covered by S2 × S1. Then the universal cover

M̃ is homeomorphic to R3, and each leaf of the lifted foliation T̃ is a properly
embedded plane (see Theorem B.1).

Fix a homeomorphism f : M → M that preserves T and is homotopic to the

identity, and a good lift f̃ : M̃ → M̃ (Definition 2.3).
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3.1.1. Complementary regions. Being a properly embedded plane, each leaf K ∈
T̃ separates M̃ into two open balls. We will call these two components of M̃ \K
the complementary regions of K. The closure of such a complementary region U
is called a side of K and is simply U = U ∪K.

If K,L ∈ T̃ are distinct leaves, then K ∪ L separates M̃ into three open
complementary regions, which can be built from the complementary regions of
K and L: Let U , U ′ be the complementary regions of K, labeled so that L ⊂ U ′,
and let W , W ′ be the complementary regions of L, labeled so that K ⊂ W ′.
Then the complementary regions of K ∪ L are U , V = U ′ ∩W ′, and W . See
Figure 2. We call V the (open) region between K and L. Its closure, which is
simply V = K ∪ V ∪ L, is called the closed region between K and L.

K L

U V W

U U ′ W ′ W

Figure 2. The region between two leaves

Since M̃ is simply connected, the lifted foliation T̃ is coorientable. A coori-

entation determines a labeling of the complementary regions of each leaf L ∈ T̃
as a positive complementary region denoted L⊕ and a negative complementary
region denoted L	. The corresponding positive and negative sides are denoted
by L+ = L⊕ ∪ L and L− = L	 ∪ L.

Remark 3.2. We stress that a priori, some deck transformations or lifts of T -

preserving homeomorphisms may exchange the coorientations of T̃ .

3.1.2. The big half-space lemma. The following lemmas will be used to under-

stand the way that f̃ can act on the leaf space of T̃ .

Lemma 3.3. For every leaf L ∈ T̃ , and every R > 0, there is a ball of radius R
contained in each of the complementary regions of L.

Proof. If necessary, we pass to a double cover of M for which T is coorientable,
and choose such a coorientation. Then every deck transformation preserves the

corresponding coorientation on T̃ and orientation on the leaf space L = LT̃ .

Fix a ball B ⊂ M̃ of arbitrary radius, and a leaf L ∈ T̃ . We will find a deck
transformation g that takes B into L⊕; a similar argument would find a deck
transformation that takes B into L	, completing the proof.

Since B is compact, we can find a leaf F ∈ M̃ such that B ⊂ F⊕. Indeed, the

quotient map ν : M̃ → L takes B to a compact subset ν(B) of the leaf space,
which can be covered by a finite collection of open intervals I1, I2, · · · , In; We
may assume that ν(B) intersects every one of these intervals. At least one of
these intervals has an initial point (with respect to the orientation on L) that is
not contained in any other interval, and is therefore disjoint from ν(B). Then B
is contained in the positive complementary region of the leaf F corresponding to
this initial point.
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Let us now find a deck transformation g that takes F⊕, and hence B ⊂ F⊕,
into L⊕. Since T is taut, we can find a positively oriented closed transversal
γ : [0, 1] → M , based at a point in π(F ), that passes through π(L). Let γ̃ be a
the lift of γ based at a point in F , which passes through some lift L′ of π(L).
Then we can take g = h′◦h, where h is the deck transformation that takes γ̃(0) to
γ̃(1), and h′ takes L′ to L. The oriented transversal γ̃ certifies that h(F⊕) ⊂ L′⊕,
and h′(L′⊕) ⊂ L⊕ because our deck transformations preserve coorientation. �

It follows that f̃ can never take a complementary region of a leaf off of itself:
This would mean that it takes an arbitrarily large ball off of itself, which con-

tradicts the fact that f̃ moves points a uniformly bounded distance. This has

important consequences for the way that f̃ behaves with respect to each leaf.

In particular, if f̃ fixes a leaf, then it cannot interchange its complementary
components, and we have:

Corollary 3.4. If L ∈ T̃ is fixed by f̃ , then f̃ preserves coorientations at L.

F

L

f̃(L)

V
U U ′ W ′ W

Figure 3. Translation-like behavior

3.1.3. Translated leaves. Similarly, if f̃ moves some leaf, then it does so in a
“translation-like” manner as is illustrated in Figure 3. In fact, something a bit
stronger is true:

Proposition 3.5. Let L ∈ T̃ be a leaf that is not fixed by f̃ , then

(1) the closed region between L and f̃(L) is foliated as a product,

(2) f̃ takes each coorientation at L to the corresponding coorientation at f̃(L),
and

(3) the closed region between L and f̃(L) is contained in the closed 2R-

neighborhood of L, where R = max
y∈M̃ d(y, f̃(y)).

Proof. As in Figure 3, let U,U ′ be the complementary components of L, labeled

so that f̃(L) ⊂ U ′, and let W,W ′ be the complementary components of f̃(L),
labeled so that L ⊂ W ′. Then V = U ′ ∩W ′ is the open region between L and
f(L).
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Note that f̃ must take U to either W or W ′. But W is disjoint from U , so we

cannot have f̃(U) = W by Lemma 3.3. Thus f̃ takes U to W ′, and U ′ to W . This
is what is meant formally by the aforementioned “translation-like” behavior.

(1) It follows, in particular, that f̃ takes V off of itself and into W . To see
that V = K ∪ V ∪ L is foliated as a product, it suffices to show that
every leaf that lies in V separates K from L. Suppose that some leaf
F ⊂ V does not separate K from L. Then K and L are contained in
the same complementary region of F , so the other complementary region
is contained entirely in the open region V between K and L. But this
means that V contains balls of arbitrary radius, which contradicts the

fact that f̃ takes V off of itself. Thus every leaf that lies in V separates
K from L, and V is foliated as a product.

(2) Since V = K∪V ∪L is foliated as a product, it follows that a coorientation

taking L⊕ = U ′ will take f(L)⊕ = W . We have already seen that f̃(U ′) =
W , so (2) follows.

(3) Suppose for a contradiction that there is a point p ∈ V with d(p, L) =

2R + ε for some ε > 0. Then since d(L, f̃(L)) ≤ R, it follows from the

triangle inequality that d(p, f̃(L)) ≥ R+ε. This means that the open ball
BR+ε(p) at p of radius R+ ε is contained in V . But we have already seen

that f̃ takes V off of itself, so this implies that d(p, f̃(p)) ≥ R+ ε > R, a
contradiction.

�

It follows that if L ∈ T̃ is not fixed by f̃ , then one can string together the

f̃ -translates of the closed region V between L and f̃(L) to see that their union

U = · · · ∪ f̃−2(V ) ∪ f̃−1(V ) ∪ V ∪ f̃1(V ) ∪ f̃2(V ) ∪ · · ·

is an open, product-foliated set that is preserved by f̃ . This corresponds to an

open interval in the leaf space on which f̃ acts as a translation.

Let X ⊂ M̃ be the union of all leaves of T̃ that are fixed by f̃ . Then U is

contained in a connected component of M̃ \X. In fact, the following lemma says

that U is exactly a connected component of M̃ \X.

Lemma 3.6. Let L be a leaf of T̃ that is not fixed by f̃ , and let U =
⋃∞
i=−∞ f

i(V ),

where V is the closed region between L and f̃(L). Then each leaf in ∂U = U \U
is fixed by f̃ .

Proof. The frontier ∂U can be broken into “forwards” and “backwards” frontiers

∂ωU = lim sup
i→∞

f i(L) and ∂α = lim sup
i→−∞

f i(L),

each of which is preserved by f .

Let K be a leaf in ∂ωU , and suppose that f̃(K) 6= K. Then the closed region

between K and f̃(K) would be product foliated, and it follows that either K

separates U from f̃(K) or f̃(K) separates U from K. This contradicts the fact

that K, f̃(K) ⊂ ∂ωU , so we must have f̃(K) = K. A similar argument shows

that every leaf in ∂αU is fixed by f̃ . �

3.1.4. The dichotomy. We summarize the preceding discussion in terms of the
leaf space:
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Proposition 3.7. Let M be a closed 3-manifold that is not finitely covered by
S2 × S1, f : M →M a homeomorphism homotopic to the identity that preserves

a taut foliation T , and f̃ a good lift.

The set Λ ⊂ LT̃ of leaves that are fixed by f̃ is closed and π1(M)-invariant.

Moreover, each connected component I of LT̃ \ Λ is an open interval that f̃
preserves and acts on as a translation, and every pair of leaves in I are a finite
Hausdorff distance apart.

Proof. The only detail that needs to be pointed out is that Λ is π1(M)-invariant,

which follows from the fact that f̃ commutes with every deck transformation. �

In particular, one may have Λ = ∅:

Corollary 3.8. Let M be a closed 3-manifold that is not finitely covered by
S2 × S1, f : M →M a homeomorphism homotopic to the identity that preserves

a taut foliation T , and f̃ a good lift.

If f̃ fixes no leaf of T̃ , then T is R-covered and uniform, and f̃ acts on LT̃ ' R
as a translation.

This leads to a simple dichotomy when the foliation is f -minimal. Recall:

Definition 3.9. A foliation T that is preserved by a map f : M →M is said to
be f -minimal if the only closed sets that are both f -invariant and saturated are
M and ∅.

Corollary 3.10. Let M be a closed 3-manifold that is not finitely covered by
S2 × S1, f : M →M a homeomorphism homotopic to the identity that preserves

a taut foliation T , and f̃ a good lift.
If T is f -minimal, then either

(1) f̃ fixes every leaf of T̃ , or

(2) T is R-covered and uniform, and f̃ acts as a translation on the leaf space

of T̃ .

Proof. Since f̃ commutes with each deck transformation, each deck transforma-
tion preserves the set Λ ⊂ L of fixed leaves. In particular, if I is a component of
L \ Λ and g ∈ π1(M) then one has either g(I) = I or g(I) ∩ I = ∅.

If Λ = ∅ then we are in case (2) by the preceding corollary.
Suppose that Λ 6= ∅. If Λ 6= L, then it corresponds to a closed, T -saturated

subset of M that is preserved by f . Furthermore, this subset is not all of M since
it cannot accumulate on a leaf lying in the interior of a complementary interval
to Λ. This contradicts f -minimality, so we have Λ = L and are in case (1). �

3.1.5. Bounded movement inside leaves. We end this section by showing that a
good lift that fixes every leaf will be within a bounded distance of the identity

not only in M̃ but also in each leaf.

Lemma 3.11. Let M be a closed 3-manifold that is not finitely covered by S2×S1,
f : M → M a homeomorphism homotopic to the identity that preserves a taut

foliation T , and f̃ a good lift.

If f̃ fixes every leaf of T̃ , then there is a uniform bound K > 0 such that for

any leaf L ∈ T̃ one has

dL(x, f̃(x)) < K for all x ∈ L,

where dL is the path metric on L.
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Proof. Suppose for a contradiction that there is a sequence of points xi ∈ M̃ for

which dLi(xi, f̃(xi)) tends to infinity, where dLi is the path metric on the leaf

Li ∈ T̃ containing xi.
Since M is compact, we can pass to a subsequence and find a sequence of deck

transformations γi such that γi(xi) converges to a point x∞. Since f̃ commutes

with γi, we have that γi(f̃(xi)) = f̃(γi(xi)) converges to f̃(x∞).

Now, since dLi(γi(f̃(xi)), γi(xi)) = dLi(f̃(xi), xi) goes to infinity, the points

f̃(x∞) and x∞ must be in different leaves of T̃ . This contradicts the fact that f̃

fixes each leaf of T̃ . �

Remark 3.12. This lemma applies as well to a leaf of a closed sublamination of

T whose lift is leafwise fixed by f̃ .

3.2. Consequences for partially hyperbolic systems. Let us now specialize,
and fix a closed 3-manifold M whose fundamental group is not virtually solvable,
a dynamically coherent partially hyperbolic diffeomorphism f : M → M that is

homotopic to the identity, and a good lift f̃ : M̃ → M̃ .
We denote by Wcs, Wcu, Ws, Wu, and Wc the center stable, center unstable,

stable, unstable, and center foliations.

3.2.1. Fixed points and the topology of leaves.

Lemma 3.13. Let L ∈ W̃cs be a leaf that is fixed by f̃ . If there is a sequence

of leaves Li ∈ W̃cs that are fixed by f̃ and accumulate on L, then there are no

points in L fixed by non-trivial power of f̃ .

Proof. Suppose that f̃n, n > 0, fixes some point x ∈ L. Then it fixes the unstable

leaf W̃u(x) through that point. When i is sufficiently large, W̃u(x) intersects Li
at a single point xi, which must therefore also be fixed by f̃n. This contradicts

the fact that f̃n contracts unstable leaves. �

Proposition 3.14. Let L ∈ W̃cs be a leaf that is fixed by f̃ . If f̃ fixes no point
in L, then A = π(L) has cyclic fundamental group (and is therefore a plane,
cylinder, or Möbius band).

Proof. Let L be the leaf space of the stable foliation within L.

Since f̃ fixes no point in L, it cannot fix any stable leaf in L, since a stable

leaf that is fixed by f̃ would contain a fixed point. In other words, f̃ acts freely
on L, and hence has an axis Af by Proposition E.2.

Consider two elements γ1, γ2 ∈ π1(M) that fix L. Since the stable foliation
can have no circular leaves, neither of these elements may fix a stable leaf. Hence
each γi acts freely on L with an axis Ai.

As f̃ commutes with both γ1 and γ2 it follows from Proposition E.2 that in
fact these axes are the same, i.e., A1 = Af = A2. Proposition E.2 further implies
that the subgroup generated by γ1 and γ2 is abelian. Since there are no compact
leaves inWcs, it follows that this subgroup is cyclic, and hence γn1 = γm2 for some
n,m. �

3.2.2. Minimality in hyperbolic or Seifert manifolds. The following proposition
implies that the dichotomy in Corollary 3.10 holds, without the assumption of
f -minimality, when M is hyperbolic or Seifert-fibered.

Proposition 3.15. Let M be a closed 3-manifold that is hyperbolic or Seifert-
fibered, f : M → M a dynamically coherent partially hyperbolic diffeomorphism

that is homotopic to the identity, and f̃ a good lift.
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If f̃ fixes one leaf of W̃cs, then Wcs is a minimal foliation, and f̃ fixes every

leaf of W̃cs.
The same statement holds for Wcu.

Proof. Without loss of generality, we may assume, by passing to a finite cover of
M and power of f , that Wcs is orientable and coorientable, and f preserves all
orientations and coorientations.

Let X ⊂ M̃ be the union of all leaves of W̃cs that are fixed by f̃ . This

set is non-empty by hypothesis, π1(M)-invariant as f̃ is a good lift and closed
by Proposition 3.7. It follows that π(X) ⊂ M is compact and non-empty. By
Zorn’s lemma, we can find a minimal compact, non-empty, Wcs-saturated subset
Λ ⊂ π(X). We will show that Λ = M , which implies both that Wcs is minimal

and that f̃ fixes every leaf.
Note that Λ cannot contain any isolated leaves. Indeed, it cannot consist solely

of isolated leaves since then these leaves would be compact, andWcs has no com-
pact leaves. Deleting an isolated leaf from Λ still leaves a closed, saturated subset,
so the existence of an isolated leaf would contradict our minimality assumption.

Let Λ̃ be the preimage of Λ in M̃ . Since no leaf in Λ is isolated, every leaf

in Λ̃ is accumulated on by a sequence of leaves in Λ̃. Since these leaves are all

fixed by f̃ , Lemma 3.13 implies that f̃ has no fixed points in Λ̃. It follows from
Proposition 3.14 that each leaf of Λ is either a cylinder or a plane.

Assume for a contradiction that Λ 6= M , and hence Λ̃ 6= M̃ . Then we can

choose a nontrivial connected component V of M̃ \ Λ̃.

Claim 3.16. The projection π(∂V ) to M consists of finitely many leaves.

This is a standard fact in the theory of foliations [CC00, Lemma 5.2.5].
For each x ∈ ∂V , let ux be the maximal connected unstable segment that

starts at x and is contained in V , which is either a closed interval or a ray. That

is, ux is the component of W̃u(x) ∩ V that contains x. Given r > 0, and a leaf
L ⊂ ∂V define

ArL = {x ∈ L | `(Jx) ≥ r}.
Claim 3.17. For any leaf L ⊂ ∂V , and any r > 0, the set π(ArL) is compact as
a subset of π(L).

Proof. It is straightforward to see that π(ArL) is closed as a subset of π(L). If it is
not compact, then one can find sequence of points xi ⊂ π(ArL) that escapes every
compact subset of π(L). After taking a subsequence we can assume that the xi
converges in M to some point x. Take a chart around x of the form D2 × (0, 1)
where each D2 × {y} is a plaque of Wcs, and each {p} × (0, 1) is an oriented
plaque of Wu. Since the xi escape every compact subset of π(L), we can pass
to a subsequence such that each xi is contained in a different plaque. Then it
is easy to see that the lengths of the unstable segments at xi that stay in π(V )
must go to 0, a contradiction. �

Claim 3.18. Each leaf L ⊂ ∂V corresponds to an annulus π(L) in M .

Proof. Fix a leaf L ⊂ ∂V and an r > 0 for which AL := ArL is non-empty. As
π(L) is either a plane or an annulus, we assume for a contradiction that it is a
plane. Then the covering map π restricts to a homeomorphism on L, so the fact
that π(A) is compact means that A is compact. Let D be a disk in L containing
AL in its interior.

Since the leaves of ∂V are fixed by f̃ , and a positive iterate of f̃ expands the

lengths of unstable arcs, we can find an n ≥ 1 for which f̃n(D) ⊂ AL ⊂ D.
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Then Brouwer’s fixed point theorem implies that f̃n has a fixed point in L, which
contradicts Lemma 3.13. So L must be an annulus. �

Now we can complete the proof of Proposition 3.15. Let L1, . . . , Lk be a finite
collection of leaves in ∂V that cover π(∂V ), and fix r > 0 such that each Ai := ArLi
is nonempty. Choose a compact annulus Ci in each π(Li) that contains π(Ai).
Since f preserves orientations and coorientations, we can join each Ci to an
adjoining Cj with an annulus built out of unstable segments ux for points x ∈ ∂Ci.
Iterating this procedure, we obtain a torus T that consists of alternating annuli
contained in leaves of Wcs and annuli transverse to Wcs inside W = π(V ).

We will now (for the first time) use the assumption that M is hyperbolic or
Seifert-fibered to see that T bounds a solid torus.

If M is hyperbolic, then T either bounds a solid torus or is contained in a 3-ball
(Lemma A.2). If T is contained in a 3-ball, then the annuli Ci are contained in
that ball, so theWcs leaf containing Ci is compressible. This contradicts the fact
that Wcs is a taut foliation (see Theorem B.1), so T bounds a closed solid torus
U .

If M is Seifert-fibered, then Wcs is a horizontal foliation. That is, one can
isotope Wcs so that all leaves are transverse to the Seifert fibers of M (Theorem
F.3). It follows that the complementary regions of the lamination Λ are horizon-
tal. In particular, the region π(V ∪∂V ) is a product, which means that the torus
T is made up of two horizontal Ci and two transverse annuli, and hence bounds
a closed solid torus U .

We will now use a “volume vs. length” argument to get a contradiction. We
refer to [HPS18, Proposition 5.2] for a detailed proof and give only a sketch:
Consider an unstable arc inside U from a point in some π(Ai) to some Cj . Fix
some ε > 0, and call u the non-empty part of that unstable segment that is at
distance ≥ ε from both Ci and Cj . Up to taking ε > 0 smaller if necessary, we
can then assume that u is at distance at least ε > 0 from T . Consider a lift ũ ⊂ V
of u, and note that for any positive n, f̃n(ũ) stays a bounded distance away from

the corresponding lift T̃ of T . The length of f̃n(ũ) will grow exponentially in n,
while the volume of its maximal tubular neighborhood can only grow linearly, as

f̃ is at bounded distance from the identity and the fundamental group of T is Z.

This means that f̃n(ũ) must auto-accumulate in M̃ , contradicting the fact that

it is transverse to W̃cs. Thus Λ = M as desired. �

Remark 3.19. We point out here that the hypothesis of M being hyperbolic or
Seifert fibered is used in a single place, but it is crucial. To see this, it is enough
to consider the time-one map of Franks-Williams intransitive Anosov flow [FW80]
(or any other non-transitive Anosov flow), for which neither the center stable nor
the center unstable foliations are minimal.

3.3. Gromov hyperbolicity of leaves. In this section we show that Candel’s
Theorem (Theorem C.1) applies under the assumptions that f is partially hyper-

bolic and that f̃ fixes the leaves of the center stable foliation. It is known that the
assumption for Candel’s Theorem is always satisfied for hyperbolic 3-manifolds
(see e.g., [Cal07]), as well as for horizontal foliations in Seifert fibered manifolds
with exponential growth of fundamental group (which is automatic in our case
thanks to Theorem F.3). However, in order to deal with other 3-manifolds, we
need a more general version.

Lemma 3.20. Let M be a closed 3-manifold, f : M →M a dynamically coherent

partially hyperbolic diffeomorphism homotopic to the identity, and f̃ a good lift.
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Suppose Wcs has no compact leaves, and f̃ fixes every leaf of W̃cs. Then
every leaf of Wcs is Gromov-hyperbolic. Moreover, there is a metric on M which
restricts to a metric of constant negative curvature on each leaf of Wcs.

Proof. Thanks to Candel’s Theorem (Theorem C.1), all we have to show is that
Wcs does not admit a holonomy invariant transverse measure.

So we suppose that there is an invariant transverse measure µ to Wcs. Let S
be its support. First notice that, as there are no compact leaves in Wcs, µ has
no atoms, so there are no isolated leaves in S.

Let µ̃ be the lift of µ to M̃ .

The fact that f̃ fixes every leaf of W̃cs implies that the measure µ is f -invariant.

To see this, consider τ a small transversal to Wcs, and τ̃ its lift to M̃ . Then,

since f̃ fixes every leaf of Wcs, the transversals τ̃ and f̃(τ̃) intersect the same set

of leaves of Wcs. Hence, τ̃ and f̃(τ̃) have the same µ̃-measure (because µ is an
invariant transverse measure), thus µ(τ) = µ(f(τ)) as desired.

Now let τ be a closed segment on an unstable leaf and call x one of its endpoints.
Note that τ is a transversal toWcs, and, up to taking a different unstable segment,
we assume that τ is chosen so that µ(τ) > 0.

We can choose a sequence (ni) of negative integers converging to −∞ such
that (fni(x)) converges to some y ∈M .

Then, as the ni are negative integers, fni contracts the unstable length, so the
sequence of segments (fni(τ)) also converges to y. Now, since µ is f -invariant, it
implies that µ (fni(τ)) = µ(τ) > 0, for all ni. By taking the limit, we get that
the Wcs leaf containing y must be an atom of µ, in contradiction with the fact
recalled earlier that µ has no atoms.

Thus Wcs does not admit an invariant transverse measure and Candel’s The-
orem yields the conclusion of our lemma. �

We will use the metric given by this lemma on M in the specific situations
where a hyperbolic metric makes the proof less technical. But all such results
only need a Gromov-hyperbolic metric in the center stable or center unstable
leaves.

3.4. Summary. For convenience, we summarize the results obtained in Section
3.

Corollary 3.21. Let f : M →M be a partially hyperbolic, dynamically coherent,
diffeomorphism of a 3-manifold M that is homotopic to the identity. Suppose that

Wcs is f -minimal, or that M is hyperbolic or Seifert fibered. Let f̃ : M̃ → M̃ be
any good lift of f .

Then, f̃ has no fixed points and either

(1) the foliation Wcs is R-covered and uniform, and f̃ acts as a translation

on the leaf space of W̃cs; or,

(2) the map f̃ leaves every leaf of W̃cs fixed and every leaf of Wcs is a plane,
an annulus or a Möbius band. Moreover, there is a metric on M that
restricted to each leaf has constant negative curvature −1.

Proof. By Proposition 3.7, either the foliation Wcs is R-covered and uniform,

and f̃ acts as a translation on the leaf space of W̃cs, or, if f̃ does not act as a
translation, then it must fix at least one leaf.

Thus, if M is hyperbolic or Seifert fibered, we can apply Proposition 3.15 and
deduce that Wcs is f -minimal.
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Hence, if f̃ does not act as a translation, then we can apply Corollary 3.10 to

get that f̃ must fix every leaf of W̃cs.

Now, if no leaf of W̃cs is fixed by f̃ then f̃ cannot have fixed points. On

the other hand, if all leaves of W̃cs are fixed, then we can apply Lemma 3.13 to

deduce that f̃ still does not fix points.

Finally, Proposition 3.14 implies that when all leaves of W̃cs are fixed then
every leaf is a plane, an annulus, or a Möbius band.

The existence of the claimed metric follows from Lemma 3.20. �

The same statement holds for the foliation Wcu. Notice that, in principle, the
behavior of each foliation is independent. The goal of the next few sections is to
show that the behavior of one of the foliations forces the same behavior in the
other foliation.

4. Center dynamics in fixed leaves

In this section we will study the dynamics within center stable leaves. The main
result is Proposition 4.4, which will be used to understand the doubly invariant
and mixed cases (see §2.2.1).

4.1. Perfect fits. Much of this section will be concerned with transverse pairs
of foliations of a plane — in particular, the stable and center foliations within a
center stable leaf. We begin by introducing some basic tools, in particular the
idea of “perfect fits” first used by Barbot and the second author [Fen94, Bar95].

Let L be a complete plane equipped with a transverse pair of one-dimensional
foliations S and C. We denote by Ls := L/S and Lc := L/C their respective
leaf spaces. These are simply-connected, separable 1-manifolds which may not
be Hausdorff (see e.g., [Bar98, Cal07, CLN85]).

Definition 4.1. A leaf c ∈ C and leaf s ∈ S are said to make a CS-perfect fit, if
they do not intersect, but there is a local transversal τ to C through c, such that
every leaf c′ ∈ C that intersects τ on one side of c must intersect s.

On the other hand, if there exists τ ′ a local transversal to s ∈ S, such that
every leaf s′ ∈ S that intersect τ ′ on one side of s has to intersect c, we will say
that s and c make a SC-perfect fit.

If c and s make both a CS-perfect fit and a SC-perfect fit, we say that they
make a perfect fit.

Lemma 4.2. If two leaves c ∈ C and s ∈ S make a CS-perfect fit, then there
exists s′ ∈ S, possibly distinct from s such that c and s′ make a perfect fit. The
symmetric statement holds for SC-perfect fits.

Proof. Fix a small transversal τ to c. Let c′ near enough c which also intersects
s. Let p = c′ ∩ τ and q = c′ ∩ s. For any x in c′ between p and q and near enough
p, the stable leaf of x intersects c. Let y in c′ between p and q be the first point
such that the stable leaf of y does not intersect c. Let s′ be this stable leaf. Then
c, s′ form a perfect fit. �

A straightforward argument shows the following — see, e.g., [Fen98, Claim in
Theorem 3.5].

Lemma 4.3. If two leaves s, s′ ∈ S are nonseparated in the leaf space Ls, then
there is a unique leaf c ∈ C that separates s from s′ and makes a perfect fit with
s.
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ss′

τ

τ ′c

Figure 4. The leaves c and s make a CS-perfect fit, but not a SC-
perfect fit. The leaves c and s′ make a perfect fit.

4.2. Finding fixed center leaves. The following proposition is the main result
of this section.

Proposition 4.4. Let f : M →M be a dynamically coherent partially hyperbolic

diffeomorphism homotopic to the identity, and f̃ a good lift.

Suppose that f̃ fixes every leaf of W̃cs. Then any leaf of W̃cs that is fixed by a

nontrivial element of π1(M) contains a center leaf that is fixed by f̃ .

The proof of this will span the rest of this section. Let us fix M , f , and f̃ as

above, along with a leaf L ∈ W̃cs and a nontrivial element γ ∈ π1(M) that fixes

L. Our goal is to find a center leaf c ⊂ L that is fixed by f̃ .

Let Ls and Lc be the leaf spaces of the foliations W̃s and W̃c restricted to L.
These are simply connected, separable, 1-manifolds that may not be Hausdorff.

Since f̃ fixes every center stable leaf, Lemma 3.13 implies that f̃ has no fixed

points. This means that f̃ cannot fix any stable leaf, since such a leaf would be

contracted and hence contain a fixed point, so f̃ acts freely on Ls.
Since there are no circular stable leaves downstairs, γ must also act freely on

Ls. By Proposition 3.14, the stabilizer of L is cyclic, so we may take γ to be a
generator.

Since f̃ and γ commute and act freely on Ls, they preserve an axis As ⊂ Ls,
which is either a line or a Z-union of intervals (see Proposition E.2 and Remark
E.3).

The following lemma completes the proof of Proposition 4.4 when As is a line.

Lemma 4.5. If As ' R, then there exists a center leaf c ⊂ L that is fixed by both

f̃ and γ.

Proof. We will use the graph transform argument (Lemma H.1).
Since As is homeomorphic to R, one can find a bi-infinite curve η in L that

is transverse to the stable foliation and invariant under γ. For instance, pick
a point x in L and an arc a from x to γx transverse to the stable foliation.
Concatenating the positive and negative iterates of a by γ gives such a curve η
(that can be smoothed if required).
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In particular, η represents the axis As of γ, in the sense that a stable leaf is in
As if and only if it intersects η.

Since As is also the axis for the action of f̃ on Ls, every f̃ -iterate of η also

represents As. In particular, f̃(η) and η intersect the exact same set of stable
leaves.

So the curve η satisfies the two hypothesis of Lemma H.1, and we obtain a

curve β in L that is tangent to Ec and invariant under both f̃ and γ. It remains
to show that β is in fact a center leaf.

Choose a point x ∈ β, and let β′ be the compact subsegment of β running
from x to γx. This is a fundamental domain for the action of γ on β.

At each point y ∈ β, one can find a compact center segment cy through y that
intersects the same set of stable leaves as some compact subsegment βy of β, where
the interior of βy contains y. By compactness of β′, one can find a finite collection
c1, c2, · · · , ck of these center segments such that the corresponding subsegments
of β covers β′.

Projecting to M , we have a finite union of center segments
⋃
π(ci) that inter-

sects the same set of stable leaves as the closed curve π(β). Since f contracts
stable segments, fn(

⋃
π(ci)) converges to π(β) as n → ∞. Since a sequence of

center segments can only converge to a center segment, it follows that π(β) is a
center leaf, and so is β. �

4.2.1. Gaps. To complete the proof of Proposition 4.4 we will show that As is
indeed a line.

Suppose that As is not a line. Then it is a Z-union of closed intervals

As =
⋃
i∈Z

[s−i , s
+
i ].

We will call each of the pairs s+
i , s

−
i+1 a gap in this axis.

The following lemma says that some positive power of f fixes the image of each
gap in M .

Lemma 4.6. There are m 6= 0 and n > 0 such that h = γm ◦ f̃n fixes every s±i .

Proof. Since f̃ and γ act freely on As, they act freely on the index set of the
collection of intervals, which is Z. It follows that some nontrivial element of the

group generated by f̃ and γ acts trivially on Z. This element is of the form

h := γm ◦ f̃n. Since both γ, and f̃ act freely on As, neither n nor m can be equal
to zero, and we can take n > 0. Since h fixes each interval, it fixes the endpoints
of each interval as desired. �

For the remainder of this section, we fix h as in this lemma, and look at a
single gap, setting s+ = s+

i and s− = s−i+1 for some fixed i.
Let us name some features of this gap — refer to Figure 5.
Proposition E.2 says that s+ is non-separated from s− in the leaf space Ls, so

Lemma 4.3 provides a center leaf c that makes a perfect fit with s+ and separates
s+ from s−. Since there is a unique such leaf, it follows that h fixes c.

Note that h eventually contracts stable leaves; this is because γ is an isometry,

f̃ eventually contracts stable leaves, and n > 0. Up to an iterate we can assume
that this contraction is immediate. It follows that h fixes a single point x within
s+. Let c′ be the center ray that starts at x on the side of c.

We will show that h expands c′ in Lemma 4.7, and that it contracts c′ in
Corollary 4.13. This is contradictory, so there are no gaps in As, i.e., it is a line,
and the proof of Proposition 4.4 is complete.
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x

sy
c′

s+

s− c

Figure 5. A perfect fit forces expansion on a center ray.

4.2.2. Perfect fits and expanded center rays. In the following lemma we find that
the topology of the stable and center foliations in L forces a stable ray in our gap
to expand.

Lemma 4.7. h acts as an expansion on c′ with unique fixed point x.

Proof. Note that the stable leaf sy = W̃s(y) through any point y ∈ c′ that is
sufficiently close to x will intersect c. This is because s+ and c make a perfect
fit, and c′ is a transversal to S on the side of c. Given such a point, let s′y be the
compact segment of sy that runs from c′ to c. Since the lengths of h-iterates of
this segment go to zero, i.e., limn→∞ `(h

n(s′)) = 0, it follows that the h-iterates
of y eventually escape every compact set. Indeed, otherwise one would find that
c and c′ intersect at some accumulation point of hn(y). See Figure 5.

The lemma follows since we can take y ∈ c′ arbitrarily close to x. �

Remark 4.8. The proof of Lemma 4.7 uses the structure of the transverse pair
of foliations in an essential way. It does not hold when the center leaves are
allowed to merge — see Figure 6. This is exactly the type of behavior that arises
in the examples of [RHRHU16].

s+

s−

c

c′

x

Figure 6. The center ray may land by merging in c in the non-
dynamically coherent case.



PARTIAL HYPERBOLICITY IN 3 MANIFOLDS 23

4.2.3. Coarse contraction in stable gaps. In the following lemma we find that the
geometry of the gap forces it to contract laterally. This contradicts the expansion
found in Lemma 4.7 — see Corollary 4.13.

Lemma 4.9. There is a rectangle R bounded by segments of s+ and s− that
contain the fixed points, together with two arcs τ1, τ2, such that h(R) is contained
in the interior of R.

See Figure 7.

xy2 y1

h(τ1)

s+

τ1τ2

s−

cR

Figure 7. The domain R is mapped onto itself by h.

We will need two lemmas. The first is that the gap is “uniformly thin”:

Lemma 4.10. The leaves s+ and s− are a bounded Hausdorff distance apart with
respect to the path metric on L.

Proof. Since this gap is part of the axis As =
⋃
k∈Z[s−k , s

+
k ], it follows that s−

separates s+ from either f̃(s+) or f̃−1(s+). Then Lemma 3.11 implies that the

Hausdorff distance between s+ and f̃±1(s+) is uniformly bounded above, and the
same holds for the Hausdorff distance between s+ and s−. �

Recall that, since f̃ fixes all leaves of W̃cs, Candel’s theorem (Theorem C.1)
implies that there is a metric g on M such that Wcs is leafwise hyperbolic. Let
d be the associated path metric on the leaf L.

Lemma 4.11. For any K0 > 0, and any ray r ⊂ s+, there exists y ∈ r such that
d(y, h(y)) > K0.

Proof. Let r be a ray of s+. Suppose for a contradiction that there exists K0

such that for all y in r one has d(y, h(y)) < K0.

Recall that h = γmf̃n, where m and n are fixed. By Lemma 3.11, there exists

a constant K1 such that, for any z in L, d(z, f̃n(z)) < K1.
Thus, by assumption, for any y ∈ r,

d(y, γmy) ≤ d(y, f̃n(γmy)) + d(γmy, f̃n(γmy)) < K0 +K1.

Now γ is an hyperbolic isometry for d (since γ acts without fixed points on
L, and γ is not parabolic because M is compact). Hence, since d(y, γmy) stays
bounded for all y in r, it implies that r has to stay a bounded distance from the
(or any when d is only supposed Gromov-hyperbolic) geodesic in L that is the
axis for the action of γ on L.

So π(r) stays a bounded distance away from the (or all) geodesic in A = π(L)
that lifts to the axis of γ. Thus, Poincaré–Bendixon Theorem implies that π(r)
must accumulate onto a closed stable leaf in M , which is impossible (see Figure
8). �
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Remark 4.12. Notice that this is the only place in the proof of Proposition 4.4
that Theorem C.1 is used.

In fact, the proof does not actually need d to come from a Riemannian hyper-
bolic metric — only that it is Gromov-hyperbolic — so Lemma 4.11 will hold as
long as we know Gromov-hyperbolicity of the leafwise metric. We will need this
in [BFFPa].

A = π(L)

π

π(r)

r

L

Figure 8. If a stable ray in L stays close to the axis of the deck
transformation γ which is a hyperbolic isometry, then its projec-
tion in M has to accumulate on a circle stable leaf.

Proof of Lemma 4.9. Let y1 and y2 be points in s+ that lie on either side of, and
far away from, the fixed point x+, and let τ1 and τ2 be geodesic arcs from y1

and y2 to s−. See Figure 7. Note that the lengths of τi, i = 1, 2, are uniformly
bounded by Lemma 4.10, and since f has bounded derivatives, the length of h(τi)
is bounded as well. By Lemma 4.11, we can ensure that h moves yi far enough
to ensure that h(τi) is disjoint from τi, and the lemma follows. �

Corollary 4.13. Some subsegment of c′ is contracted by h.

Proof. This follows from Lemma 4.9, noting that c′ must intersect either τ1 or
τ2. �

This completes the proof of Proposition 4.4.

Remark 4.14. Note that Lemma 4.9 also implies that the center leaf c that
separates s+ from s− is “coarsely contracted” by h, in the sense that certain
sufficiently large subsegments of c are taken properly into themselves. To show
this one needs to note that the set of fixed points of h in c is compact and this
follows from the same argument as in Lemma 4.11.

This then generalizes as follows:

Lemma 4.15. Let c be a center leaf in a center stable leaf L ⊂ M̃ . Suppose

that L is Gromov-hyperbolic, and fixed by f̃ and some nontrivial γ ∈ π1(M).
Moreover, assume that there exist two stable leaves s1, s2 on L such that:

(1) The center leaf c is in the region between s1 and s2;
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(2) The leaves s1 and s2 are a bounded Hausdorff distance apart;

(3) The leaves c, s1 and s2 are all fixed by h = γn ◦ f̃m, m 6= 0.

Then, there exists a compact segment I ⊂ c, such that h (if m > 0) or h−1 (if

m < 0) acts as a contraction on cr I̊.

This remains true without assuming dynamical coherence — we will use it in
[BFFPa]. The proof of this lemma is very similar to that of Lemma 4.9. Note
that we do not need c to make a perfect fit with s1 or s2, nor do we need that c
necessarily goes to both ends of the band determined by s1 and s2 as in Figure 7.
All we need is that c is between s1 and s2, and that both rays of c escape every

compact set in L. That last fact is true of any center leaf in M̃ .

5. Mixed behavior

We can now eliminate mixed behavior in our cases of interest.

Theorem 5.1. Let f : M → M be a dynamically coherent partially hyperbolic
diffeomorphism homotopic to the identity. Assume that Wcu is f -minimal or
that M is hyperbolic or Seifert.

If a good lift f̃ fixes all the leaves of W̃cs, then it also fixes all the leaves of

W̃cu.

Proof. Since M is not T3 (recall that π1(M) is not virtually solvable), Proposition
B.2 says that we can find a leaf in Wcs with nontrivial fundamental group. Let

L ∈ W̃cs be a lift of such a leaf, which is invariant by some nontrivial γ ∈ π1(M).

By Proposition 4.4, f̃ fixes some center leaf c in L, so it must fix the center

unstable leaf K ∈ W̃cu that contains L. From the dichotomy in Corollary 3.21,

it follows that f̃ fixes every leaf of W̃cu as desired. �

In particular, under the assumptions of this theorem, one rules out the mixed
case (see item (2) of section 2.2.1).

6. Double invariance

In this section we show that, under the appropriate conditions, the doubly
invariant case (see item (1) of section 2.2.1) leads to a discretized Anosov flow.

Theorem 6.1. Let f be a dynamically coherent partially hyperbolic diffeomor-
phism. Assume that M is hyperbolic or Seifert or that Wcs and Wcu are f -

minimal. If there exists a good lift f̃ which fixes a leaf of W̃cs, then f is a
discretized Anosov flow.

Thanks to Proposition 3.15, under any of the hypothesis of the Theorem, both

Wcs and Wcu are f -minimal. Notice also that Theorem 5.1 implies that f̃ must

fix every leaf of both W̃cs and W̃cu.
Notice that Theorem 6.1 together with the dichotomy of Corollary 3.10 proves

Theorem C from the introduction.
We will first show that connected components of the intersections of center

stable and center unstable leaves are fixed by f̃ (i.e., that f̃ fixes leaves of the
center foliation). Proving that f is a discretized Anosov flow will then follow
rather easily.

We will prove that the set of connected components of intersections fixed by

f̃ is both open and closed and then that it is non-empty, thus proving that all
center leaves are fixed.
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6.1. Fixing center leaves. The main step in the proof of Theorem 6.1 is the

following proposition. Recall that the lift W̃c of the center foliation Wc consists

of the connected components of the intersections between leaves of W̃cs and W̃cu.

Proposition 6.2. Let f be a dynamically coherent partially hyperbolic diffeomor-

phism homotopic to the identity. Let f̃ be a good lift of f which fixes every leaf

of W̃cs and W̃cu. Suppose that Wcs and Wcu are f -minimal in M . Then f̃ fixes

every leaf of W̃c.

The key point in the proof of this proposition is to show that either all leaves

of W̃c are fixed by f̃ , or no leaf of W̃c is fixed by f̃ . In the latter case we will use
an argument similar to that of the analysis of the mixed behavior case, reaching
a contradiction from the results of section 4.

Lemma 6.3. The set

Fixc
f̃

:=
{
x ∈ M̃ | the center leaf through x is fixed by f̃

}
is open in M̃ . In addition Fixc

f̃
is invariant under deck transformations.

Proof. Let c ∈ W̃c be such that f̃(c) = c. Let L = W̃cs(c) be the center-stable
leaf containing c.

Let ε > 0 be small enough so that the center and stable foliations restricted to
any ball of radius ε in L is product (i.e., every stable and central leaf in the ball
intersect each other).

Let x ∈ c. By continuity of f , pick δ > 0 such that if d(x, y) < δ then

d(f̃(x), f̃(y)) < ε. Up to taking δ smaller, and since f̃(x) ∈ c, we can assume that
for any y ∈ L such that d(x, y) < δ, we have that c(y), the central leaf through

y, intersects s(f̃(x)), the stable leaf through f̃(x). This δ a priori depends on x.

Let y ∈ L such that d(x, y) < δ, then c(y) ∩ s(f̃(x)) 6= ∅. Moreover, since

d(f̃(x), f̃(y)) < ε, we have that c(f(y)) ∩ s(f̃(x)) 6= ∅. So the stable leaf s(f̃(x))

intersects both c(y) and c(f̃(y)).

Now, as f̃ fixes the leaves of the central unstable foliations, we have that

W̃cu(c(y)) = W̃cu
(
c(f̃(y))

)
. But s(f̃(x)) is transverse to W̃cu, so it cannot in-

tersect the same leaf of W̃cu more than once (see Theorem B.1). Hence c(f̃(y)) =
c(y).

Thus, the set of center leaves fixed by f̃ in a center stable leaf is open in that
center stable leaf. As the same argument applies to center unstable leaves, we

obtain that the union of points in center leaves in Fixc
f̃

is open in M̃ .

Finally, since f̃ commutes with every deck transformation, Fixc
f̃

is π1(M)-

invariant. �

We will think of Fixc
f̃

as both a subset of M̃ and a collection of center leaves

in W̃c.
Let D := π(Fixc

f̃
). By Lemma 6.3, D is open in M , and, obviously, f -invariant.

Lemma 6.4. Either Fixc
f̃

= M̃ or Fixc
f̃

= ∅.

Proof. Assume that Fixc
f̃
6= ∅, and thus, D 6= ∅.
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We start by showing that every leaf of W̃cs has at least some fixed center leaves:

Let E be the W̃cs-saturation of Fixc
f̃
, and suppose for a contradiction that there

exists L a leaf of W̃cs such that L ∩ E = ∅.
Since Fixc

f̃
is π1(M)-invariant, so is E. Hence, for any γ ∈ π1(M), we have

γL ∩ Fixc
f̃

= ∅. Therefore, in M , we have

π(L) ∩ π(E) = ∅.
So π(L) is contained in the set M r π(E), which is thus non empty. But

π(E) is the Wcs-saturation of D, hence open since D is open. The set π(E)
is also f -invariant since D is. Therefore, M r π(E) is a non empty, closed, f -
invariant subset of M saturated by Wcs. The f -minimality of Wcs implies that
M r π(E) = M , which is in contradiction with the fact that π(E) is non empty.

It follows that, for any center-stable leaf L, we have L ∩ Fixc
f̃
6= ∅.

Our next step is to prove that any center stable leaf that has a non-trivial

stabilizer in π1(M) is contained in Fixc
f̃
. Let L be a leaf of W̃cs such that its

projection A = π(L) is not simply connected (in which case it must be an annulus
or a Möbius band according to Corollary 3.21). As we proved above, we know
that L ∩ Fixc

f̃
6= ∅. We now want to show that L ⊂ Fixc

f̃
. Let us assume for a

contradiction that Fixc
f̃
∩ L 6= L.

Recall that Fixc
f̃

is open (by Lemma 6.3), thus so is B = Fixc
f̃
∩ L (for the

relative topology on L). Notice that, since both Fixc
f̃

and L are invariant by f̃ ,

so is B, and in turn, so is its boundary ∂B.

Let c1 be a center leaf in ∂B. Then f̃(c1) 6= c1, but arbitrarily near c1 there
are some fixed center leaves.

Since c1 and f̃(c1) are both in ∂B, they are non separated from each other in
the leaf space of the center foliation in L. Indeed, if one takes a sequence (cn) of

central leaves in B that accumulates on c1, then, since f̃(cn) = cn, the sequence

also accumulates on f̃(c1).

As c1 and f̃(c1) are not separated in the center leaf space of L, it follows that
there exists a stable leaf s1 making a perfect fit with c1, such that s1 separates

c1 from f̃(c1).

If some power of f̃ fixes s1, then that power of f̃ has a fixed point in s1,

contradicting Lemma 3.13 (since f̃ fixes every leaves of W̃cs).

It follows that the sequence
(
f̃ i(s1)

)
is infinite. Moreover, there exists c ∈ Fixc

f̃

that intersects all the leaves
(
f̃ i(s1)

)
. Indeed, taking c ∈ Fixc

f̃
to be a central

leaf close enough to c1 so that c ∩ s1 6= ∅, then c intersects every f̃ i(s1), because

f̃(c) = c.

Furthermore, for all i, f̃ i(s1) separates f̃ i−1(s1) from f̃ i+1(s1), because f̃ acts

as a translation on c (because f̃ cannot have a fixed point in L by Lemma 3.13).

As f̃ acts freely on the stable leaf space in L (again thanks to Lemma 3.13),

then f̃ has an axis As(f̃) for this action. By definition, all the leaves f̃ i(s1) are

in this axis. Since all the leaves f̃ i(s1) also intersect a common transversal c, we

deduce that As(f̃) is a line (see Figure 9).
Now recall that C = π(L) is an annulus or a Möbius band, (thanks to Corollary

3.21). Let γ be the deck transformation associated with the generator of π1(C),
so that γ fixes L.
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B

c0

f̃(c1)

c1

c

s1

f̃(s1)

Figure 9. The combination of fixed and non-fixed center leaves allows

to construct a center leaf intersecting s1 and f̃(s1) in the axis As(f̃) =

As(γ).

Recall that, since there does not exist closed stable leaves in M , γ must act

freely on the stable leaf space in L. Thus γ admits an axis As(γ). Since f̃ and

γ commute, then As(f̃) = As(γ) (see Proposition E.2). In particular, As(γ) is a
line.

Therefore there exists a γ-invariant curve in L , that we call α, such that α is

transverse to the stable foliation, and intersects each stable leaf in As(γ) = As(f̃)

exactly once. It follows that f̃(α) and α intersect exactly the same set of stable
leaves in L. So we can use the Graph Transform argument (Lemma H.1) on α
and obtain that there exists a curve c0 in L, tangent to the central direction4 Ec,

and invariant by both f̃ and γ.
Since c0 intersects s1, and the leaves s1 and c1 make a perfect fit, we deduce

that there exists s, close to s1, that intersects both c0 and c1. Let x = c0 ∩ s,
y = c1∩ s and z = c0∩ s1. Up to choosing s closer to s1, we may assume that the
distance between x and z is less than some fixed K > 0, the length of the closed
curve π(c0). Now, since c0 is invariant by γ, we have that, for all n,

d(f̃n(x), f̃n(z)) ≤ K.

Moreover, since f̃ contracts stable length, we have that d(f̃n(x), f̃n(y)) converges
to 0 as n goes to +∞.

Using the above, together with the invariance of c0 by f̃ and the fact that c0 is
tangent to the central direction, we deduce that for some large enough n, the leaf

f̃n(c1) intersects f̃n(s1), contradicting the fact that s1 and c1 do not intersect.
Hence, we proved thus far that for any L a center-stable leaf with non-trivial

stabilizer, we have L ⊂ Fixc
f̃
. We can now finish the proof of Lemma 6.4.

Let c be any center leaf in M̃ . Let x be a point in c, let U be the center

unstable leaf containing c, and let τ be a small unstable segment in W̃u(x) that
contains x in its interior.

4In fact, since there exists a central leaf that is transverse to the axis, an argument used in
the proof of Lemma 4.5 shows that c0 is not just tangent to the central direction, but an actual
central leaf. However, just having tangency to the central direction is enough to finish the proof.
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π(z)

π(x)

π(y)

π(s1)

π(c1)

c

π(c0)

π(s)

Figure 10. The fixed center circle and the circles in the boundary of

π(B) are joined by a stable leaf.

Recall (see Proposition B.2) that there exists leaves in W̃cs with non-trivial
stabilizer. Then f -minimality implies that such leaves are dense. Thus, we may
assume that both endpoints of τ are on center stable leaves with non-trivial
stabilizer. Call c1 and c2 the center leaves through the two endpoints of τ . We

proved above that both c1 and c2 are fixed by f̃ (since they are on center stable
leaves with non-trivial stabilizer).

Since c intersects τ , an unstable segment from c1 to c2, it follows that c sepa-

rates c1 from c2 in U . As f̃ fixes both c1 and c2 then f̃(c) also separates c1 from

c2 in U . This implies that f̃(c) also intersects τ . As argued before, since f̃ fixes

every center stable leaves, c and f̃(c) must be in the same center stable leaf, and,
since they both intersect τ , which is a transversal to the center stable foliation,

we deduce that c = f̃(c).

Therefore, we proved that f̃ fixes every center leaf, i.e., Fixc
f̃

= M̃ , as desired.

�

We can now prove Proposition 6.2.

Proof of Proposition 6.2. By assumption, f̃ fixes every leaf of W̃cs, and, by Propo-
sition B.2, there exists some center stable leaf with non-trivial stabilizer. Thus,
Proposition 4.4 implies that there exists at least one fixed center leaf, i.e., Fixc

f̃
6=

∅. Lemma 6.4, then yields that Fixc
f̃

= M̃ , which is what we wanted to prove. �

6.2. Showing that the map is a discretized Anosov flow.

Proposition 6.5 (Leaf conjugacy to a topological Anosov flow). Let f be a
partially hyperbolic diffeomorphism on a 3-manifold M . Suppose that there exists

a lift f̃ to the universal cover M̃ such that f̃ moves points a bounded distance

and f̃ fixes every center leaf. Then the center foliation is the orbit foliation of a
topological Anosov flow.

The proof is very similar to that given in [BW05, Section 3.5]. We sketch the
main points of the proof. We also refer to Appendix G for the precise definition
of a topological Anosov flow, and more discussion about discretized Anosov flows.

Proof. Fix a metric on M and consider Xc a unit vector field in Ec which we first

assume orientable. In the universal cover, using that f̃ fixes every center leaf, one

can show that f̃ does not fix any point in M̃ , that there is a uniform estimate
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for dc(x, f̃(x)), and it is indeed continuous (see [BW05, Lemma 3.4] for a proof

with less hypothesis). In particular, we can assume that [x, f̃(x)]c is positively
oriented with respect to Xc.

Now, let c1, c2 be two center leaves in the same center stable leaf such that

for some x ∈ c1 one has that W̃s(x) ∩ c2 6= ∅. Then, letting y be the point

of intersection, we have that d(f̃n(x), f̃n(y)) → 0 as n → ∞. As the points are

moving forward by f̃ along the orbits of Xc at bounded speed, this shows that the
flow is locally contracted on center stable manifolds. The symmetric arguments
gives local contraction for the past in center-unstable manifolds. Notice that the

fact that f̃ acts as a translation in all center leaves and that center leaves are fixed

by f̃ implies that no deck transformation can reverse orientation of the center,
this implies that our initial assumption is verified.

This shows that the flow generated by Xc is expansive. Moreover, it preserves
the transverse foliationsWcs andWcu, which do not have singularities. Thus, the
work of Paternain [Pat93] implies that the flow generated by Xc is a topological
Anosov flow (see also Appendix G). �

Putting together Theorem 5.1, Proposition 6.2, Proposition 6.5 and Proposi-
tion G.2 one finishes the proof of Theorem 6.1 and of Theorem C.

7. Proof of Theorem A with dynamical coherence

We are now ready to finish the proof of Theorem A when the diffeomorphism
is assumed to be dynamically coherent.

We start by proving that, in a Seifert manifold, one can always choose a good
lift in such a way that it fixes one center-stable leaf.

Proposition 7.1. Let f : M →M be a dynamically coherent partially hyperbolic
diffeomorphism on a Seifert manifold. Suppose that f is homotopic to the identity
and that the Seifert fibration in M is orientable. Then there exists a good lift of

an iterate of f which fixes a leaf (and therefore every leaf) of W̃cs.

Proof. To prove the result, partial hyperbolicity will only be used to get that M
has non-zero Euler class ([HPS18, Theorem B]).

First up to taking a finite lift we assume that M is an orientable circle bundle
over a higher genus (orientable) surface Σ.

Consider the leaf space Lcs of the center-stable foliation and let δ be the deck
transformation associated with the center of M . As the foliation is horizontal (see
Theorem F.3), it follows that the leaf space Lcs is homeomorphic to the reals. In
addition, Lcs/〈δ〉 is a circle that we will call S1

δ .

Consider a good lift f̃ of f . The map f̃ induces a homeomorphism f̂ : S1
δ → S1

δ .

Moreover, f̂ commutes with the image of the homeomorphisms ρ̂(γ) : S1
δ → S1

δ
which are defined for all γ ∈ π1(M). These homeomorphisms are well defined
up to composition with δ. So ρ̂ naturally induces a quotient representation
ρ : π1(Σ) → Homeo+(S1

δ ) when using the identification π1(M)/〈δ〉 ∼= π1(Σ). The
Euler class of M coincides with the one of the representation ρ (see [CC03, Chap-
ter 4]).

We first show that f̂ has rational rotation number. We proceed by contradic-
tion: Assume that f̂ has irrational rotation number.

Suppose first that f̂ is minimal. It directly implies that f̂ is conjugate to an ir-
rational rotation by a homeomorphism h : S1

δ → S1
δ . Conjugating the homeomor-

phisms ρ(γ) (that is, h−1ρ(γ)h), since they commute with an irrational rotation
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they must commute with every rotation. Therefore the homeomorphisms ρ(γ) are
all conjugate by h to rigid rotations. This implies that ρ : π1(Σ)→ Homeo+(S1)
is conjugate to a representation into SO(2,R). This allows to construct a path to
the trivial representation, because one can move freely along SO(2,R) until one
gets to the identity without altering the relations. Therefore the representation
has zero Euler class. See [Man18, Sections 5.2 and 5.3].

If f̂ is not minimal, it is a Denjoy counterexample, one can see that the rep-
resentation of π1(Σ) into Homeo(S1) is semi-conjugate to a representation which
commutes with a minimal homeomorphism, and so it also has to have zero-Euler
class (see [Man18, Section 5.2]). This proves that f̂ has rational rotation number.

Now we go back to the original manifold. Since in the finite cover, the corre-
sponding map f̂ had rational rotation number, the same is true for f̂ associated
with the original manifold. In particular, f̂ has a periodic point, which means

that for some i 6= 0, δnf̃ i has a fixed point. So δnf̃ i is the sought good lift (note
that it is a good lift because the Seifert fibration is orientable, and thus δ is in
the center of π1(M)) This finishes the proof. �

Notice that the symmetric statement holds for W̃cu but a priori not for both
simultaneously.

Remark 7.2. In this proof, we did not really use dynamical coherence (see
[BFFPa]). One could give a slightly simpler proof that uses dynamical coherence.
However, since we will need this result in the non-dynamically coherent case in
[BFFPa], it is more efficient to give the general proof.

So we can now prove Theorem A.

Proof of Theorem A. If the result holds in a finite cover ofM , then, by projection,
it also holds in M . So, by lifting to a double cover, we may assume that M has

orientable Seifert fibration. Let f̃ be a good lift of some power fk given by

Proposition 7.1. Then f̃ does not act as a translation on both center-stable and
center-unstable leaf spaces, so is not in case (ii) of Theorem C. Thus it is in case
(i) of Theorem C, i.e., fk is a discretized Anosov flow. �

Remark 7.3. Note that, in Theorem A, we need to take a power of f to get
a discretized Anosov flow, whereas Theorem C holds for the original f . This
condition is necessary, i.e., there are some dynamically coherent partially hyper-
bolic diffeomorphisms homotopic to the identity on a Seifert manifold that are
not discretized Anosov but such that a (non-trivial) iterate is. We will give such
an example below and also classify all such examples.

Consider Σ a hyperbolic surface (or orbifold) and gt the geodesic flow on T 1Σ.
Let M be a k-fold cover of T 1M obtained by unwrapping the fiber and gtM : M →
M be a lift of gt to M . Call s : M →M the map obtained by lifting the “rotation
by 2π” along the fiber in T 1Σ. Then for any i = 1, . . . , k− 1, the diffeomorphism
fk,i := g1

M ◦ si is a partially hyperbolic diffeomorphism, dynamically coherent,

homotopic to the identity, and it is not a dicretized Anosov flow (but fkk,i is a

discretized Anosov). Notice that the action of any good lift of fk,i on the center
stable and center unstable leaf spaces is by translations.

Now, suppose that M is a Seifert manifold and f is a dynamically coherent
partially hyperbolic diffeomorphisms homotopic to the identity. Then, by The-
orem A, there exists k such that fk is a discretized Anosov flow. Thus, by the
classification of Anosov flows on Seifert manifolds (see [Ghy84, Bar96]), M is a
finite lift of the unit tangent bundle of an orbifold Σ and fk is leaf conjugate to
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the time-one map of the lift of the geodesic flow. Then the action of (a good lift
of) f on both the central stable and central unstable leaf spaces is conjugated to
the action of (a good lift of) a diffeomorphism fk,i as above. So f and fk,i are
leaf conjugate.

8. Coarse dynamics of translations

In this section, we consider a homeomorphism f : M → M of a hyperbolic 3-
manifold that preserves a uniform, R-covered foliation F and acts as a translation
on its leaf space. We show that the dynamics of f is comparable to the dynamics
of the pseudo-Anosov flow Φ (given by Theorem D.3) that regulates F . More
precisely, for every periodic orbit of Φ, we show that there exists a compact core
(in a lift of M) invariant by f that plays the role of the periodic orbit of Φ.

So in particular, the result of this section does not require f to be partially
hyperbolic and is of independent interest. The description of the dynamics of f in
periodic leaves of F (if any) can be compared to the global shadowing for pseudo-
Anosov homeomorphisms done in [Han85]. We will use the results obtained here
to complete the proof of Theorem B in the next section.

To make this comparison precise we will introduce some more objects. Let
f : M → M be a hyperbolic 3-manifold. We assume that f is homotopic to
the identity, and preserves a foliation F . Furthermore, we suppose that F is

R-covered and uniform and such that a good lift f̃ of f acts as a translation on

the leaf space of F̃ .

Since f̃ commutes with any deck transformation and acts as a translation

on the leaf space of F̃ , it implies that the foliation F is actually transversely
orientable. Hence Theorem D.3 applies and we call Φ a transverse regulating

pseudo-Anosov flow. We denote by Φ̃ its lift to the universal cover M̃ .
Let γ ∈ π1(M) be an element associated with a periodic orbit of Φ (i.e., such

that there is a flow line of Φ̃ invariant under γ). Let Mγ := M̃/<γ> be the cover
of M associated with that deck transformation.

The foliation F̂γ lifted from F to Mγ is a foliation by planes. Indeed, since

Φ is regulating, each orbit of Φ̃ can represent the leaf space LF̃ of F̃ . Thus γ,

and all of its powers, act as a translation on LF̃ , so no leaf of F̃ can be fixed by

a power of γ. Therefore, F̂γ is a foliation by planes (see, e.g., [Fen02] for more
details).

Since f̃ is a good lift of f it induces a lift f̂γ of f in Mγ .
We can now state precisely the main result of this section.

Proposition 8.1. Let M , f : M →M , F and Φ be as above.
Then, for every γ ∈ π1(M) associated with a periodic orbit of Φ, there is a

compact f̂γ-invariant set Tγ in Mγ which intersects every leaf of F̂γ.

Moreover, if an iterate f̂kγ of f̂γ fixes a leaf L of F̂γ, and γ fixes all the prongs

of a periodic orbit associated with γ, then the fixed set of f̂kγ in L is contained in
Tγ ∩ L and has negative Lefschetz index.

Remark 8.2. In fact, the proof will show that the total Lefschetz index ITγ∩L(f̂kγ |L)
equals −1 if the periodic orbit of Φ is a regular periodic orbit, and equals 1 − p
if the periodic orbit is a p-prong, p ≥ 3, assuming that γ fixes the prongs of the
orbit.

We also remark that, by construction, the set Tγ is essential in the sense that
any neighborhood of it contains a curve homotopic to (a power of) γ.
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To prove this proposition, we first need to explore some properties of the
pseudo-Anosov flow Φ and its interaction with the foliation F .

Let Λs and Λu be the weak stable and weak unstable (singular) foliations of

the pseudo-Anosov flow Φ. We denote by Λ̃s and Λ̃u their lift to the universal
cover.

For any leaf L of F̃ , we denote by GsL and GuL the one dimensional (singular)

foliations obtained by intersecting the foliations Λ̃s and Λ̃u with L.

Fact 8.3. The length along foliations GsL and GuL is uniformly efficient up to a

multiplicative distortion at measuring distances in the leaves of F̃ . That is, the
rays of GsL and GuL are uniform quasi-geodesics for the path metric on L.

Proof. This fact is a consequence of the construction of the foliations Λ̃s and Λ̃u.
They are obtained by blowing down certain laminations that intersect the leaves

of F̃ε along geodesics (with respect to the uniformization metric obtained via
Candel’s Theorem C.1). We refer to [Fen02] or [Cal07] for the construction of
these laminations.

In particular, there exists a uniform K1 > 1 such that for every L ∈ F̃ and
y ∈ Gs(x) one has

`([x, y]G
s
L) ≤ K1dL(x, y) +K1

where `([x, y]G
s
L) denotes the length of the arc in Gs joining x and y. And similarly

for Gu(x). �

The flow Φ̃ does not preserve the foliation F̃ , but since it is transverse and

regulating to the foliation, it makes sense to consider, given L1, L2 ∈ F̃ two

leaves, the map τ12 : L1 → L2 consisting in flowing along Φ̃ from one leaf to the
other. By construction, the map τ12 is a homeomorphism. Notice that since F
is R-covered and uniform, the Hausdorff distance between L1 and L2 is bounded
multiplicatively with the flow distance between the leaves – at least for leaves
which are sufficiently apart from each other.

By convention, we will always assume that L2 is taken to be above L1, in the

sense that one has to follow the orbits of Φ̃ in the positive direction to go from
L1 to L2.

Notice that invariance of Λ̃s and Λ̃u by Φ̃ imply that the homeomorphism τ12

maps the foliations GsL1
and GuL1

into the the foliations GsL2
and GuL2

respectively.
When the leaves L1, L2 are understood, we will omit them from the notation.

It is a standard fact from the dynamics of pseudo-Anosov flows and the bounded
comparison between flow distance and leaves5 that the following holds:

Fact 8.4. For any leaves L1 and L2 sufficiently far apart, the map τ12 expands
lengths (and, equivalently distances) in Gu exponentially in terms of the Hausdorff
distance between L1 and L2. That is, there exists a λ > 0, independent of L1, L2,
such that, for any x ∈ L1 and y ∈ GuL1

(x), we have

dL2(τ12(x), τ12(y)) ≥ eλdHaus(L1,L2),

as long as dHaus(L1, L2) is sufficiently big. Similarly, τ−1
12 expands the lengths in

Gs exponentially in terms of the Hausdorff distance between L1 and L2.

The following simple result will be extremely useful for us.

5It is worth noting that the pseudo-Anosov property is invariant under reparametrizations
of the flows.



34 T. BARTHELMÉ, S.R. FENLEY, S. FRANKEL, AND R. POTRIE

Lemma 8.5. Suppose that β is a deck transformation that acts freely and de-

creasingly on the leaf space of F̃ . Let L1 be a leaf of F̃ . Let τ12 be the flow along
map from L1 to L2 := β−1(L1). Define gβ,L1 := β◦τ12 : L1 → L1. Then, for every
K > 0, there exists R > 0 such that if dL1(x, x1) > R then dL1(x, gβ,L1(x)) > K.

Remark 8.6. Notice that in this Lemma, we do not ask for β to be associated
with a periodic orbit of the pseudo-Anosov regulating flow.

Proof. Suppose for a contradiction that there exists K > 0 and a sequence yn
escaping to infinity in L1 and such that dL1(yn, gβ,L1(yn)) ≤ K for all n.

Up to taking a subsequence, there exists γn ∈ π1(M) such that γn(yn) con-

verges to y0 in M̃ .

We define a map τβ : M̃ → M̃ as follows: given x in M̃ , it is in L a leaf of

F̃ , then we let τβ(x) be the intersection of the flow line of Φ̃ through x with
β−1(L). Notice that if x ∈ L1, then τβ(x) = τ12(x). In particular, for every n,
τβ(yn) = τ12(yn).

Since γn(yn) converges to y0, and τβ consists of flowing along Φ̃ a uniformly
bounded amount, for n big enough, we have that d(τ12(yn), τβ(γ−1

n (y0)) is as small
as we want. Hence, for n big enough, we have

d(β ◦ τ12(yn), β ◦ τβ(γ−1
n (y0)) < 1.

Now, βτ12(yn) = gβ,L1(yn) is at distance less than K from yn. Thus, after
applying γn, we get

d(γn(yn), γn ◦ β ◦ τβ(γ−1
n (y0))) < 1 +K.

Note that the map τβ moves every point a bounded distance, the transformations
γn, β are isometries, and, for n big enough, d(γn(yn), y0) is very small. Therefore,
d(y0, γn ◦ β ◦ γ−1

n (y0) < K ′ for all n big enough and a fixed constant K ′.
So we can extract a converging subsequence once more, and get that for any

n,m big enough, the distance between γnβγ
−1
n (y0) and γmβγ

−1
m (y0) is smaller

than the injectivity radius of M . It follows that

γmβγ
−1
m = γnβγ

−1
n ,

for all n,m large enough.

Now we use that M is hyperbolic. So β is a hyperbolic isometry of H3 ∼= M̃ .
It has an axis with ideal points a, b.

Let n0 be fixed large enough. Then, since γmβγ
−1
m = γn0βγ

−1
n0

, we have that
γm(a) = γn0(a) and γm(b) = γn0(b).

Let c := γn0(a) and d := γn0(b). Notice that (for all n big enough) the axis of
the isometry γnβγ

−1
n has endpoints c and d.

Let α be the generator of the group of deck transformations fixing c, d. Then,
for all n large enough, γn = αinγn0 . In addition since yn escapes compact sets
but γn(yn) converges to y0, it follows that |in| converges to infinity.

Notice that, since γn0 sends the axis of β to the axis of α, a power of α is
conjugated to a power of β by γn0 . Now, since β acts freely on the leaf space of

F̃ , then so does α. But γn(yn) converges to y0. So αin(L1) = γnγ
−1
n0

(L1) does
not escape in the leaf space, which contradicts the fact that α acts freely. �

We remark that this proof only uses geometry of M and foliations. That is,
this proof works for any regulating flow transverse to a transversely oriented,
R-covered, uniform foliation in a hyperbolic 3-manifold.

We will also need the following consequence of Lemma 8.5.
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Lemma 8.7. Let γ ∈ π1(M) be associated with a periodic orbit δ0 of Φ. Let δ be

the unique lift of δ0 to M̃ . For any leaf L of F̃ , let xL be the unique intersection
point of L and δ.

For any K > 0, there exists R > 0 such that, for any leaves L1, L2 in F̃
with L2 above γ(L1) and for any x ∈ L1, we have that, if dL1(x, xL1) > R then
dL2(τ12(x), xL2) > K.

Proof. Let K > 0. First since the Hausdorff distance from L to γL is bounded,
then the amount of flowing between them is bounded by a constant C, for any L

leaf of F̃ . Now, using the fact that the leaves are uniformly properly embedded
(see [Cal07, Lemma 4.48]), there is a constant K1 such that if dL(u, v) > K1 then
d
M̃

(u, v) > K + 2C.

Let L1 be a leaf in F̃ and let L2 be such that γL1 separates L1 from L2. Then

there exists n > 0 such that L2 is in the interval (in the leaf space of F̃) between
γnL1 and γn+1L1.

By Lemma 8.5 and the fact that deck transformations are isometries in the
leafwise metrics, there exists R such that for any x ∈ L1, if dL1(x, xL1) > R then

dγnL1(τn(x), xγnL1) > K1, where τn : L1 → γnL1 is the flow along Φ̃ map. By the
choice of K1 it follows that d

M̃
(τn(x), xγnL1) > K + 2C.

Now, since L2 is between γnL1 and γn+1L1, the flow distance from γnL1 to
L2 is bounded above by C. It follows that d

M̃
(τ12(x), xL2) > K. In particular

dL2(τ12(x), xL2) > K, which proves the lemma. �

The reason we will be able to compare the dynamics of f̃ and Φ̃ is thanks to
the fact that they are a uniform bounded distance apart. That is, we have the
following.

Lemma 8.8. Let f : M → M be a homeomorphism of a hyperbolic 3-manifold

M preserving an R-covered uniform foliation F and f̃ a good lift to M̃ . There

exists R1 > 0 so that for every L1 ∈ F̃ , if L2 = f̃(L1) and x ∈ L1 then

dL2(f̃(x), τ12(x)) < R1.

Proof. Since f̃ is a good lift it follows that one can join x with f̃(x) by an arc
of bounded length. In particular, since the foliation F is R-covered and uniform,

it follows that the Hausdorff distance between L1 and L2 = f̃(L1) is uniformly

bounded above and below independently of L1 ∈ F̃ . Therefore, as explained
before the statement of Fact 8.4 the amount of flowing needed to go from L1 to
L2 is also uniformly bounded below and above.

It follows that d
M̃

(f̃(x), τ12(x)) is uniformly bounded. Again we use the fact
that leaves of an R-covered taut foliation are uniformly properly embedded in the
universal cover (see [Cal07, Lemma 4.48]). The result follows. �

Now we are ready to prove Proposition 8.1.

Proof of Proposition 8.1. Let γ ∈ π1(M) be represented by a periodic orbit δ0 of

Φ and take δ the unique lift of δ0 to M̃ fixed by γ.
We will build the core Tγ that we seek by considering a very large tubular

neighborhood of δ and taking the intersection of this tubular neighborhood with

all of its forward and backwards image under f̃ (see figure 11). We will prove
that this infinite intersection is non-empty, thus its projection to Mγ will have
the desired properties.

Note that, if we build the core for a power γk1 and f̃k2 instead, then taking

its intersection with its images by γ, . . . , γk1−1 and f̃ , . . . , f̃k2−1 will give a core
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with the properties we want. So, in this proof we may take any finite power of γ

or f̃ .
Thus, if δ0 is a p-prong, we replace γ by a power if necessary, so that γ fixes

every prongs of δ. Furthermore, we take a power of f so that for any L, f̃(L) is
above γ(L). For notations sake, we assume this is the original f .

a1
L

a2
L

a3
L

r1
L

r2
L

r3
L

Figure 11. The image of a large tubular neighborhood of the lift of

the prong by f̃ in a given center stable leaf.

As in Lemma 8.7 for any leaf L in F̃ , we write xL to be the (unique) intersection
of δ with L.

Let aiL, with i = 1, . . . , p, be all the ideal points on the boundary at infinity of

L of the weak unstable leaf (of Φ̃) through δ, where p = 2 if δ is a regular orbit
and otherwise δ is a p-prong orbit. Equivalently, aiL is the ideal point determined
by each ray of GuL(xL).

Similarly, we define riL, i = 1, . . . , p, to be the ideal ends of the rays of GsL(xL).

For every L ∈ F̃ and for every i, we choose P iL and N i
L neighborhoods (in

L ∪ ∂∞L) of, respectively aiL and riL. We also choose these neighborhoods such
that their boundary (in L) are geodesics for the path metric on L. Furthermore,
we choose these neighborhoods in such a way that they depend continuously on

L ∈ F̃ and they are γ-invariant, i.e., γ(P iL) = P iγ(L) and γ(N i
L) = N i

γ(L).

Up to taking the neighborhoods smaller, we assume that for any L and any

i, j, P iL ∩N
j
L = ∅; and for any i 6= j, P iL ∩ P

j
L = ∅, N i

L ∩N
j
L = ∅.

We define a map τf : M̃ → M̃ in the following way: For any L in F̃ and any

x ∈ L, τf (x) is the intersection of the orbit of Φ̃ through x with f̃(L).

Let R1 be the constant given by Lemma 8.8 (i.e., such that f̃ and τf are R1-
close). Using that leaves of GuL(xL) and GsL(xL) are quasigeodesics and that the
flow in a given time expands and contracts their length by a factor different from
one, one can construct neighborhoods P iL and N i

L sufficiently small so that:

(i) For any L and any i,

τf (P iL) ⊂ P i
f̃(L)

and d
f̃(L)

(
τf (P iL), ∂P i

f̃(L)

)
> 10R1.
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(ii) For any L and any i,

τ−1
f (N i

L) ⊂ N i
f̃−1(L)

and d
f̃−1(L)

(
τ−1
f (N i

L), ∂N i
f̃−1(L)

)
> 10R1.

To make sense of the distance between sets in L ∪ ∂∞L above, we decide that
ideal points are at infinite distance from any other point. A direct consequence
of the conditions above is that

(1) For any L and any i, f̃(P iL) ⊂ P i
f̃(L)

(2) For any L and any i, f̃−1(N i
L) ⊂ N i

f̃−1(L)

Lemma 8.8 shows that, for any L, the maps τf |L and f̃ |L are a finite dis-
tance from each other. Thus their extension to the circles at infinity ∂∞L is the
same. Now, recall that τf corresponds to flowing along the pseudo-Anosov flow

Φ̃. Hence, up to replacing f̃ by a very high power of f̃ , we can moreover assume
that:

(3) For any L and i, if ω is an ideal endpoint of ∂N i
L, then f̃(ω) ∈ P j

f̃(L)
, for

some j (where j is the unique index such that ajL is the first attractor on

the side of ω from riL);

(4) For any L and i, if ω is an ideal endpoint of ∂P iL, then f̃−1(ω) ∈ N j

f̃−1(L)
,

for some j (where j is uniquely determined as above).

Note that conditions (1) and (2) still are satisfied by our high power of f̃ .
Now we choose a constant R large enough so that for every L and every i, the

ball DL := B(xL, R), of radius R around xL, intersects every P iL. Moreover, we
choose it to satisfy:

DL ⊃ f̃
(
∂N i

f̃−1(L)

)
r
⋃
j

P jL

DL ⊃ f̃−1
(
∂P i

f̃(L)

)
r
⋃
j

N j
L

This is possible because the ideal points of A = f̃(∂N i
f̃−1(L)

) are contained in

the interior of the ideal boundary of the union of the P jL. It follows that for each
L only a compact part of A∩L is outside the union, and this varies continuously
with L. By choosing R big enough one satisfies the equations above.

Let

V :=
⋃
L∈F̃

DL.

We will show that the set
⋂
n∈Z f̃

n(V ) is non-empty and thus its projection to
Mγ is the core Tγ that we seek.

The proof will be done by induction. In order to make that induction work,
we need the following

Claim 8.9. Let L be a leaf in F̃ . Let C ⊂ DL be any compact and path-connected
set that does not intersect any N i

L.

If there exists i1, i2 distinct such that C intersect both P i1L and P i2L , then there

exists a path-connected component of f̃(C)∩D
f̃(L)

that intersects P i1
f̃(L)

and P j2
f̃(L)

,

for some j2 6= i1 (j2 is not necessarily i2) and that does not intersect any N i
f̃(L)

.
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Proof. Since C intersects P i1L and P i2L , f̃(C) also intersects both P i1
f̃(L)

and P i2
f̃(L)

(thanks to the condition (1)).
Now, since C does not intersect any N i

L, because of condition (3) and the

choice of DL, the intersections of f̃(C) with ∂D
f̃(L)

are contained in the union of

the P i
f̃(L)

.

Thus, as claimed, f̃(C)∩D
f̃(L)

contains a connected component that intersects

P i1
f̃(L)

and P j2
f̃(L)

, for some j2 6= i1 (j2 is not necessarily i2) and that does not

intersect any N i
f̃(L)

. �

Figure 12 shows a case where j2 is not equal to i2: It may be that f̃(C) stretches

well into P j2(f̃(L)) and out of D
f̃(L)

. Thus, as in the figure, the intersection

f̃(C) ∩ D
f̃(L)

can have two components C1 and C2, neither of which intersects

both P i1
f̃(L)

and P i2
f̃(L)

.

C2C1

f̃(C)

f̃(C)f̃(C)

f̃(L)

P i1
f̃(L)

P i2
f̃(L)

P j2
f̃(L)

D
f̃(L)

Figure 12. The intersection f̃(C) ∩Df̃(L) may not have a connected

set joining P i1 to P i2 .

The same proof as above, using f̃−1 instead (and the conditions (2) and (4)),
gives

Claim 8.10. Let L be a leaf in F̃ . Let C ⊂ DL be any compact and path-
connected set that does not intersect any P i

f̃(L)
.

If there exists i1, i2 distinct such that C intersect both N i1
L and N i2

L , then there

exists a path-connected component of f̃−1(C) ∩ D
f̃−1(L)

that intersects N i1
f̃−1(L)

and N j2

f̃−1(L)
, for some j2 6= i1 and that does not intersect any P i

f̃−1(L)
.

For any leaf L and any integer n ≥ 0, define

RnL =

n⋂
k=0

f̃k(D
f̃−k(L)

) and QnL =

n⋂
k=0

f̃−k(D
f̃k(L)

).

We will show:
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Claim 8.11. For every i and every n, RnL contains a subset C, compact and

path-connected that does not intersect any N j
L but does intersect P iL and some

P i2L (for some i2 6= i).
Similarly, for every i and every n, QnL contains a subset C, compact and path-

connected that does not intersect any P jL but does intersect N i
L and some N i2

L (for
some i2 6= i).

Proof. We only do the proof for RnL, as the claim for QnL follows similarly.
First, since R0

L = DL, the claim is true for n = 0 and any leaf L (because DL

clearly contains such a subset). Let us assume that the claim holds for Rn−1
L and

for any L.

Then, Claim 8.9 implies that (for any L) f̃(Rn−1
L ) ∩D

f̃(L)
has a compact and

path-connected subset that does not intersect any N j
L but does intersect P iL and

some P i2L (for some i2 6= i).
But, by definition, we have

RnL =
n⋂
k=0

f̃k(D
f̃−k(L)

) = f̃
(
Rn−1

f̃−1(L)

)
∩DL.

Thus the claim is proved. �

Now, since for any L, the ideal points aiL and riL alternate, the properties of
RnL and QnL given by Claim 8.11 imply that, for all n, RnL ∩ QnL is a non-empty
compact set.

Since RnL and QnL are decreasing sets, the set

TL :=
⋂
n≥0

(RnL ∩QnL)

is (for any L) non-empty and compact. Thus

T :=
⋃
L∈F̃

TL

is non-empty, and, by construction, f̃ -invariant (note also that T = ∩n∈Zf̃n(V )
as we claimed above).

Hence, the projection Tγ of T to Mγ is non-empty, compact and f̂γ-invariant.
Once Tγ is built, the second half of Proposition 8.1 follows directly from the

homotopy invariance of Lefschetz index together with Lemma 8.8. So we finished
the proof of Proposition 8.1.

�

In the proof of Proposition 8.1, we obtained the following result which we state
independently for future reference.

Lemma 8.12. Let f : M →M be a homeomorphism of a hyperbolic 3-manifold,
f homotopic to the identity. Suppose that f preserves an R-covered uniform

foliation F and that a good lift f̃ of f acts as a translation on the leaf space of

F̃ . Let γ ∈ π1(M) be a deck transformation.

If h = γ ◦ f̃n fixes some leaf L ∈ F̃ (with n 6= 0) then the set of fixed points of
h in L is contained in a compact subset of L.

Moreover, given n > 0 big enough, then for every R > 0 there is a compact set
D ⊂ L such that if y /∈ D then dL(y, h(y)) > R.

Finally, let P be the set of ideal points in the boundary at infinity S1(L) that

are attracting and fixed under the map γ ◦ τ12, where τ12 : L → f̃n(L) is the
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flow along Φ map. Then, for any y ∈ P , there exists a neighborhood U of y in
L ∪ S1(L) such that

(1) h(U) is strictly contained in U , and
(2)

⋂
i≥0 h

i(U) = {y}.

Remark 8.13. Notice that the results of this section should be adaptable to the
case of a homeomorphism acting as a translation on the leaf space of a manifold
with one atoroidal piece. What would be required is some sort of analogue of
Theorem D.3. That is, we would need to know that there exists a transverse
regulating flow such that any orbit that stays in the atoroidal piece is a hyperbolic
p-prong (p ≥ 2). Although that result seems likely to be true, it has not been
proven. A similar case is dealt with in a companion paper [BFFP20] where
we study integrability for partially hyperbolic diffeomorphisms not homotopic to
identity in Seifert manifolds.

9. Double translations in hyperbolic manifolds

In this section we prove Theorem B.
Let f : M →M be a dynamically coherent partially hyperbolic diffeomorphism

of a hyperbolic 3-manifold M . Recall that we denote by Wcs and Wcu a pair
of f -invariant foliations tangent respectively to Ecs and Ecu. Up to taking an

iterate, one has that f is homotopic to identity and therefore has a good lift f̃ to
M . We fix that good lift.

We want to show that f̃ fixes the leaves of both foliations W̃cs and W̃cu.
By Theorem 6.1 this is enough to prove Theorem B. Notice that by Corollary
3.21 and Theorem 5.1 we can assume by contradiction that both foliations are

R-covered and uniform and that f̃ acts as translation on both leaf spaces.
We in fact will get a contradiction using just one of the translations thanks

to the Proposition 8.1, together with the following result. Notice that we thus
obtain an alternative proof, albeit much more complicated, of the fact that there
cannot be a mixed behavior in a hyperbolic manifold.

Proposition 9.1. Assume that a good lift f̃ of f acts as a translation on the

foliation W̃cs and let Φ be a transverse regulating pseudo-Anosov flow for Wcs.
Then, for every γ ∈ π1(M) associated to the inverse of a periodic orbit γ of Φ

there is n > 0,m > 0 such that h = γn ◦ f̃m fixes a leaf L of W̃cs.

By symmetry, the same result holds if applied to Wcu. Notice that once one

knows that h fixes a leaf L of W̃cs, the second part of Proposition 8.1 applies to
f .

Proof. Thanks to Proposition 8.1, we can consider the cover Mγ = M̃/ < γ >

and let V be a compact solid torus in Mγ such that
⋂
n∈Z f̂

n
γ (V ) = Tγ is compact

and far from ∂V .
Let z ∈ Tγ . Let y ∈ Tγ be an accumulation point of

(
f̂nγ (z)

)
.

Take i, j big enough, with j much bigger than i, such that f̂ iγ(z) and f̂ jγ(z) are
both very close to y.

Consider t a small closed unstable segment containing f̂ i(z) in its interior.

Since f̂ j−iγ increases the unstable length, every leaf of Ŵcs through t intersects

the interior of f̂ j−iγ (t). This set of Ŵcs leaves is an interval. This produces a

fixed Ŵcs leaf under f̂ j−iγ . Lifting to M̃ proves the proposition. �

We can now finish the proof of Theorem B.
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Proof of Theorem B. Let f̃ be a good lift of f and let L0 be a leaf fixed by

h := γ ◦ f̃k for some k > 0 and γ ∈ π1(M) \ {id} given by Proposition 9.1.
For any leaf L fixed by h, the map h has negative Lefschetz index (according

to Proposition 8.1). Thus there exists a point xL ∈ L fixed by h. Now, h is
partially hyperbolic, so any fixed leaf L is repelling along the unstable manifold
through xL.

But this is impossible, as in the leaf space of W̃cs, the closed interval between
L0 and γ(L0) is fixed so cannot contain only repelling fixed points.

This contradiction implies that f̃ cannot act as a translation on either leaf

spaces. It follows that f̃ has to fix every center stable and center unstable leaf.
Therefore by Theorem 6.1, it is conjugate to a discretized Anosov flow. This
proves Theorem B. �

Appendix A. Some 3-manifold topology

We collect here some concepts from 3-manifold topology that were used in this
article. We refer the reader to [Hem76, Hat, Jac80] for more background.

A 3-manifold (which we always mean to be a smooth manifold) is irreducible,
if every smoothly embedded sphere bounds a ball. It is well known that closed
3-manifolds admitting taut foliations are irreducible (see [Ros68]).

An irreducible compact, 3-manifold M is said to be homotopically atoroidal if
every π1-injective map of a torus in M is homotopic to a map into the boundary
of M . The manifold is geometrically atoroidal if every π1-injective, embedded
smooth torus is homotopic to the boundary of M .

If a manifold with exponential growth of fundamental group is homotopically
atoroidal, then by the Geometrization Theorem of Perelman [Per02, Per03b,
Per03a] it is hyperbolic, i.e., the interior of M admits a complete, Riemannian
metric of constant negative curvature.

Notice that when M is homotopically atoroidal, π1(M) does not contain any
subgroup isomorphic to Z2.

A 3-manifold is called a Seifert manifold if it admits a partition by distinct
circles such that a tubular neighborhood of each fiber is homeomorphic by a
fiber-preserving homeomorphism to either:

• A fibered solid torus of type (p, q). This is a torus obtained from D2×[0, 1]
by identifying D2×{0} to D2×{1} via the map (z, 0) 7→ (z exp(2πip/q), 1).
The fiber {0} × S1 is called regular if p = 0 and exceptional otherwise.
Or,
• A fibered solid Klein bottle, obtained from D2× [0, 1] by identifying D2×
{0} to D2 × {1} via the map (z, 0) 7→ (z̄, 1). The fibers {z} × S1, z ∈ R,
are also called exceptional.

The quotient of a Seifert manifold by the Seifert fibration, called the base, B,
has a structure of a 2-orbifold (without corner reflectors). The exceptional fibers
separate into two sets: The axis of the fibered solid torus projected to isolated
points in the interior of B (called conical points), while the exceptional fibers
coming from fibered solid Klein bottles projects to a closed 1-submanifold of the
boundary of B (and each connected component is called a reflector curve).

Putting together work of Epstein [Eps72] and Tollefson [Tol78], one can notice
that a 3-manifold is Seifert if and only if it admits a foliation by circles.

Remark A.1. The definition above is not the one originally taken by Seifert.
Indeed, the fibered solid Klein bottles neighborhood were not allowed in the
original definition. However, it is now more common to use this definition (see,



42 T. BARTHELMÉ, S.R. FENLEY, S. FRANKEL, AND R. POTRIE

e.g., [Sco83]). In particular with this definition then all 3-manifolds foliated by
circles are Seifert.

Note that both the original definition and the one chosen here agree when the
manifold is assumed orientable.

If a Seifert manifold has fundamental group with exponential growth, then it
is finitely covered by a circle bundle over a surface of genus ≥ 2. In particular,
thanks to the classification of Seifert manifolds (see [Sco83, Theorem 3.8]), the
Seifert fibration is unique in this case.

If a 3-manifold M is geometrically atoroidal but not homotopically atoroidal
then the proof of the Seifert fibered conjecture [CJ94, Gab92] implies that M is
closed and Seifert. The base surface has to be a sphere with 3-singular fibers.
Unless the difference between geometric and homotopic atoroidal is essential we
only refer to it as atoroidal.

The JSJ decomposition theorem implies that compact, irreducible, and ori-
entable 3-manifolds admit a decomposition into finitely many pieces, which are
either geometrically atoroidal or Seifert [Hem76, Hat].

The following lemma was used when establishing minimality of foliations in
Seifert and hyperbolic 3-manifolds:

Lemma A.2. If T is an embedded torus inside an orientable closed hyperbolic 3-
manifold M , then T either bounds a solid torus or is contained in a 3-dimensional
ball.

Proof. This is standard result in 3-manifold topology, so we only sketch the proof.
Since M is orientable and hyperbolic, T is two sided, and not π1-injective. Since
T is furthermore embedded, Dehn’s lemma [Hem76] implies that there is a com-
pressing disk D. That is, D is embedded and D ∩ T = ∂D. Cutting T along D
and capping with two copies of D produces a sphere. Since M is hyperbolic, it is
irreducible [Ros68], so it follows that the sphere bounds a ball. This implies that
either T bounds a solid torus or T is contained in a 3-ball [Hem76, Jac80]. �

We also use the following consequence of Mostow rigidity [Mos68]

Proposition A.3. If M is a hyperbolic 3-manifold and f : M → M a homeo-
morphism, then it has an iterate which is homotopic to identity.

Proof. Mostow rigidity [Mos68] implies that every homeomorphism is homotopic
to an isometry. Isometries in a compact manifold have iterates which are close
to the identity, so homotopic to them. �

Appendix B. Taut foliations in 3-manifolds

All the foliations considered in this article are continuous foliations, with C1

leaves, tangent to a continuous distribution of a 3-manifold (so they are foliations
of regularity C0,1+ in the terminology of [CC00]). In this appendix, all foliations
are 2-dimensional.

A foliation on M is called taut if it admits a closed transversal that intersects
every leaf of T .

An important consequence of Novikov’s theorem [Nov65] is that if a 2-dimensional
foliation of a 3-manifold does not have compact leaves then it is taut (see, e.g.,
[CC00, CC03, CLN85, Cal07]).

Let T̃ denote the lift of the foliation T to M̃ . The leaf space of T is defined

as the set LT̃ := M̃/T̃ equipped with the quotient topology.
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The following theorem gathers some known properties of taut foliations (see,
for instance, [Cal07, Chapter 4] for the proofs) and relies particularly on the
celebrated theorems by Novikov [Nov65] and Palmeira [Pal78].

Theorem B.1. A foliation without compact leaves in a 3-manifold M is taut.
If M is a 3-manifold that is not finitely covered by S2 × S1 and admitting a

taut foliation T 6 then M̃ is homeomorphic to R3. Moreover, every leaf of T lifts

to a plane L ∈ T̃ which is properly tamely embedded in M̃ and separates M̃ in
two half spaces.

The leaf space LT̃ is a one dimensional (non necessarily Hausdorff), simply
connected (separable) manifold. Furthermore, every point in LT̃ is contained in
the interior of an interval in LT̃ .

In particular, if β is a transersal to T̃ , then β intersects a leaf of T̃ at most
once.

When LT̃ is Hausdorff, then it is homeomorphic to the real numbers R. In
this case, the foliation T is called R-covered.

Since M̃ is simply connected, T̃ is transversely orientable (but deck transfor-

mations of M̃ may flip this transverse orientation).
For reference, we cite the following result that we used in this article (for the

C0 version of the arguments used, see [CC00, §9]).

Proposition B.2 (Rosenberg [Ros68]). Let M be a closed 3-manifold which is
not T3, and let T be a foliation on M . Then some leaf of T is not a plane.

Appendix C. Uniformization of leaves

The following result is very helpful to understand the action of deck transfor-
mations inside leaves of the foliations of a partially hyperbolic diffeomorphism.

Theorem C.1 (Candel [Can93]). Let F be a taut foliation of a 3-manifold M
and assume that it has no transverse invariant measure. Then, there is a metric
in M which restricts to a (2-dimensional) hyperbolic metric in each leaf of F .

A transverse invariant measure is an assignment of a non negative number to
each arc transverse to F , such that it satisfies the properties of measures un-
der countable union and restriction. In addition the measure is unchanged if
we homotope the transverse arcs keeping each point in its respective leaf. The
statement of [Can93] gives further properties on the transverse invariant mea-
sure (also called holonomy invariant transverse measure), stating that it has zero
Euler characteristic, but we will avoid defining this (see [Cal07] for a detailed
treatment).

It is well known that every taut foliation in a hyperbolic 3-manifold (see e.g.,
[Cal07]) or the horizontal foliations in a Seifert manifold used in this article satisfy
the conclusion of Theorem C.1. We remark that it is possible to show that any
minimal foliation on a manifold with non-virtually solvable fundamental group
satisfies the hypothesis of Theorem C.1 (see [FP18, Section 5.1]).

6Note that since M is not finitely covered by S2 × S1 no leaves of T can be a sphere or a
projective plane.
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Appendix D. Uniform foliations and transverse pseudo-Anosov
flows

Uniform foliations were introduced by Thurston [Thu], and have been inten-
sively studied, particularly when M is a hyperbolic 3-manifold. They are inti-
mately related to the notion of slitherings (see [Thu] or [Cal07, Chapter 9]).

Definition D.1. An R-covered foliation T is called uniform if the Hausdorff

distance between any pair of leaves L, L′ of T̃ is finite. That is, there exists
K > 0 (depending on L and L′) such that L ⊂ BK(L′) and L′ ⊂ BK(L) where

BK(X) denotes the set of points at distance less than K from X ⊂ M̃ .

Thurston build a special pseudo-Anosov flow associated with a R-covered foli-
ation in a hyperbolic manifold.

Definition D.2. Let F be a foliation of a 3-manifold. A flow Ψ: M → M is
called regulating for F if every orbit of the lifted flow Ψ̃ intersects every leaf of

the lifted foliation F̃ in the universal cover M̃ .

Theorem D.3 (Thurston, Calegari, Fenley [Thu, Cal00, Fen02]). A transversely
oriented, R-covered, uniform foliation in a hyperbolic 3-manifold admits a regu-
lating transverse pseudo-Anosov flow Φ. Moreover, Φ can be chosen so that the
singular foliations have C1 leaves outside the prongs.

Recall that a pseudo-Anosov flow Φ is a flow generated by a vector field X
which preserves two singular foliations Λs and Λu and such that, outside a finite
number of singular orbits, the flow is locally modeled on a (topological) Anosov
flow (see Appendix G). The foliations glue along the singularities forming p-
prongs (with p ≥ 3). We refer the reader to [Cal07] for more details. We note
also that every expansive flow is orbit equivalent to a pseudo-Anosov flow [Pat93,
IM90].

Work of Barbot and the second author implies that Thurston’s regulating flow
is genuinely pseudo-Anosov:

Proposition D.4. If Φ is a pseudo-Anosov flow regulating and transverse to a
uniform foliation in a non virtually solvable 3-manifold, then, Φ is not a topo-
logical Anosov flow. In particular, there are singular periodic orbits which are
p-prongs with p ≥ 3.

Proof. This fact can be found in [Fen13], but we recall the argument: every
element of the fundamental group that represents a periodic orbit of Φ acts as

a translation on the leaf space of F̃ . However, this is inconsistent with the
fact that every Anosov flow on a 3-manifold, except for suspensions of Anosov
diffeomorphisms (which do not exist on non virtually solvable manifolds), admits
pairs of periodic orbit that are freely homotopic to the inverse of each other (this
fact follows from work of Barbot and the second author, see [BBGR17, Theorem
2.15]). �

Appendix E. Axes

Here, we recall some needed results from the theory of axes for free actions
on one-dimensional, non-Hausdorff, simply connected, manifolds. These results
extend similar results for trees. We refer the reader to [Fen03, Bar98] for a more
detailed account. All of the results we state are true for homeomorphisms of one-
dimensional, non-Hausdorff, simply connected, separable manifolds. However, to
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keep the terminology close to the core of this article, we phrase our results in the
setting of homeomorphisms preserving a foliation.

Let L be a complete plane. Let C be a foliation such that its leaf space LC is
a one dimensional (not necessarily Hausdorff) simply connected manifold.

Definition E.1 (Axis of a foliation-preserving homeomorphism). Let g : L→ L
be a homeomorphism which preserves C. The axis of g (or, if one needs to be
more precise, the C-axis of g) is the set of leaves c ∈ C such that g(c) separates c
from g2(c).

For the statement below, we recall that a Z-union of intervals means an ordered
set consisting of countably many closed (possibly degenerate) intervals which are
ordered according to Z.

Proposition E.2. Let g : L → L be a homeomorphism that preserves C without
leaving any leaf of C fixed. Then, the C-axis for the action of g in LC is non
empty. In addition, the axis is either a line or an ordered Z-union of intervals.
In the second case, the axis is ∪Ii, where Ii = [xi, yi] is a closed interval and yi
is not separated from xi+1 in the leaf space of C.

Moreover, suppose that g, h : L → L are two C-preserving homeomorphisms
that do not fix any C-leaves, and that share the same axis. If the group generated
by g and h acts freely7 on this axis, then it is abelian.

Proof. This is proven in section 3 of [Fen03]. See in particular Lemma 3.5, The-
orem 3.8 and Proposition 3.10 there. The last statement uses Hölder’s Theorem
(see e.g., [Nav11, Section 2.2.4]) to deduce that the group generated by g and h
must be abelian. �

Remark E.3. Two commuting homeomorphisms that act freely have the same
axis (see [Bar98, Section 2] or [Fen03, Section 3]). We remark a couple of subtle
points:

(1) The fact that f acts freely does not imply that any power of f acts freely,
and in fact there are easy counterexamples,

(2) Unlike in the case of trees, f acting freely does not necessarily imply that
the axis is properly embedded in the leaf space. If the axis is a bi-infinite
union of intervals, then it is properly embedded (see Lemma E.5 below).
If the axis is the reals, it may fail to be properly embedded, even if all
powers of f act freely.

Notice that as a consequence we obtain:

Corollary E.4. Let f, g, h : L→ L be three C-preserving homeomorphisms such
that the action of the group is free in the C-leaf space. Assume moreover that f
commutes with g and with h. Then, the group generated by f, g, h is abelian.

Proof. Notice that as f commutes with g and h then all three homeomorphisms
of the leaf spaces share the same axis ([Bar98, Section 2]). Now the result follows
from the previous proposition. �

Another useful fact about axes is the following:

Lemma E.5. If A is the axis of a C-preserving homeomorphism f and A is a
Z-union of intervals, then A is properly embedded in the leaf space of C.

7Recall that we say that a group acts freely if no element different from the identity has a
fixed point.



46 T. BARTHELMÉ, S.R. FENLEY, S. FRANKEL, AND R. POTRIE

Proof. Let A = ∪ZIi, where Ii = [xi, yi], with yi and xi+1 not separated in the
leaf space of C.

If A is not properly embedded, then there exists a leaf c ∈ C such that (xi) and
(yi) converges to c as, say, n goes to +∞. Now, for any i, the interval Ii separates
Ii−1 from Ii+1. Thus, if τ is a transversal to C through c, then τ intersects every
Ii, for i big enough. So in particular, for some i big enough, τ intersects both yi
and xi+1. But this is impossible since these two leaves are not separated. �

Appendix F. On partial hyperbolicity

Here we state some facts about partial hyperbolicity that are used in the article
but are well-known to the experts.

Recall that a C1-diffeomorphism f : M → M is partially hyperbolic if there
exists a Df -invariant splitting TM = Es ⊕ Ec ⊕ Eu into 1-dimensional bundles
and an n > 0 such that for every x ∈M we have

‖Dfn|Es(x)‖ < min{1, ‖Dfn|Ec(x)‖} ≤ max{1, ‖Dfn|Ec(x)‖} < ‖Dfn|Eu(x)‖.
By changing the Riemannian metric, one can always assume that n = 1 (see

[Gou07, CP]).
A partially hyperbolic diffeomorphism is called dynamically coherent if there

exists f -invariant foliations Wcs and Wcu tangent to Ecs = Es ⊕ Ec and Ecu =
Ec⊕Eu. Taking the intersection ofWcs andWcu gives a one-dimensional foliation
Wc tangent to Ec and f -invariant. Note that these foliations are not assumed to
be unique in any sense (see [BW08] for a discussion).

Partially hyperbolic diffeomorphisms need not be dynamically coherent, but
when they are, the standard notion of equivalence (which goes back to [HPS77])
is that of leaf conjugacy : Two dynamically coherent partially hyperbolic diffeo-
morphisms f : M →M and g : N → N are said to be leaf conjugate if there exists
a homeomorphism h : M → N that maps the center foliation Wc

f of f to the cen-

ter foliation Wc
g of g. More precisely, h is such that h(Wc

f (f(x))) =Wc
g(g(h(x)))

for all x ∈ M . We refer the reader to [Pot18] and references therein for more
discussions.

We state the following result of Hertz, Hertz and Ures in a way that fits our
particular needs.

Theorem F.1 ([RHRHU11]). Let f : M → M be a partially hyperbolic diffeo-
morphism admitting a compact manifold8 tangent to Ecs (or Ecu). Then, M has
solvable fundamental group (indeed, it is a torus bundle over the circle).

In particular, if the fundamental group of M is not virtually solvable, and f
is dynamically coherent, then the center-stable and center-unstable foliations are
taut.

Hence, using the fundamental results of Burago and Ivanov [BI08] one gets:

Corollary F.2 ([BI08, Par10]). Let M be a 3-manifold with non-solvable fun-
damental group. Suppose that M admits a partially hyperbolic diffeomorphism
f such that the bundles Es, Ec, Eu are orientable and Df preserves these orien-
tations. Then M admits a taut foliation. In particular, M is irreducible, and
aspherical.

We recall that when π1(M) is (virtually) solvable a complete classification of
partially hyperbolic diffeomorphisms is known [HP14, HP15, HP19].

8Notice that a compact manifold tangent to Ecs is necessarily a torus, see e.g., [RHRHU11].
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In the setting of Seifert manifolds we used the following result from [HPS18]
which is partially based on the study of horizontal and vertical laminations in
Seifert manifolds [Bri93].

Theorem F.3 ([HPS18]). Let f : M →M be a dynamically coherent partially hy-
perbolic diffeomorphism on a Seifert manifold M whose fundamental group is not
(virtually) solvable. Then, M is a finite cover of T 1S where S is a 2-dimensional
hyperbolic orbifold, and the center-stable and center-unstable foliations of f are
horizontal. That is, there exists a Seifert fibration p : M → Σ for which every leaf
of the center-stable and center-unstable (2-dimensional) foliations is transverse
to the (1-dimensional) fibers.

An invariant foliation is called f -minimal if the only non-empty, saturated,
closed set invariant by f is the whole manifold. The following result motivates
asking for f -minimality of the foliations as a hypothesis as it covers the most
important (from a dynamical standpoint) cases.

Proposition F.4 (see Lemma 1.1 of [BW05]). Let f : M →M be a dynamically
coherent partially hyperbolic diffeomorphism. If f is either volume preserving or
transitive,9 then the center-stable and center-unstable foliations are f -minimal.

Proof. Assume that there is a compact, non-empty f -invariant set Λ saturated
by center-stable leaves. If Λ 6= M, ∅ then it must be a repeller, so f cannot be
transitive nor volume preserving. �

We remark that the property of f -minimality of Wcs and Wcu is a strictly
weaker hypothesis than (chain-)transitivity (as seen, for instance, in the examples
of [BG10]).

Finally, we recall the classification of partially hyperbolic diffeomorphisms in
manifolds with virtually solvable fundamental group under the assumption that
f is homotopic to the identity (see [HP14, HP15, HP19] for the general case):

Theorem F.5. Let f : M → M be a partially hyperbolic diffeomorphism homo-
topic to identity in a 3-manifold with virtually solvable fundamental group. Then
M is not Seifert fibered and if f is dynamically coherent then it is a discretized
Anosov flow. Moreover, if there are no tori tangent to Ecs or Ecu then f is
dynamically coherent.

Appendix G. Discretized Anosov flows

Let ϕt : M → M be a continuous flow generated by a continuous vector field
X = ∂ϕt

∂t |t=0. It is called a topological Anosov flow if it preserves two topologically

transverse codimension one continuous10 foliations Fws and Fwu (called weak
stable and weak unstable) such that:

(i) For every pair of points x, y ∈ Fws (resp. x, y ∈ Fwu), there exists an in-
creasing continuous reparametrization h : R→ R so that d(ϕt(x), ϕh(t)(y))→
0 as t→ +∞ (resp. as t→ −∞);

(ii) There exists ε > 0 such that for every x, y ∈ Fws (resp. x, y ∈ Fwu) not on
the same orbit, there exists t ≤ 0 (resp. t ≥ 0) such that d(ϕt(x), ϕt(y))) >
ε.

9It in fact suffices that f be chain-recurrent, that is, if a non-empty open set U verifies that
f(U) ⊂ U then U = M , see [CP] for equivalences.

10We emphasize here that we do not require a priori the foliations to have C1-leaves.
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As mentioned earlier in Appendix D, thanks to the work of Paternain [Pat93] and
Inaba and Matsumoto [IM90], the definition of topological Anosov flow can be
replaced by asking for the flow to be expansive and to preserve two (non singular,
i.e., without prongs) foliations. Note also that just condition (i) is not enough
for a flow to be topological Anosov as condition (i) does not imply condition (ii).

Conditions (i) and (ii) allow one to obtain the same classical results as for
Anosov flows (e.g., there are no closed Fs or Fu leaves; the foliations Fws and
Fwu are taut; the leaves are planes, annuli or Möbius bands — these last two
possibilities arising only when the leaves contain a periodic orbit; periodic points
are dense in the non-wandering set, etc., see [Bar05] and references therein).

We say that a diffeomorphism f : M → M is a discretized Anosov flow if
there exists a topological Anosov flow ϕt : M → M and a continuous function
τ : M → R>0 such that f(x) = ϕτ(x)(x).

Remark G.1. Note that one should not expect a discretized Anosov flow to be
the time-1 map of a reparametrization of the Anosov flow. To see this, one can
for instance restrict to a periodic orbit of the flow: Then the discretized Anosov
flow f restricts to a diffeomorphism of the circle. But diffeomorphisms of the
circle do not all come from the time-1 map of a non-singular flow on the circle.

The following result relates the notion of discretized Anosov flows with the
usual form of equivalence between partially hyperbolic systems.

Proposition G.2. Let f : M →M be a partially hyperbolic diffeomorphism. The
following are equivalent:

(1) f is a discretized Anosov flow;
(2) f is dynamically coherent, the center leaves are fixed by f and the center

foliation is the flow line foliation of a topological Anosov flow.

Proof. The fact that the second condition implies the first follows from arguments
in [BW05], as was done in section 6.2.

The newer result is the other implication, which we now prove. Let ϕt : M →
M be a topological Anosov flow and τ : M → R>0 be the positive continuous
function such that f(x) = ϕτ(x)(x). Let F be the distribution generated by the
vector field X generating ϕt. First, we claim that F = Ec. To prove this we will
first show that F cannot be equal to Es or Eu at any point and then deduce that
F has to be Ec.

Suppose that there is x ∈M such that F (x) = Es(x). Then, the invariance of
the orbits of the flow ϕt by f together with the uniqueness of the stable manifold
implies that there is an arc I = ϕ[−ε,ε](x) of the orbit of x by ϕt which is tangent
to Es. That fact is proven in [CP], we give here a brief explanation and the
precise references. Consider a small cone field around Es. Let α be the orbit
of ϕt through x. Since F (x) = Es(x), it follows that, near fn(x), the curves
fn(α) are uniformly Lipschitz and their tangent are inside the cone field around
Es. Notice also that the family of curves {fn(α)} is also invariant under f . The
uniqueness of the stable manifold implies that Lipschitz curves that are invariant
and inside the cone have to be the stable manifold near the point (this is done
in [CP, Sections 4.2 and 4.3]). Hence fn(α) must contain an open interval inside
the stable manifold near x.

Iterating I backwards, we get that the length of f−n(I) grows exponentially,
contradicting the continuity of τ : M → R>0.

Thus F is never tangent to Es. The same argument shows that it is never
tangent to Eu.
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Now, suppose that there is a point y such that F is not inside Ecs at y. Then
applying Dfn to F (y) will get F (fn(y)) closer and closer to Eu(fn(y)). Hence,
for any point z in the ω-limit set of y, one has that F (z) = Eu(z), contradicting
the above. So F is everywhere inside Ecs and, by the same argument, also inside
Ecu. Thus F = Ec everywhere.

The last step is to show that f is dynamically coherent, for this, we use the
fact that the strong stable saturation of a center curve is tangent to Es⊕Ec (see
[BI08, Proposition 3.1]). We stress that a center curve here means a curve whose
tangent everywhere is in the center bundle Ec. Since f is a discretized Anosov
flow, the saturation of a flow line by strong stable leaves of f is contained in the
weak stable foliation of the Anosov flow ϕt (cf. the proof of Proposition 6.5). In
particular this implies that the weak stable foliation Fws of ϕt (which a priori
could be only continuous) has C1 leaves and is everywhere tangent to Es ⊕ Ec.
This establishes dynamical coherence and completes the proof. �

We remark that a long-standing conjecture (see [BW05]) states that every
topological Anosov flow is orbit equivalent to an Anosov flow. If this conjecture
is true, then condition (2) above is equivalent to saying that f is dynamically
coherent and leaf conjugate to the time one map of an Anosov flow. We remark
here that it has been recently announced that this conjecture is true in the setting
of transitive topological Anosov flows [Sha].

Appendix H. The graph transform argument

We give here an application of the general graph transform technique to the
particular case we needed it in.

We call center stable plane any embedded C1-plane tangent to Es ⊕Ec in M̃ .
Notice that by unique integrability of Es there is always a stable foliation inside
a center stable plane.

Lemma H.1 (Graph Transform Lemma). Let f be a partially hyperbolic diffeo-

morphism in M . Suppose that L ⊂ M̃ is a center stable plane which is fixed by a

lift f̂ of f to M̃ , and by some γ ∈ π1(M)r {id}. Assume that there is a properly
embedded C1 curve η transverse to the stable foliation in L and such that

γη = η and f̂(η) ⊂
⋃
z∈η
W̃s(z).

Then in L there is a curve η̂ which is fixed by both f̂ and γ and is everywhere
tangent to Ec.

Notice the subtlety in the conclusion of this lemma: The curve η̂ produced is
tangent to the center direction, however, it may not be a center leaf since the
bundle may not be uniquely integrable.

Remark H.2. The second hypothesis of the lemma is equivalent to saying that

the union
⋃
z∈η W̃s(z) is invariant by f̂ . In particular, all positive and negative

images of η by powers of f̂ are contained in this union. To see this, notice that the
second condition implies that f1(α) is freely homotopic to α in L/<γ> because it
is a cylinder, and α (or f1(α)) is not null homotopic in this cylinder. Therefore⋃
z∈η W̃s(z) =

⋃
z∈f̂(η) W̃

s(z). Thus
⋃
z∈η W̃s(z) is f̂ invariant. The converse is

immediate.
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Proof. We work in the quotient L/<γ> which is an annulus on which η projects to
a closed C1-circle transverse to the stable foliation, denoted by α. Let π0 : L →
L/<γ> the quotient map. Let f1 be the induced diffeomorphism on L/<γ>.

Up to a small modification of α if necessary, we can assume that α is simple,
that is, it goes around the cylinder L/<γ> once.

We parametrize α in L/<γ> by arclength (for the leaf-wise path metric on
L/<γ>). Then, we parametrize

⋃
z∈αWs(z) as a cylinder S1 × R contained in

L/<γ>, where α is the zero section and the stable leaves are parametrized by
arclength.

Since all f̂n(η) are in
⋃
z∈ηWs(z), we can express ηn := f̂n(η) as graphs of

C1-functions11 from S1 to R
We want to show that f̂ acts as a contraction on curves transverse to the stable

foliation in (at least a compact part of)
⋃
z∈αWs(z) ' S1 × R. First we show

that all the ηn stay in a compact subset of
⋃
z∈ηWs(z) (and thus also of L/<γ>).

Our assumptions imply that there exists some a0 > 0, such that f1(α) is
contained in an a0 stable neighborhood of η. That is, in the union of stable
segment of length 2a0 centered at η.

Let λ < 1 be the smallest contraction factor for f1 along stable leaves. It
follows that f2

1 (η) is contained in the stable neighborhood of size a0 +λa0 around
α, and so on. Thus, we immediately get that, for all n, fn1 (α) is contained in a
compact subset of the annulus.

Now that we know that all the ηn curves are contained in a compact subset,
we can use the fact that f1 contracts stable leaves more than centers to prove the
following:

There exists some constant a1 such that f1 globally preserves the space of
uniformly bounded (for some appropriately large bound) Lipschitz functions from
S1 to R with Lipschitz constant less than a1. By standard computations, one can
see that this acts as a contraction on this complete metric space (this is usually
called the graph transform technique see e.g., [HPS77] or [CP, Section 4.2] for
a more detailed study of this technique and the reason for considering Lipschitz
functions).

Therefore, one obtains that there is a unique fixed point of this action which
corresponds to the graph of a Lipschitz function from S1 to R which is the unique
invariant Lipschitz graph under f1. It is also standard to show that the tangent
cones at each point must actually be degenerate (see [CP, Section 4.2]), i.e., the
invariant curve is C1. Moreover, since Ec is the only invariant bundle transverse
to Es, the curve must be everywhere tangent to Ec. The lift of this curve to L
is the curve we sought. �

Under the assumptions of the Graph Transform Lemma (Lemma H.1), another
thing we easily deduce is that there must be a periodic center leaf of f in the
projection of the leaf L:

Lemma H.3. Let f be a partially hyperbolic diffeomorphism in M . Suppose that

L ⊂ M̃ is a center stable plane which is fixed by a lift f̂ of f to M̃ , and by some
γ ∈ π1(M) r {id}.

Assume that there exists a curve η̂ that is fixed by both f̂ and γ. Then there
exists a center leaf c in L and two integers n,m, with m 6= 0, such that c = γnf̂mc.

11In this specific case with one dimensional center, one can assume that the stable foliation
is C1 inside center stable leaves so that this makes sense, see [CP, Section 4.7]. If the stable
foliation is less regular then one can go through with the proof by taking a smooth approximating
foliation instead, and the arguments would be essentially the same.
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To prove this lemma, we need to use the center leaf space on L. When the
foliations are branching (i.e. in the non-dynamically coherent setting), the center
leaf space will be defined in [BFFPa].

Proof. Let η = π(η̂) be the projection of η̂ to M . Since η̂ is invariant by γ and

f̂ , the curve η is a circle on which f acts.
Suppose first that f has a periodic point on η. Then, there exists a center leaf

through that point that is periodic, as claimed.
Otherwise, there exists a point in η that is inside its ω-limit set for f .
Lifting back to the universal cover, this means that there exists x ∈ η̂ such

that there exists integers m,n, with m arbitrarily large, such that x and γnf̂m(x)
can be made arbitrarily close.

Let τ be a compact segment of the stable leaf through x. Since f̂ contracts the
length of stable segments, we can choose m ∈ N large enough so that every center
leaf through γnf̂m(τ) intersects the interior of τ . (This is possible as γnf̂m(τ)
can be chosen arbitrarily small and arbitrarily close to x, which is in the interior
of τ .)

Let LcL be the leaf space of the center foliation in L. Let

τc = {c ∈ LcL | c ∩ τ 6= ∅} .

Notice that τc is a compact interval in the 1-manifold LcL.

Then consider the function h : τc → LcL defined by h(c) = γnf̂m(c). The map
h is continuous, and, thanks to our choice of m, h(τc) is contained in the interior
of τc. Hence, there exists c0 ∈ τc that is fixed by h, as claimed. �
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