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ABSTRACT. Using branching foliations, and extending tools from foliation the-
ory to this more general context, we remove the assumption of dynamical co-
herence from the first part of our work, [BFFP20b]. In particular, in Seifert
manifolds, we finish the classification of partially hyperbolic diffeomorphisms
homotopic to the identity. In hyperbolic manifolds, we obtain that a partially
hyperbolic diffeomorphism is either dynamically coherent and, up to a power,
a discretized Anosov flow; or it is of a special type that we call double trans-
lation, for which we can describe its branching foliations and understand its
coarse dynamics. More general, albeit less complete results, are also obtained
on general 3-manifolds.
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1. INTRODUCTION

This article is the second part of our work on the classification of partially
hyperbolic diffeomorphisms homotopic to the identity in 3-dimensional manifolds
started in [BFFP20b].

The standing assumption in [BFFP20b] was that the partially hyperbolic dif-
feomorphisms were dynamically coherent, i.e., left invariant a pair of transverse
foliations tangent to the center stable and center unstable directions. This as-
sumption has some great benefits because it allows one to work with true folia-
tions, as opposed to the branching foliations which will be the main object we
work with in the present paper. True foliations forbid a number of troublesome
behaviors that branching foliations may have, making many arguments simpler,
and some substantial shortcuts possible. Sometimes, new strategies had to be
developped to deal with situations that cannot arise in the dynamically coherent
case.

While assuming dynamical coherence makes a lot of sense from a pedagogical
point of view, it is however a rather unnatural assumption. First of all, it is an
extremely hard assumption to try to verify directly. For example, in the present
article, we obtain dynamical coherence in certain situations only after having
completely understood the global dynamical behavior of the partially hyperbolic
diffeomorphism. In addition, while dynamical coherence was historically thought
to be generally expected in partially hyperbolic systems, many recent works (see,
e.g., [RHRHU16, BGHP17, BFFP20a]) have shattered that belief. For instance,
in the unit tangent bundle of a hyperbolic surface, we proved in [BFFP20a] that
most partially hyperbolic diffeomorphisms are not dynamically coherent.

Thus, it seems that dynamical coherence is more likely to be obtained under
certain circumstances as a corollary of, instead of an initial step towards, a clas-
sification. Nonetheless, the overall scheme, as well as many intermediate results,
that we developed in [BFFP20b] will be adapted here to the general setting. If
nothing else, this shows that assuming dynamical coherence can help develop ef-
ficient strategies for the study of partial hyperbolicity and justify our decision to
split our work in two. Another advantage is that we thus help bring to light the
differences between properties that stem from dynamical coherence as opposed
to those coming only from partial hyperbolicity.

The two main consequences of this second part are the extension of [BFFP20b,
Theorem A], and a description of the only two possible behaviors of partially
hyperbolic diffeomorphisms in hyperbolic 3-manifolds:
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Theorem A. Let f: M — M be a partially hyperbolic diffeomorphism on a
closed Seifert fibered 3-manifold. If f is homotopic to the identity, then it is
dynamically coherent, and some iterate of f is a discretized Anosov flow.

Theorem B. Let f: M — M be a partially hyperbolic diffeomorphism on a
closed hyperbolic 3-manifold. Then, either

(i) the diffeomorphism f is dynamically coherent and has an iterate which is
a discretized Anosov flow, or

(ii) the diffeomorphism f is not dynamically coherent, and up to a finite covert
and finite iterate, M admits a pair of transversely orientable R-covered,
uniform, branching foliations. A a lift of f to the universal cover trans-
lates the lifts of these foliations.

A discretized Anosov flow is a map of the form ¢, () where ¢ is a topological
Anosov flow, see next subsection.

The starting point in order to deal with the general case and obtain the the-
orems above is the foundational work of Burago and Ivanov [BIO8] proving the
existence of structures called branching foliations assuming the orientability of
the bundles (see Section 3 for proper definitions). These conditions are always
satisfied in finite covers, but the existence of branching foliations without taking
finite lifts is still an open question. However, we prove that if a finite lift is a
discretized Anosov flow then the original partially hyperbolic diffeomorphism is
already a discretized Anosov flow (see section 7.3). Hence we are sometimes able
to remove the finite cover hypothesis.

The existence of a partially hyperbolic diffeomorphism satisfying condition (ii)
in Theorem B is still unknown and is probably the most pressing open question
that follows from this work. Let us note that we did not find any reasons yet, nei-
ther in this work nor in current further research, to dismiss this type of example.
Indeed, while their existence would be conceptually new, the behavior that we
find such example would need to have with respect to their branching foliations
is very similar to those of examples built in [BGHP17]. Therefore, the fact that
they are necessarily non dynamically coherent does not make their existence less
likely.

Both of the theorems above follow from more general, albeit less complete,
results that we now present after recalling some necessary definitions.

1.1. Results. We always assume our manifolds to have non virtually solvable
fundamental group.

Definition 1.1. A C'-diffeomorphism f: M — M on a 3-manifold M is partially
hyperbolic if there is a D f-invariant splitting of the tangent bundle T'M into three
1-dimensional bundles

TM =E° & E°® E"
such that for some n > 0, one has
IDf" Bl <1,
IDf"|gu()ll > 1, and
1D Bs@ll <D |Be@yll < IDf"|5u@ll;
for all x € M.

1Taking a finite cover is only needed in order to get the existence of branching foliations
preserved by f.
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Let f: M — M be a partially hyperbolic diffeomorphism on a closed 3-
manifold M. When f is homotopic to the identity, we denote by f the specific
lift to the universal cover M that is obtained by lifting such a homotopy.

We assume that f leaves invariant two branching foliations, W¢;, = and Wil
tangent to the center stable (E°®) and center unstable (E°*) bundles respectively
(see Definition 3.2). By [BI08], up to taking a finite cover of M that orients the
three bundles and a power of f preserving these orientations, such branching foli-
ations always exist (see Theorem 3.4). These behave like foliations, but different
leaves are allowed to merge together, while not allowed to topologically cross (see

section 3). Their lifts to M are denoted by
foliations by topological planes in M.

An obvious but fundamental difference between true foliations and their branch-

ing counterparts, is that a point does not necessarily determine a unique leaf.
Recall [BFFP20b, Definition 2.2] the following definition:

and these are branching

bran bran ’

Definition 1.2. A discretized Anosov flow is a partially hyperbolic diffeomor-
phism g: M — M on a 3-manifold M that is of the form g(p) = @) (p) for a
topological Anosov flow ® and a map ¢: M — (0, 00).

The most general theorem we obtain in this work is the following.

Theorem 1.3. Let f: M — M be a partially hyperbolic diffeomorphism on a
closed 3-manifold M that is homotopic to the identity. If f preserves two branch-
ing foliations W{:  and WYL that are f-minimal, then either

(i) [ is a discretized Anosov flow (and in particular dynamically coherent)

(ii) f fizes each of the leaves of one of the lifted branching folzatzons m M

and the other branching foliation is R-covered, uniform, and f acts as a
translation on its leaf space in the universal cover, or
(ili) WS, and WEL  are R—covered and uniform, and f acts as a translation

on the leaf spaces of W, CS and W .

bran

In the previous result, we say that a branching foliation Wbran (or WEi ) is
f-minimal when a closed, non empty, f-invariant set which is a union of leaves of
WES,,, must be M itself. We emphasize that in this definition, the sets considered
are saturated by leaves of W{? ., but do not a priori contain all the leaves of W7,
intersecting the given set. When f is either transitive or volume-preserving, and
admits branching foliations, then they are f-minimal (see [BWO05]).

We will show that case (ii) of Theorem 1.3 cannot occur when M is hyperbolic
or Seifert fibered (in §12 and §8 respectively), in which case we can also eliminate
the hypothesis of f-minimality, obtaining the following:

Theorem 1.4. Let f: M — M be a partially hyperbolic diffeomorphism on a
closed hyperbolic or Seifert fibered 3-manifold that is homotopic to the identity.
Then either

(i) f is a discretized Anosov flow, or

(ii) up to a finite iterate and a lift to a finite cover, f admits center stable and
center unstable branching foliations, which are R-covered and uniform,
and f acts as a translation on their leaf spaces in M.

As was already pointed out in [BFFP20b, Remark 7.4], case (ii) of Theorem
1.4 can occur in Seifert manifolds, but a finite power of such diffeomorphisms is a
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discretized Anosov flow, leading to Theorem A. Moreover, since every diffeomor-
phism of a hyperbolic 3-manifold has an iterate homotopic to the identity one
also deduces® Theorem B from it.

We believe that Theorem 1.4 may be proven, following the same strategy as
here, under the more general assumptions of f-minimality together with the
existence of an atoroidal piece in the JSJ decomposition of M.

Remark 1.5. Case (ii) of Theorem 1.3 may also be ruled out under the assump-
tion of absolute partial hyperbolicity (cf. §9).

We end the introduction by stating a dynamical consequence of our results and
analysis.

Theorem 1.6. Let f: M — M be a partially hyperbolic diffeomorphism of a
closed 3-manifold M homotopic to the identity and assume that one of the fol-
lowing conditions is verified:

e M 1is hyperbolic or Seifert fibered, or,
e the (branching) center stable foliation is f-minimal,

then f has no contractible periodic points.

This result will be proven as Corollary 4.11.

1.2. Remarks and references. We refer to [CRRU15, HP18, Pot18] for sur-
veys on the problem of classification of partially hyperbolic diffeomorphisms in
dimension 3 and to the introduction of [BFFP20b] for a wider introduction to our
results. Instead, we will emphasize here the new tools developed in the present
article as well as put it in perspective with respect to previous work in the quest
for the classification of partially hyperbolic diffeomorphisms in 3-manifolds.

One important feature of the present article is to not assume dynamical co-
herence. This has certainly been done before (see [HP18]), but previous works
tended to have two simplifying characteristics: Their study took place on man-
ifolds where taut foliations are well understood and amenable to classification,
and on which known partially hyperbolic models where available to compare to.
Typically, dynamical coherence was established under the assumption of non-
existence of invariant tori by using the fact that coarse dynamics separates leaves
of the branching foliations. However, for the manifolds considered in this article,
neither of these features exists, and dynamical incoherence does appear in several
different ways.

For instance, we obtain dynamical coherence in Section 7 when the lift of the
partially hyperbolic diffeomorphism fixes each leaf of the lifted branching folia-
tions. We also manage to obtain information on the structure of the branching
foliation in the non dynamically coherent case, leading, in particular, to case (ii)
of Theorem B. This structure also allows us to better understand the dynamical
properties of the system, even when the manifold is not hyperbolic, as can be
seen in Theorem 1.6.

More generally, the framework that we develop for the study of non dynami-
cally coherent partially hyperbolic diffeomorphism should find its use outside of
the homotopic to the identity case that is the focus of the analysis here.

The first tool that we need to develop in this article, is the basic theory of
the topological study of branching foliations. This includes the definition of the
leaf spaces and their behavior under diffeomorphisms which preserve them (see
Section 3).

Among the other tools that we develop, we wish to emphasize:

2To be precise, one needs to apply Theorem 3.4.
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(1) In 85 we introduce the notion of coarsely contracting and coarsely re-
pelling periodic rays. This should be useful for the study of all, i.e.,
not necessarily homotopic to the identity, partially hyperbolic diffeomor-
phisms in 3-manifolds.

(2) In §6 we study the dynamics of certain lifts inside a fixed center stable
leaf and show that, under some assumptions, it cannot admit fixed points.
This involves understanding the behavior of strong stable manifolds of
fixed points under iteration which may find applications in other contexts.

(3) In §7 we prove uniqueness of (branching) foliations under certain condi-
tions. This is fundamental in order to prove results that do not require
taking finite lifts and finite power. As such, it may also be relevant for
the study of topological obstructions for partially hyperbolic diffeomor-
phisms since for instance, the topological obstructions for the existence
of Anosov flows can depend on taking finite lifts (see, e.g., [Cal07]). Note
that uniqueness of branching foliations was previously proven in other
works, but always in a setting where there was an understood model
partially hyperbolic diffeomorphism to compare with.

(4) Finally, in §11, 12 we develop some tools to analyze the geometric struc-
ture of (branching) foliations. This analysis combines tools from Lefschetz
index theory, hyperbolic geometry, and the notion of coarsely expanding
and contracting rays mentioned in item (1).

Note that the tools developed in (4) are used in a different setting in [BFFP20a]
to prove that a large class of partially hyperbolic diffeomorphisms in Seifert man-
ifolds are dynamically incoherent. Together with (1), it has also successfully been
applied in [FP18] to obtain fine dynamical consequences of partial hyperbolicity
in 3-manifolds.

1.3. Acknowledgments. We thank C. Bonatti, A. Gogolev and A. Hammer-
lindl for interesting discussions.

T. Barthelmé was partially supported by the NSERC (Funding reference num-
ber RGPIN-2017-04592).
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the views of the National Science Foundation.
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2. OUTLINE AND DISCUSSION

2.1. Setup. We will now set some basic definitions and outline our major argu-
ments. Throughout this article, we assume a good familiarity with the firt part
of our work, [BFFP20b].

As in [BFFP20b], our running hypothesis in this article is that M is a closed
3-manifold with non-solvable fundamental group®, and f: M — M will be a
partially hyperbolic diffeomorphism that is homotopic to the identity.

A lot of the analysis is done for general partially hyperbolic diffeomorhisms
homotopic to the identity and preserving branching foliations. Then we specialize
to obtain the specific results in Seifert manifolds and hyperbolic manifolds.

3The reason being that the case of manifolds with solvable fundamental group is well under-
stood, as discussed in [BFFP20b].
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Some results, particularly in the appendix, are for general partially hyperbolic
diffeomorphisms, without assuming homotopic to the identity.

2.2. Structure of the proof. Many of the constructions and arguments in
[BFFP20b] adapt directly to the non dynamically coherent case. On the other
hand, some subresults are much more complex or need completely different proofs.
There are three main places where the general non dynamically coherent situation
diverges significantly from the dynamically coherent case:

e The first is that in general there may be annular center leaves which do
not contained a closed center leaf inside (see condition (*%) in [BFFP20b,
§2]). In the non-dynamically coherent case we prove a weaker statement
that serves the same purpose in many situations.

e A second and more important difference is that we cannot deduce the
impossibility of double translations from the general version of the exis-
tence of cores that “shadow” the periodic orbits of the transverse pseudo-
Anosov flow (see condition (x * x) in [BFFP20b, §2]). This means that
here we need to analyze that case further to see what structure we can
obtain from it.

e In hyperbolic and Seifert manifolds, to avoid the need to assume f-
minimality of the foliations in the dynamically coherent case it was enough
to remark that a minimal invariant set lifted to M could not have fixed
points under a good lift of f. When there is branching this no longer
holds, and we need here to make a very delicate analysis that takes place
in §6.

One of the most important questions left open by our work is the following;:

Question. Does there exists a partially hyperbolic diffeomorphism of a hyperbolic
3-manifold which acts as a double translation?

We do obtain (in §11) some strong dynamical properties that would have to
be satisfied by such an example. This behavior is akin to what is seen in the
examples of [BGHP17], but we refrain from giving a conjectural answer to our
question.

Let us now take f: M — M to be a partially hyperbolic diffeomorphism,
not necessarily dynamically coherent. In §3, we review Burago-Ivanov’s [BIO§]
construction of branching center stable and center unstable foliations. We also
show that these branching foliations have leaf spaces that behave like the leaf
spaces of true foliations.

2.2.1. Dichotomies for branching foliations. In §4, we extend the results from
[BEFP20b] and adapt them to the branching foliation case.

In particular, in §4.1-4.4 we show that the dichotomy obtained in [BEFP20b]
(see condition (x) there) holds without assuming dynamical coherence, so we can

arrange our arguments around the same trichotomy: If Wi —and Wy = are f-

minimal, or M is hyperbolic or Seifert-fibered (this is handled in §6), then one of
the following holds, where f is the lift of a homotopy from f to the identity:

(1) double invariance: f fixes every leaf of both ;VVf)fan and Wﬁfan;

(2) mixed behavior: f fixes every leaf of either WeS., or Wit . and acts

as a translation on the leaf space of the other, which is R-covered and
uniform; or

(3) double translation: f acts as a translation on both
which are R-covered and uniform.

cu
bran’

CS

bran and
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This allows to prove Theorem 1.6 (see §4.3 and Corollary 4.11).

2.2.2. Center dynamics in fized leaves. In §5, we work under the assumption
that f fixes every leaf of W7 . and study the dynamics within each center
stable leaf. Although the statements that are obtained in [BFFP20b] fail without
dynamical coherence, we are able to obtain the following which is sometimes

enough (Proposition 5.2):

Suppose Ehat bran 1 f-minimal, that all the leaves of ngan are

() fixed by f, and that f does not fix any center leaf in M.
If ¢ is a periodic center leaf of f in M, then c is coarsely contracted
by h. In particular, ¢ contains a periodic point of f.

This fact, together with the fact that periodic center leaves exist on any leaf
with non-trivial fundamental group (see Proposition 5.8) gives us the tool to
continue the analysis of the above trichotomy.

At this point, the reader interested in absolutely partially hyperbolic diffeo-
morphisms can fast forward to §9 to see how one can recover the same statement
of [BFFP20b] (where one gets a closed fixed center curve) under that stronger
dynamical assumption (see Proposition 9.3).

2.2.3. Double invariance implies dynamical coherence. With (x+") in hand, we
show in §7 that the existence of a good lift f with doubly invariant behavior
implies that f is dynamically coherent. By the work of [BFFP20b], we get that
f is a discretized Anosov flow.

Let us stress here that in this case the dynamical coherence of f (a very strong
property) is obtained at the very end of a long and complicated analysis.

There is one additional unsavory and very non trivial issue that we have to
address in this section: The theorem of Burago—Ivanov gives the existence of
branching foliations under some orientability conditions (see Theorem 3.4). These
conditions can always be achieved by taking an appropriate lift of M and power
of f. However, in order not to have these conditions appear in Theorem A or
Theorem B, we need to show that if a lift and power of a partially hyperbolic
diffeomorphism is dynamically coherent, then so is the original one. We do not
know if this statement is true in general, but we prove it (in §7.3) when the lift
is further assumed to be doubly invariant.

The work up to section 7 implies Theorem 1.3.

2.2.4. General version of Theorem A. In §8 we finish the proof of Theorem A
by ruling out both mixed behavior and double translations when M is a Seifert-
fibered manifold.

This uses a combination of the good lift trick, which allows to take one good
lift that fixes one of the foliations, and Proposition 5.2. If a good lift (of a power)
does not fix both branching foliations, then we obtain periodic center leaves that
must be both coarsely expanding and contracting, a contradiction.

2.2.5. No mized behavior in hyperbolic manifolds. Sections 11 and 12 deal with
the last property we want to show in order to obtain Theorem 1.4 in the hyperbolic
case. That is, we want to eliminate mixed behavior.

To reach this goal, we first get, in §11, a better understanding of homeo-
morphisms that act as a translation on a branching foliation. In §10 we prove
that the dynamics of such a homeomorphism resembles the one of a regulating
pseudo-Anosov flow transverse to the foliation. We push the understanding of
that resemblance further and show (see Proposition 11.1) that, on periodic center
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stable leaves, at least some center rays that are fixed must be expanding, i.e., act
in a similar way as the strong unstable foliation of the pseudo-Anosov regulating
flow.

This property is then used in §12 to rule out mixed behavior, but it does not
rule out double translations.

In the next section we develop the basic theory of branching foliations and
their leaf spaces.

3. BRANCHING FOLIATIONS AND LEAF SPACES

Many non dynamically coherent partially hyperbolic examples have been con-
structed in recent years, hence in general one cannot assume dynamical coherence
when trying to classify these diffeomorphisms on a given manifold or within a ho-
motopy class. The role of the foliations we used in [BEFP20b], will then be
replaced by branching foliations, that were constructed by Burago and Ivanov
[BIO8] for general partially hyperbolic diffecomorphisms under some orientability
conditions.

Remark 3.1. Notice that the term branching is sometimes used with a different
meaning in the study of codimension one foliations (to describe non-separated
leaves in the leaf space). Here, branching means that two leaves may merge (and

this is irrespective of whether the leaf space in M is Hausdorff or not).

We start with a proper definition and refer the reader to [HP18] for a detailed
explanation on this tool as well as contexts where they are used.

Definition 3.2. A branching foliation Firan of a 3-manifold M is a collection of
C'-immersed surfaces complete for the pull-back metric and satisfying:

(i) Every point « € M belongs to at least one surface (called leaf) of Firan;
) An immersed leaf of Fy,., does not topologically cross itself;

i) Different leaves of Fyan do not topologically cross;

) If L,, are leaves of Fpan and x, € L, is a sequence that converges to z,
then, up to taking a subsequence, L,, converges to a leaf L* of Fian with
z € L.

Moreover, we say that a branching foliation is well-approzimated by foliations
if there exists a family of foliations F,, with C! leaves, and a family of continuous
maps he: M — M, with € > 0, such that, for a fixed Riemannian metric, we
have:

(v) The angle between a leaf of Fian and Fe is less than e;
(vi) The map h, is at CO-distance less than e from the identity;
(vii) The map he maps leaves of F, to leaves of Fi,a, by a local diffeomorphism
(so in particular, the restriction of h. to any leaf is C1);
(viii) For every leaf L of Fy;ap, there exists a leaf L. of F, such that h.(L¢) = L.

Notice that, as a branching foliation has C! leaves and that all possible inter-
sections are not topological crossings, it makes sense to talk about the tangent
distribution to a branching foliation.

Remark 3.3. When Fy,,., is a branching foliation but not a true foliation, then
the map he is never a local diffeomorphism, even though it restricts to a local
diffeomorphism on each leaf: There are open sets where leaves are collapsed

“Here convergence should be understood in the pointed compact-open topology, i.e., given a
compact set K in L containing x, there is a sequence of compact subsets K,, of L, containing
x, such that K, converges to K in the Hausdorff topology and x,, convereges to x.
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transversely by h.. In fact, even when restricted to a leaf, it may fail to be a
global diffeomorphism as leaves of Fian can self intersect, forming branching
locus.

As is the case with foliations, there exists a small enough scale at which the
branching foliation is “trivially product (branched) foliated”. Let us be more
precise: We fix a Riemannian metric. Then there exists ¢y > 0, such that any open
set B of diameter less than ¢y satisfies the following. The set B is contained in a
smooth chart D? x [0, 1] such that the local leaves of Fiay through B intersects the
chart in sets transverse to the [0, 1]-fibration in D?x [0, 1], each local leaf intersects
every [0, 1]-fiber and they are close to being horizontal. This fact readily follows
from the fact that the branching foliation are tangent to a continuous distribution.

We call the scale eg > 0 above the local product structure size.

The foundational result of Burago and Ivanov states that, under some ori-
entability conditions, a partially hyperbolic diffeomorphism always admits a pair
of branching foliations tangent to the center stable and center unstable distribu-
tions. We naturally say that a branching foliation is f-invariant if the image of
any leaf by f is again a leaf.

Theorem 3.4 (Burago-Ivanov [BI08]). Let f be a partially hyperbolic diffeomor-
phism of a 3-manifold M. Suppose that the bundles E*, E* and E° are orientable
and that D f preserves these orientations.

Then there ewists two f-invariant branching foliations Wy, and W{L  tan-
gent respectively to E¢° and E“. Moreover, these branching foliations are well-
approzimated by foliations W and WS, with associated maps denoted by h&®

€
cu
and he.
CS

The collections of surfaces W7,
center unstable branching foliations.

There is one property that the center stable and center unstable branching
foliations have which will be very useful to us: Since the stable bundle E° is
uniquely integrable, if a point p is in a center stable leaf L, then the entire stable
leaf s(p) through p is also contained in L. As a consequence intersections between
distinct center stable leaves are saturated by stable leaves.

Ccu

bran are called the center stable and

and

Remark 3.5. Since the manifolds we consider in this article are not virtually
solvable, no leaf of the approximating foliation, is compact (cf. [RHRHU11]).
Thus the approximating foliations W and WS are always taut.

Using branching foliations, we can still define center leaves:

Definition 3.6. A center leaf c of a partially hyperbolic diffeomorphism is the
projection to M of a connected component of the intersection between a leaf of

the central stable branching foliation Wy, = and a leaf of the central unstable
branching foliation Wy = (lifts to M).

Even though the collection of center leaves is not a foliation, we will also define
a leaf space of center leaves in section 3.1.

Remark 3.7. Notice that a center leaf ¢ is automatically tangent to the central
direction E°. However, complete curves that are tangent to the central direction
may fail to be center leaves for our definition. Indeed, even when the diffeo-
morphism is dynamically coherent, the central direction may not be uniquely
integrable, thus, some complete curves may be tangent to £, but are not the in-
tersection of a central stable and central unstable (such an example is constructed
in [RHRHU16]).
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N

(A) Two center-stable leaves sharing a (B) Distinct center leaves inside a
region center-stable leaf

FIGURE 1. The branching of center and center-stable leaves.

3.1. Leaf Spaces. When F is a foliation, the leaf space of F is the collection of
distinct leaves of the lift F of F to M. Moreover, it comes naturally equipped
with a quotient topology. Indeed, the leaf space of F can be defined as the set
M quotiented by the relation “being on the same leaf of F.

When F is a branching foliation, we want to define the leaf space again as the
collection of distinct leaves of the lift F of F to M. However, this space does
not necessarily come from a quotient. Indeed, some points z € M may belong
to more than one (in which case x belongs to uncountably many) distinct leaves,
thus one cannot define a quotient projection from M.

In the next three sections, we will explain how to put a topology on the leaf
spaces of each of the branching foliations. More importantly, we show that these
topologies make the leaf spaces of the branching foliations homeomorphic to those
of the approximating foliations, for small enough e.

3.1.1. Leaf spaces of the center stable and center unstable foliations. Recall that,
by Theorem 3.4, the branching foliations Wy, and Wy = are well-approximated
by foliations W¢* and WE*. Now property (viii) of Definition 3.2 implies that for e
sufficiently small (which is assumed from now on), there is a canonical surjection
between the leaf spaces of 17\755 and Wbran and the leaf spaces of VNvgu and Wbran

It is possible to modify the proof of [BI08, Theorem 7.2], where the foliations
WS and the map h¢® are constructed, so that the map between leaf spaces given
by A is also injective With this result on hand, we could define the topology on
the leaf space of Wbran as the one making that map a homeomorphism. However,
proving the injectivity would require to redo the whole proof of [BI0O8, Theorem
7.2]. So instead, we use a simpler fact which can be easily extracted from the
proof of [BI0O8, Theorem 7.2]: The map h¢® is “monotone” meaning that, in local
charts, where there is a well defined linear order between leaves, this order is
preserved by h¢’.

Definition 3.8. We denote by:

L? the leaf space of the center stable branching foliation Wbran;

Ly the leaf space of the center unstable branching foliation Wbran;

LE the leaf space of the approximating center stable foliation WCS,

L the leaf space of the approximating center unstable foliation Wg“

Furthermore, we denote the surjections between the leaf spaces of the branching
foliations and the approximating foliations by

Ges: L& — L37, and ge: L — L3".
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Since W is a true foliation, its leaf space £&° has a natural topology making
it a simply connected, but perhaps non Hausdorff, 1-manifold (cf. [BFFP20b,
Appendix B].

Each leaf L of W s a properly embedded plane in M. Using this one

bran >
defines as before L™ to be the closure of the connected component of M ~. L on
the “positive side of L”, and similarly for L™. To define positive side pick an
orientation to the unstable bundle in M.

Topology of L. The topology in L;* is defined as follows: Consider a finite

collection of transversals 7; to Wys, such that:

(i) Each transversal 7; is open.
ii) 7; is perpendicular to E°° everywhere.
y
(iii) Every leaf of Wy, intersects at least one of the 7;.

Let 8 be a lift to M of some 7;. Consider the collection of leaves of W7, = in-

tersecting 5. Each such leaf of ngan is a properly embedded plane and intersects
(8 only once.

Claim 3.9. Let x € 8. Let I be the collection of leaves I intersecting x. Then I
s a singleton or order isomorphic to a closed interval.

Proof. Suppose that I is not a singleton. Then, given any leaves L # F in I,
either L C ET or E C L™ and only one option occurs (this is thanks to property
(iii) of Definition 3.2). We say L > F in the first case and L < E in the second
case, which gives a total order on I. By property (iv), this order is complete.
Moreover, there are no gaps in this order: Let L # E two leaves in I such that
L < E. We want to show that there exists a leaf L' € I, with L < L' < E. Let
y be a boundary point of the connected component of L N E containing x. Then
consider a neighborhood B of y of diameter smaller than €, the local product
structure size of the branching foliation Wy, . Since W{?  has a trivially product
foliated structure in B, every leaf that intersects B N (LT N E~) must intersect
y, and since leaves of Wy, ~do not cross, they must intersect = also. Thus there
is L' € I such that L < L' < E.

So I is order isomorphic to a closed interval in R. O

cs
bran

The claim implies that putting the order topology on the set of leaves of
intersecting a lift 8 of 7; makes it homeomorphic to an open interval in R.
Notice the following: suppose that 31, G2 are lifts of 7,7, and L, E are leaves

of W7, intersecting both 31, 82. Then the order induced by (3 is the same as the
order induced by f2 (in the set of leaves intersecting both transversals). Hence

the order topology is well defined when there are intersections.

Definition 3.10 (topology of L£§*). The topology 7 in L;*® is the one generated
by the open intervals defined above. This topology makes £;° a simply-connected
1-manifold.

Proposition 3.11. For € small enough (smaller than the local product sizes of
s and WE ), the preimage of a point in L;® (resp. L{*) by ges (Tesp. Geu)
is a closed interval. Moreover, the space L (resp. L) is homeomorphic to Lf®

(resp. Li"). The maps ges: LS — Li° are continuous.

Proof. We work with L£;* as the proof for L£i* is identical. The key property is
to show that the preimage by ge s of points are closed intervals in the leaf space
L, the rest will follow rather easily.
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We let 7¢ be the quotient topology induced by g s on £;*. Our goal is to show
that 7. = T.

Let €o be the local product sizes of W7, . Let € < ¢/2.

It is in order to prove this proposition that we will use the remark made above
that the map hS® is monotone’.

Let I be the preimage of a leaf L € L;*. Suppose that I contains two leaves L

and i)g, we want to show that every leaf in between Ly and Ls is mapped by Egs
to L. From property (vi) of Definition 3.2, we have that the Hausdorff distance
between ﬁl and ﬁg is < 2e. Now, as 2¢ is chosen smaller than the local product
structure size €g, it follows that the region between the leaves I:l and ﬁg has leaf
space which is a closed interval. N

Because of the property of monotonicity of hZ® it follows that g., maps the
region between Ly and Ly to L. This implies that the preimage of L is an interval.
It remains to show that it is closed, but this is just a consequence of the continuity
of Egs

So the preimage of any point is a closed interval. We now proceed with proving
the other needed properties.

Let J be an open interval J in £;* for the topology 7. Up to taking J smaller,
we can assume that J is the set of branching leaves that intersects a small open
transversal 5. We want to show that gg_sl(J) is open in L£¢°. Let Ly be a leaf in

ge. L(J). Then L, intersects A (or a slightly bigger transversal), so all the leaves

of 17\758 close enough to L; N B intersect B. Thus an open neighborhood of Ly is
contained in gZ}(J).

Hence the interval J is also open in the topology 7¢. It follows that 7 C 7.
In particular this shows that g is continuous.

Now for the other inclusion. Suppose W is an open set in 7¢ and y is in
W. Hence (ges) ' (W) is open and contains (gs) !(y), which is an interval I
with boundary leaves L, E. Since (ges)~*(W) is open, it contains and interval of
leaves around, say, L. Consider the part of this interval made up of L and the
side outside (ges)~'(y). This projects to an interval in £§*, which is not just y
by definition of /. Hence W contains an open interval around y, and therefore
W is open in 7. This shows that T = 7.

We already proved that the preimage of a point in £§* is a a closed interval
in £¢%. This implies that £3°, £&° are homeomorphic. This is because the only
collapsing from L£¢® to L£;* is done along closed intervals I. If L, E are the end-
points of I, then there is no other leaf in the region between L and E besides
those leaves that are in 1.

This finishes the proof of the proposition. U

Notice that the leaf spaces L£i°, £¢® are homeomorphic, however the natural
map ges: £ — L3® is not necessarily a homeomorphism, as it may collapse
points. In the sequel, we fix some € small enough so that the previous proposition
applies.

3.1.2. Leaf spaces of the center foliation in a center stable or center unstable leaf.
We now define a topology on the leaf space of the center branching foliation,
restricted to a particular center stable or center unstable leaf.

5Otherwise, the preimage could be disconnected. One can recover the rest of the statements,
but that would need to construct new maps ge,s by collapsing closed intervals in both spaces
and see that these induce the same topology.
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Remark 3.12. Recall from Definition 3.6 that a center leaf in M is defined as

a connected component of the intersection between a leaf of Ngfan and a leaf of

ng‘m. Now, the following situation may arise (see Figure 2): Two leaves Uy, Us

of We* and a leaf L of ngan such that the triple intersection Uy N L N Uy

bran
contains a connected component of ¢; of U1 N L as well as a connected component

cg of Uy N L. That is, the center leaves ¢; and ¢ represents the same set in M.
In this case, we also consider ¢; and co as the same leaf of the center foliation in
L.

WCS

bran

FiGure 2. Different center unstable leaves may intersect a given
center stable leaf in the same center leaf.

We will describe the topology of the center leaf space £ on a given leaf L

of Wii..- The center leaf space L{; on a leaf U of Wy is defined in the same

manner, so we do not explicit it.

Definition 3.13 (topology A in £¢). Consider a countable set of open transver-
sals 7; which are perpendicular to the center bundle in L, and so that the union
intersects every center leaf in L. Put the order topology in the set I; of center
leaves intersecting 7;. This induces the topology A in L.

Let L be a fixed leaf of W7, . We again fix an € > 0 and consider the

approximating foliation Wf“ Since W{¥ is transverse to L, so is VNVGC“ (for e

bran
small enough). Thus, Wg" induces a 1-dimensional (non branching) foliation F.
on L, and hence its leaf space L¢ is a 1-dimensional, not necessarily Hausdorft,
simply connected manifold.

The behavior described in Remark 3.12 above leads to the following issue: the
unique center leaf ¢; = ¢o is approximated by two distinct leaves of F.. Thus, the
leaf space, LS, of the center foliation on L is not in bijection with L. However,
we still have a surjective, but not necessarily injective, projection pre: £ — L
as in the previous subsection. Let A, be the quotient topology from the map pr..

Just as in Proposition 3.11 one can prove the following:

Lemma 3.14. The set of center leaves in L through a point x is a closed interval.
Let co be a center leaf in L. Let I = pr—Y(co) C LE. The set I is a closed interval.
If € < €, then the topologies A and A¢ are the same.
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3.1.3. Leaf space of the center foliation in M. Finally, we have to put a topology
on the leaf space Lj of the center foliation in M.

Pick an 0 < € < ¢q so that VNvgs and VNvgu are transverse to each other. Call F,
the 1-dimensional foliation obtained as the intersection of VNvgs and Wg“ The leaf
space L¢ of F¢ is now a simply connected, possibly non Hausdorff, 2-dimensional
manifold. But as before, there is only a surjective, and not injective, projection

D LS — L.

The map g, is defined in the following way: If ¢ is a leaf of F¢, then it is the
intersection of a leaf U of WC“ and a leaf S of WCS Then, there exists a unique
connected component ¢ of ge,u(U) N ges(S) that is at distance less than 2¢ from
¢. We define g.(¢) = c.

Once again, the topology B, we put on Lf is obtained by identifying elements
of L¢ that project to the same element of £f and taking the quotient topology.

As done is the previous two subsections 3.1.1 and 3.1.2, in order to prove that
the topology that we put on L makes it a simply connected (not necessarily
Hausdorff) 2-manifold, it is enough to show that the preimages of points by g.
are closed, simply connected sets contained in a local chart of LS. In order to
do that, first notice that L£¢ is locally homeomorphic to £ x L. Indeed, any
o € LC is a connected component of Uy N Sy, with Uy € L& and Sy € LE:. Now,
if V, is a small enough open interval in £ and V is a small enough open interval
in £, then for any U € V,, and S € V, the intersection U NS contains a unique
connected component close to ¢g. Using this local homeomorphism, the following
lemma will imply that the topology Lj is as we claimed.

Lemma 3.15. Let ¢y be in L. The set R = 9 (o) is homeomorphic to a closed
rectangle in L& x L.

Proof. Let ¢1,¢2 € R. Let U; be the leaf in L containing ¢; and let Sy be
the the leaf in £ containing ¢3. Let Uy = gc,(U1) and Sz = ges(S2). Since
€1,Co € R, the center leaf ¢y is a connected component of U; N Sy. Thus Uy and
S5 must intersect and the intersection contains a unique connected component ¢
at distance at most 2¢ from cg.

Now, the proof of Lemma 3.14 shows that ¢; and ¢3 are two ends of an interval
in the leaf space of F, restricted to U; that is entirely contained in R. Similarly,
for é& and €3 considered as elements of the leaf space of F, restricted to Ss. In
turns, the arguments of the proof of Lemma 3.14 imply that the set R projects to
a closed interval in both £ and L, i.e., it is a closed rectangle in £&° x £, [

Just as in the previous two sections we can also put a topology B on Lj directly
as follows:

Definition 3.16. (topology B on Lf) In M pick a collection of very small open
rectangles R; which are almost perpendicular to the center bundle, and with
boundary two arcs in a leaves of Wy and two arcs in leaves of Wy . Consider

all lifts R of these to M. The set of center leaves intersecting R is naturally
bijective to an open rectangle and put the topology making this a local homeo-
morphism. The topology B is generated by these rectangles.

First we justify why the set of center leaves through R is naturally an open
rectangle. Let L1, Lo be the center stable leaves containing the two arcs in the
boundary of R, and Uj, Us be the corresponding center unstable leaves. The set
of center stable leaves between Lj, La (not including Lj, L) is naturally ordered
isomorphic to an open interval. This was proved in subsection 3.1.1. The same
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for the center unstable foliation. The product is an open rectangle. The set of
center leaves intersecting R is a quotient of this. The sets which are quotiented
to a point are compact subrectangles. The proof is the same as the previous
lemma. Hence the quotient is naturally a rectangle. In addition if a collection
of center leaves intersects two such rectangles R, R’, then the identifications in R
also produce the same identifications in R’ and the order of the center stable and
center unstable foliations in the subsets are the same whether in R or R’. Hence
in the identification, the topologies agree.
Just as in the previous sections one can prove:

Lemma 3.17. For e < €y, the topologies B and B¢ are the same.

The main property is to prove is exactly that of Lemma 3.15. The rest follows
just as in the previous subsections.

4. GENERAL ASPECTS WITHOUT ASSUMING DYNAMICAL COHERENCE

In this section, M is a closed 3-manifold, with non virtually solvable funda-
mental group, f: M — M is a partially hyperbolic diffeomorphism homotopic to
the identity, and f is a lift of f obtained by lifting a homotopy from the identity
to f. Such a lift of f is called a good lift of f. Notice that a good lift commutes
with every deck transformation of M. We do not assume that f is dynamically
coherent.

We will assume throughout this section that the stable, center, and unstable
bundles are oriented, and that f preserves their orientations. This can be achieved
by taking an iterate of f and lifting to a finite cover of M. We will deal with the
effects of replacing f and M in §7.

With this assumption, Burago-Ivanov’s Theorem 3.4 applies. We denote by

ean and WY their center stable and center unstable branching foliations, and

by Wes and by WE%  the corresponding lifts to M.

bran bran

4.1. First arguments. In this section, we will see that many of the results about
the foliations from the dynamically coherent case work for branching foliations.
From now on, we always assume that the branching foliations Fy,;., we consider
are well-approximated by taut foliations F..

One of the first things to be careful with is the definition of f-minimality for
a branching foliation. We first define the notion of saturation.

Definition 4.1. Let Fy.an be a branching foliation. A set C C M is Fpran-
saturated if, for every x € C, there is a leaf of Fpan that contains x and is
contained in C.

Note that this is much weaker than asking that every leaf intersecting C' is
contained in C. In particular, our notion of saturation has the peculiar property
that the complement of a W7  -saturated set need not be W7, -saturated (see
Figure 3). With this in mind, we make the following definition.

Definition 4.2. Let Fpan be an f-invariant branching foliation. Then Fyran is
called f-minimal if the only Fy,ap-saturated and f-invariant sets in M that are
closed are the empty set or the whole manifold.

We emphasize here that closed in the above definition is meant as a set in M,
not as a set of leaves.

Remark 4.3. Let C be an Fy,an-saturated set in M and C= 771(C). There are
several, in general distinct, sets of leaves in Lypan, the leaf space of Fipran, that
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R

o]

FIGURE 3. L; and Ls are two leaves in C', but the region R is not
in C. Then, in parts of R, all the center stable leaves intersect
the branch locus between L; and Lo, so have parts in C and parts
not in C' (and therefore M \ C is not saturated by center stable
leaves).

one can build from C. This stems from the fact that there can be different ways
of saturating a given set by leaves of fbran.

More precisely, a saturation of C is a set Sat(é) C Lyran such that, for all
z € C, there exists L € Sat(é) such that z € L and L C C. Such a set is not
uniquely defined. However, there is a biggest such set: The full saturation of C

is the set FullSat(C') C Lppan defined by, if L € Lpay is such that L € C, then
L € FullSat(C). Note that the image of both Sat(C) and FullSat(C) in M are

just C, since C'is Fpran-saturated.

Now, it could happen that a set C' is closed in M, but a saturation Sat(C)
would fail to be closed in Lpay (recall that the topology on Lya, is defined in
section 3.1.1). However, one can easily see that the following is true: The set
C is a closed subset of M if and only if FullSat(é) is a closed subset of the leaf
space Lpran-

A natural but less immediate result (see Lemma B.1) shows that if a saturation

Sat(C) is closed in Lppan and C' = M, then Sat(C') = Lpran (S0 in particular, there
is only one closed saturation in that case).

4.1.1. Complementary regions. Let Fyran be a branching foliation (assumed to be
well-approximated by taut foliations) on a manifold M that is not finitely covered
by S? x St Then M ~ R3, and each leaf of fbran is a properly embedded plane
that separates M into two open balls.

The cofr\n/plementary regions of a leaf L € fbran are the two connected compo-
nents of M \ L (cf. [BFFP20b, §3.1.1]). For each complementary region U of a
leaf L, the closure U = U U L is called a side of L.

A coorientation of ]?bran (defined as an orientation of the leaf space of ]?bran)
determines, for each leaf L € fbran, a positive and a megative complementary
region which we denote by L® and L®. The corresponding sides are denoted by
LT=L%ULand L= = L°UL.

To define the region between two leaves, it is best to work in the leaf space
Lipran, with the topology defined in §3.1.1. Let K, L € ]?bmn be distinct leaves.
Thinking of these as points in the leaf space, Lyyan ~ {K, L} consists of three
open connected components. Only one of these components accumulates on both
K and L — we call this the open Lypan-region between K and L. Its closure in
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Liran, which is obtained by adjoining K and L, is called the closed Ly an-region
between K and L. .

Note that the subset of M that corresponds to the open Liran-region between
two leaves may not be open. However, the subset of M that corresponds to the
closed Lyan-region between two leaves is closed. It is also connected, but its
interior may not be. See Figure 4.

h

W
FIGURE 4. The interior of the closed region between leaves may
not be connected.

4.1.2. Translation-like behavior. Recall that Fi oy is assumed to be well-approximated
by taut foliations. Using this, we immediately obtain the Big Half-Space Lemma
([BFFP20b, Lemma 3.3]).

Lemma 4.4. Let L be a leaf of Foran. For any R > 0, there exists a ball of
radius R contained in each complementary region of L.

Proof. Tt suffices to apply [BFFP20b, Lemma 3.3] to a leaf corresponding to L
in the approximating foliation F., and deduce that each complementary region
of L contains a ball of radius R — € for any R. O

The following is the equivalent of [BFFP20b, Proposition 3.5]. The same proof
applies if one considers complementary regions and regions between leaves as

subsets of M and Lyran as appropriate.

Proposition 4.5. Let Fyran be a branching foliation, f: M — M a diffeomor-
phism homotopic to the identity and preserving Furan, and f be a good lift. If
L € Firan is not fixed by f, then

(1) the closed Lyran-region between L and f(L) is an interval,
(2) f takes each coorientation at L to the corresponding coorientation at f(L),
and
(3) the subset of M corresponding to the closed Lyyan-region between L and
f(L) is contained in the closed 2R-neighborhood of L, where R = max, gz d(y, f(y)).

4.1.3. Uniform and R-covered branching foliations. A branching foliation is once
again called R-covered if its leaf space Lyan (see section 3.1.1) is homeomorphic
to R. Since the topology on Lyyan can be defined as a quotient of the leaf space of
the approximating foliations F,, the branching foliation is R-covered if and only
if the approximating one is, for € small enough.

The definition of a uniform foliation applies without any change to branching
foliations. It is immediate to notice that a branching foliation is uniform if and
only if the approximating foliations (see Definition 3.2) are uniform (pairs of
leaves in the universal cover are bounded Hausdorff distance appart).
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4.2. The dichotomy. Using Proposition 4.5 we therefore also obtain the equiv-
alent of [BFFP20b, Proposition 3.7].

Proposition 4.6. Let M be a closed 3-manifold that is not finitely covered by
52 x S, f: M — M a homeomorphism homotopic to the identity that preserves
a branching foliation Fpran, and ]7 a good lift.

Then the set A C Lyan of leaves that are fized by f is closed and w1 (M)-
invariant. Moreover, each connected component I of Lz \ A is an open interval
that fpreserves and acts on as a translation, and every pair of leaves in I are a
finite Hausdorff distance apart.

In the above proposition, one has to be mindful again that “open” and “closed”
refer to the topology on the leaf space Lyan, and not the topology on M.

From Proposition 4.6, we deduce as in [BFFP20b, §3] that, if the foliation is
f-minimal, we get a dichotomy:

Corollary 4.7. Let M be a closed 3-manifold that is not finitely covered by
S2x St f: M — M a homeomorphism homotopic to the identity that preserves
a branching foliation Fpran, and f a good lift.

If Foran @8 f-minimal, then either

(1) fﬁzes every leaf of Foran, OT
(2) Foran s R-covered and uniform, and f acts as a translation on the leaf
space of Foran-

Proof. The proof is the same as that in [BFFP20b]. However, since the distinc-
tions between the topology in the leaf space and that of corresponding sets in M
becomes essential, we redo the proof. N N

Let A be the set of leaves that are fixed by f. Since f commutes with deck
transformation, each deck transformation preserves A. In particular, if I is a
component of £\ A and g € w1 (M) then one has either g(I) =1 or g(I) NI = 0.

So A is invariant under f and deck transformations, saturated by fbran and
closed for the topology of Lyran by Proposition 4.6.

Let B be the set of points in M contained in a leaf of A and let B = 7T(B)
Since A is closed in £3°, then B is closed in M and so is B in M. In addition B
is f-invariant. Since Fiian is f-minimal, B is either empty or the whole of M.

If B is empty, then A is also empty, so Proposition 4.6 implies that we are in
case (2).

Suppose instead that B = M, so B = M. Then we have to prove that
A = Lyan. This follows from the more general Lemma B.1, but the proof in this
case is easy so we give it:

Suppose A # L’bran Let I be a connected component of Lyan ~ A. Let J be
the set of points of M contained in a leaf in I. The set T is open (in Lyan) and f
translates leaves in I. It follows that the interior in M of J is non- empty. These
points in the interior of J are not contained in B. This contradicts B = M. So
A = Lyran and we are in case (1). O

From now on, we stop considering general well-approximated branching foli-
ations and general branching foliations-preserving diffeomorphisms. Instead, we
specialize to considering partially hyperbolic diffeomorphisms f: M — M, ho-
motopic to the identity, on a 3-manifold with non virtually solvable fundamental
group and that admits a pair of center stable and center unstable branching
foliations, W and W*.
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4.2.1. Fized points and fized leaves. The non-existence of fixed points, applies
almost the same as in [BFFP20b] (see also [BWO05]) but one needs to have a
stronger assumption.

Lemma 4.8. Let L be a leaf of e that is fized by Wbran If, for any y € L

there exists a leaf L' of WSS, fized by f and intersecting the unstable leaf of y
in a point different from y, then there are no points in L fized by any non-trivial

power of f.

Proof. Suppose x was a fixed point of f”, with n > 0, on L. Then, the unstable
leaf through = would intersect some other fixed stable leaf in a point distinct from
x, and hence contain another fixed point of f", which is impossible. O

Here we see an essential difference with the dynamically coherent setting: If L
is accumulated by a sequence of leaves L,, fixed by f these sequence may intersect
L at a fixed point for all n. Then, we cannot not exclude the existence of fixed
points in the set L N ((,, Ln) with that proof. This will be the main endeavor in
86.

4.3. Good lifts and fixed points. We just showed that a good lift fcannot
have fixed (or periodic) points under the assumption that all leaves of Wbran
are fixed. We will now exclude the existence of fixed or periodic points under a
different assumption, namely f-minimality.

Theorem 4.9. Let f be a partzally hyperbolic diffeomorphism homotopic to the
identity, and f a good lift. If W or Wi is f-minimal, then f does not have
any periodic point.

bran

Proof. We do the proof assuming Wes,, is the f-minimal foliation. Note first
that it is enough to show that f has no fixed points. Indeed, for any fixed n,
WEs ., is also f™-minimal and f" is a good lift of f"

By Corollary 4.7, either f fixes every leaf of Wbran or it acts as a translation
on Lp®. If f acts as a translation on £3*, then it cannot fix any point of M. This
is because for any leaf L of Wbmn, and |i| big enough fZ(L) NL=40.

On the other hand, if f fixes every leaves of Wb . then Lemma 4.8 implies
that f does not admit fixed points either. O

A noteworthy corollary of the above result is that a partially hyperbolic diffeo-
morphism homotopic to the identity that admits a f-minimal branching foliation
cannot have so-called contractible periodic points.

Definition 4.10. Let g be a homeomorphism of a manifold homotopic to the
identity. A point p is a contractible periodic point of g of period n if g™ (p) = p and
there exists H: M x [0, 1] a homotopy from the identity to g, such that the closed
path obtained by concatenation of the paths H(p,-), H(g(p),"), ..., H(g" (p),")
is homotopically trivial.

Notice that if p is a contractible periodic point of g of period n then there
exists a good lift g of g and a lift p of p such that ¢g"(p) = p. Thus, Theorem 4.9
immediately yields:

Corollary 4.11. Let f be a partially hyperbolic diffeomorphism on a 3-manifold
that is homotopic to the identity. Suppose that f admits a f-minimal branching
center stable or center unstable foliation. Then f does not admit any contractible
periodic points.
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Notice that this completes the proof of Theorem 1.6 in the f-minimal case. For
the hyperbolic and Seifert case, the proof is the same once the proof of Proposition
6.1 below is completed.

4.4. Fundamental group of leaves of W7 W{! . The leaves of the branch-
ing foliations Wy, and Wi  given in Theorem 3.4 are only immersed manifolds.
In particular, they may not be injectively immersed. However, in the universal
cover, any leaf of W3 or Wbran is a properly embedded plane (cf. section 3.1).

Thus, there might exists some closed loops in a leaf C' of, say, W7, such
that no lift L of C is fixed by the element of the fundamental group of M that
represents the loop. This type of elements of the fundamental group of C' seen as
a set of M are not useful for our purpose. So, we will remove them by convention:

Convention. Fix a lift L of a leaf C' of W3, (or Wbran) An element v € m (M)
is said to be in the fundamental group of C' if it is in the stabilizer of L.

Notice that the fundamental group is only defined up to conjugation, hence
the reason to fix a lift L of C.

This convention seems to eliminate more than just the closed loops coming
from self-intersections, as any potential closed loops that would be homotopically
trivial in M but not in C, would not be considered.

However, there is another way of seeing our notion of fundamental group arise:
Recall (Theorem 3.4) that the branching foliations are approximated by true
foliations W and W¢* and that there exists maps, h¢® and hS" mapping leaves
of W (or WE¥) to those of Wes, - (or Wik ). Then, aloop is in the fundamental
group of a leaf C' of WY  if and only if it is freely homotopic to a loop in a
corresponding leaf C. of W¢*, for every e small enough. Notice that if there are
several leaves that project to C, in the universal cover, take a lift L and it follows
from Proposition 3.11 that the set of leaves that projects to L is an interval in
the leaf space of W, It follows that hS® lifts to a equivariant (with respect to
the defined fundamental group of C) diffeomorphism from the boundary leaves
of the closed interval to L. We call such a leaf L. and denote C. = 7(L,).

In other words, for us, the fundamental group of C' based at y will be exactly
(he*)«(m1(Ce, o)) where h*(yo) = y.

In particular, since WS and W< are taut foliations without Reeb components,
each leaf is mi-injective in M. Thus, this second interpretation helps explain our
convention: the closed loops in a leaf of Wi are either in the fundamental group
as we defined it, or they are due to a self-intersection. In that case, they are not
an essential feature of the leaf, as they stopped being closed when pulled-back to
the approximating leaf.

Following our convention, we will then say that a leaf C' of the branching
foliation is a plane, a cylinder, or a Mobiiis band if its corresponding approximated
leaf C' is, respectively, a plane, a cylinder, or a Mobiiis band, for any small enough
€.

Using these conventions, [BFFP20b, Proposition 3.14] holds for the leaves of
the branching foliations whenever fhas no fixed points in the leaf (cf. Lemma
4.8). For ease of reference, we restate it here.

Proposition 4.12. Assume that f fizes a leaf L of W, s then, C = m(L) has
cyclic fundamental group (thus it is either a plane, an annulus or a Mébius band),

or L has a point fized by f

Remark 4.13. Similarly, because of possible self-intersections, we need to be
careful on how to define the path-metric on a leaf of W3, or Wiy .
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If C is a leaf of, say, Wys, , we define a path on C as a continuous curve 7 that

is the projection of a continuous curve 7 in a lift L of C' to M. We then define
the path-metric on C' as usual, but considering only the paths as defined before.

Notice that not every continuous curve 7 on C'is a path in the above sense, as
there might not exists any lift of n that stays on only one lift of C.

Still the analogous of [BFFP20b, Lemma 3.11] holds:

Lemma 4.14. If f ﬁxes every leaf of
such that for every L € W,

bran (resp. Wﬁﬁ‘an) then there is K > 0
(resp. L € ng‘an) we have that di(z, f(z)) < K.

bran

4.5. Gromov hyperbolicity of leaves. We now prove a version of [BFFP20b,
Lemma 3.20] in the non dynamically coherent setting.

Lemma 4.15. Suppose that f is a partzally hyperbolic diffeomorphism in M that
is homotopic to the identity. Let f be a good lift of f to M. Suppose that f fizes
every leaf of Wi,,.., and that W{;  is f-minimal.

Then all the leaves of W, =~ are Gromov hyperbolic.

Proof. The foliation W is taut. Thus, Candel’s theorem [Can93| asserts that
either all the leaves of WS are Gromov hyperbolic or there is a holonomy invariant
transverse measure (of zero Euler characteristic).
Assume for a contradiction that p is a holonomy invariant transverse measure.
Since WE* is not f-invariant, we have to adjust the proof given in [BFFP20b].
The transverse measure p lifts to a measure p transverse to Wgs Thus, i
defines a measure on L££*, the leaf space of W¢*.
Let ges: L& — L be the canonical projection between the leaf spaces of W¢*
and WS (see section 3.1.1). Let v := (gcs), it be the corresponding measure

on Li®. Now v is f invariant since f is the identity on £§*, and it is also 71 (M)-

invariant as g is. The support of v in £j® is a closed set Z in £;* that is f invariant
and 71 (M )-invariant.
The measure v on L;* can also be considered as a measure on the set of

transversals to Wbran in M: For any transversal 7 to Wbran in M , we define v(T)
as the v-measure of the set of leaves in £{° that intersects 7. Notice that the

measure of a point in M (which can be thought of as a degenerate transversal)
can be positive if the image of that point in £{* is an interval.

Note also that we refrained from calling 7 a transverse measure to Wbran be-
cause it is by no means holonomy invariant. In fact holonomy itself is not well
defined for a branching foliation. Still v satisfies the property that if 7,7 are
transversals and every leaf intersecting 71, also intersects 7o, then (1) < v(12).

Projecting down to M ,the measure v induces a measure v on the set of transver-
sals to W, on M.

Let 7 be any unstable segment in M. Since f fixes every leaf of Wbran,
measure of (1) (= v(f(7))) is equal to v() for any integer i. We can choose i
very big and negative so that the length of fi(7) is extremely small. Therefore it
is contained in a small foliated box of Wbran, which is the projection of a compact
foliated box of WE*. It follows that v(7) is uniformly bounded. In particular this
implies that the v-measure of any unstable leaf in M is bounded above. In turns,
it implies that for any j > 0 (assumed big enough), there is an unstable segment
uj of length > j which has v(u;) measure < 1/j. Taking the midpoint of these
segments and a converging subsequence, we obtain a full unstable leaf, call it (,
so that ¢ has v(¢) = 0 (since v(¢) < 1/j for all big enough j).
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Let Y be the union of the leaves of W7 = that do not intersect ¢ or any of its
iterates by f. Then Y is a closed subset of M and clearly f-invariant. Let L be
a leaf in W7  which is in Z, the support of 7. Then by definition of support of
v, it follows that m(L) cannot intersect ¢ or any of its iterates by f. Hence 7(L)
is in Y. In particular Y is not empty. This contradicts the fact that W7  is
f-minimal, and hence cannot happen.

This finishes the proof of the lemma. O

4.6. Perfect fits in branching foliations. An essential tool for us has been
the use of perfect fits between center leaves and stable (or unstable) leaves inside
a center stable (resp. center unstable) leaf. Despite having branching foliations,
the definitions of a CS-perfect fits, SC-perfect fits and perfect fits (cf [BEFP20b,
§4.1]) remains literally the same. However it is useful to add one precision on
how to define what it means to be “on one side of ¢’ when ¢ is a center leaf
that may have branching loci for the definition of CS-perfect fit. The definition
of SC-perfect fit does not even need this (because the stable foliation is a true
foliation, not a branching one).

Definition 4.16. Let ¢ be a center and s a stable leaf in a center stable leaf L.
We denote by C'® the connected component of L \ ¢ that contains s.
The leaves ¢ and s makes a CS-perfect fit if there exists 7 an open transversal
to the center foliation in L that intersects ¢ and such that, for any center leaf ¢/,
if ¢ intersects 7 and ¢ intersects C*, then ¢ intersects s.

Notice that the condition in the definition needs to apply to any ¢ that in-
tersects the transversal 7. In particular, it needs to apply to any ¢’ such that
d' N1 =cNr,ie., any center leaf that branches away from c after its intersection
with the transversal 7.

One can also see the definition of a perfect fit at the leaf space level: Let s
be a stable leaf in L. The leaf s determines a set I in LS, the leaf space of the
center branching foliation on L (see section 3.1.2), by considering all the center
leaves that intersect s. That is, ¢ € I, if and only if ¢ N's # (). Then ¢ and s
makes a CS-perfect fit if and only if ¢ € 0I.

[BEFP20b, Lemma 4.2] and its proof stays valid as written because the stable
foliation is a true foliation. One can also show that if s and ¢ make a SC-perfect
fit, then there exists ¢y that makes a perfect fit with s but one needs to modify
the proof by going to the leaf space level.

5. FIXED CENTER OR COARSE CONTRACTION

This section deals with one of the central difficulties in the non-dynamically
coherent setting.

In [BFFP20b, Proposition 4.4] we gave a condition for the existence of center
leaves that are fixed by a good lift fv But the proof of that result does not apply
in the non dynamically coherent setting (see [BFFP20b, Remark 4.8]).

The next proposition will instead give a consequence to the non-eristence of
central leaves fixed by f. First, we need a definition.

Definition 5.1. A fixed center leaf ¢ of a partially hyperbolic diffeomorphism
f: M — M is called coarsely contracting if ¢ is homeomorphic to the line, and it
contains an non-empty maximal compact interval I such that:

(1) I contains every fixed point of the restriction of f to ¢;
(2) For any compact interval J of ¢ such that I C J, we have f(J) C J.
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A fixed center leaf c of f is called coarsely expanding if ¢ is coarsely contracting
for f=1.

We also naturally extend the definition of coarsely expanding to leaves that
are just periodic under f.

Proposition 5.2. Let f: M — M be a partially hyperbolic diffeomorphism. Let
f: M — M be a good lift of f. Suppose that WES is f-minimal, that all the

bran

leaves of Wﬁfan are fized by ]?, and that f does not fix any center leaf in M.
If ¢ is a periodic center leaf of f in M, then c is coarsely contracting. In

particular, ¢ contains a periodic point of f.

Remark 5.3. If f~ as above fixes every leaf of WY instead of Wy . the con-
clusion of the proposition gives a periodic center leaf that is coarsely expanding

instead.
We start with a preliminary result.

Lemma 5.4. Assume that every leaf of Wes s fixed by f and that f does not

bran

fix any center leaf. Then the same holds for ™, for every n # 0.

Proof. Suppose that there is n > 0 and ¢y a center leaf in a center stable leaf L
such that f™(co) = co.

The standing assumption in section 4 is that all bundles are oriented and that
f preserves their orientations, in particular, fpreserves the transverse orientation
to the center and stable foliations on L.

Let A€ be the axis of the action of fon the center leaf space in L.

Since f"(co) = ¢p, the leaf ¢g is not in the axis A°. Thus, either ¢y € 0AC, or
there exists a unique center leaf ¢; € JA° that separates ¢y from A€ in which
case we must have f"(c1) = ;.

Hence, up to renaming cg, we assume that cg € 0A°.

Now, according to [Bar98, Proposition 2.15], the boundary 9A€¢ splits into
three disjoint sets: the center leaves ¢ such that ¢ and f(c) are non separated
positively, the leaves ¢ such that ¢ and f(c) are non separated negatively, and the
leaves that are non separated with a leaf in A°. Since ¢ is fixed by ]7”, it cannot
be a leaf of the third type. Thus, ¢y and f(co) are non separated.

Hence, there exists a unique stable leaf sy that makes a perfect fit with ¢y and
separates ¢ from f(co) (see section 4.6). This stable leaf is then fixed by f™, and
thus admits a fixed point x of f”. Therefore, there exists a center leaf ¢; through
x that is fixed by f” (thanks to Lemma 3.14), and, in case there are several such
leaves, we may chose the one that is in JA°.

Again using the description of JA€, the leaf ¢; is non separated from f(cl).
Then again, there exists a unique stable leaf s; making a perfect fit with ¢; and
that separates ¢; and f(c;). Therefore, f™(s;) = s and there exists a unique
fixed point y € 51 of f“

But, any center leaf ¢ close enough to ¢; (and on the correct side of ¢;) will
intersect both sy and s;, separate x from y and be attracted to both x and y
under f", which is impossible.

Therefore f“ also acts freely on the center leaf space for all n > 0. O

In order to obtain coarsely contracting center leaves we will use the following
tool.
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Proposition 5.5. Let f: M — M be a partially hyperbolic diffeomorphism ho-
motopic to the identity. Let f be a_good lift of f to M. Suppose that f fizes
each leaf of the branching foliation Wbran Let L be a center stable leaf fized by
v € m (M)~ {1d}.

Assume that there exists a properly embedded C'-curve, 9, in L that is trans-
verse to the stable foliation and fixed by both ~ and f

Then,

° Iff does not act freely on the center leaf space of L, then there is a center
leaf in L fized by both f and .

° Iff acts freely on the center leaf space of L, then every f periodic center
leaf in w(L) is coarsely contracting.

Notice that in the first case, the center leaf projects to an f-invariant closed
center leaf.

Remark also that the hypothesis of Proposition 5.5 are implied by the conclu-
sion of the Graph Transform Lemma [BFFP20b, Appendix HJ.

We will need to apply the following result from [BFFP20b] whose proof works
equally well in the non dynamically coherent case:

Lemma 5.6 (Lemma 4.15 in [BFFP20b)). Let ¢ be a center leaf in a center
stable leaf L C M. Suppose that L is Gromouv-hyperbolic, and fixed by f and
some nontrivial vy € w1 (M). Moreover, assume that there exist two stable leaves
s1,89 on L such that:

(1) The center leaf c is in the region between s1 and sa;
(2) The leaves s1 and so are a bounded Hausdorff distance apart;

(3) The leaves ¢, s1 and s9 are all fized by h =" o fm, m # 0.
Then, there exists a compact segment I C ¢, such that h (if m > 0) or h=* (if
m < 0) acts as a contraction on ¢\ I.

Proof of Proposition 5.5. Since f fixes every leaf of W7, ., Lemma 4.8 implies

that f has no fixed points in M. Therefore, f acts freely on the stable leaf space
(recall that the stable foliation is a true, non branching foliation, so its leaf space
is defined as usual with the quotient topology).

Let S be the stable saturation of the curve 7. Let a = 7(7). The curve « is
closed, f-invariant, and tangent to the center bundle.

Case 1 - We start by assuming that fﬁxes a center leaf ¢ in L.

Suppose that ¢ and 7 do not intersect a common stable leaf. Then ¢ does not
intersect the set S and there is a unique stable leaf s contained in the boundary
of S such that s separates S from c. Since both S and c¢ are f-invariant, so is s.
But then f must admit a fixed point in s, contradiction®.

Therefore there is a stable leaf s intersecting ¢ in y and 7 in z. Iterating
forward by f, we deduce that d(f"(y), f*(x)) converges to zero as y and x are in
the same stable leaf. Since both ¢ and 7 are f—invariant, it implies that 7(c) and
a = m(n) are asymptotic. As « is closed and 7(c) is a center leaf, we deduce that
« is also a center leaf. Hence 7 is the required center leaf of the first option of
the proposition.

Case 2 - Assume now that facts freely on the center leaf space of L.

6Note the distinction of ¢ being fixed by f as opposed to m(c) periodic under f. It is the first
property which creates a fixed point of f and a contradiction.
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According to Lemma 5.4, f” also acts freely on the center leaf space of L for
any n # 0.

We need to prove now that every center leaf in w(L) that is periodic must be
coarsely contracting.

Let then ¢ be a center leaf in L such that 7(c) = e is periodic under f, say of
period m. Then, for some v € m (M) ~ {Id}, we have ¢ = 71 f™(c). (Note that
one can show under our current assumptions that 7(L) projects to an annulus,
so v and 1 are both powers of a particular deck transformation, but we do not
need that fact for the proof). Let

h = fylofm.

We now want to show that either c intersect 7, or there exists another center
leaf, also fixed by h, that does.

Notice that, if ¢ and 7 intersect a common stable leaf, then ¢ must intersect .
Indeed, both ¢ and 7} are invariant by A, which contracts the stable length.

Suppose for an instant that ¢ does not intersect 7, and thus does not intersect
S. Then, there exists a unique stable leaf s in S that separates 7 from c. That
leaf s must then be invariant by h, so admits a fixed point for h. Then at least
one center leaf, say ¢, through that fixed point must be fixed by h. Since ¢;
intersects S and is invariant by h, it must intersect 7).

Thus in any case, we have a center leaf ¢; that intersects 7), is invariant by h,
and, by the above argument has both ends that escapes compacts sets of L.

Let I be the projection of ¢; onto 7 along stable leaves.

Suppose first that I is unbounded. Then, considering iterates by f™, we deduce
that m(c1) must be asymptotic to 7(7}), so 77 must be a center leaf, which is not
allowed, since fis assumed to act freely on center leaves.

So I is bounded in 7. Let s; and ss be the stable leaves through the two
endpoints of the interval I. Since [ is fixed by h, so are s; and s3. Moreover, the
center le‘(}vf c1, as well as c if it is different from ¢1, is in between s7 and ss.

Now, f acts as a translation on 7), so there exists k € Z such that sy separates
s1 from f*(s1). By Lemma 4.14, s; and f*(s1) are a bounded Hausdorff distance
apart. Thus s; and s are a bounded Hausdorff distance apart. So c¢ satisfies all
the conditions for Lemma 5.6 to hold, thus it is coarsely expanding.

This finishes the proof of Proposition 5.5. O

Now we are ready to prove the main result of this section:

Proof of Proposition 5.2. Let e be a center leaf periodic under f of period m > 0.
Let ¢ be a lift of e to M. Call L a leaf of Ngfan that contains c. Then f™(c)
projects to the same center leaf in M as ¢ does, so there exists 4" € w1 (M) with
~(f™(c)) = c. Clearly +/ is in the stabilizer of L, because f leaves invariant
every leaf of Nﬁfan. Moreover, as fm also acts freely on the center leaf space
(cf. Lemma 5.4), o' is not the identity.

Since fdoes not have any fixed points, Proposition 4.12 implies that the sta-
bilizer of L in M is infinite cyclic. Thus, there exists v € m (M) \ {id} such that
A" o fm(c) = ¢ for some n € Z, n # 0, and such that v generates the stabilizer of

L. We call

hi=~"0 f™.
Notice that h is still a partially hyperbolic diffeomorphism and has bounded
derivatives.
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Since facts freely on L7, the center leaf space in L, then it also acts freely on
L7 the leaf space of the stable foliation on L.

Let A® be the axis for the action of f on the stable leaf space £7. No stable

leaf in M can be closed, so v acts freely on L£7. Moreover, as v and f commute,
A% is also the axis for the action of v on L7, the stable leaf space of L. As always
A? can be a line or a countable union of intervals.

Suppose first that A® is a line. Let s be a stable leaf in A% and p in s. Then p
and yp can be connected by a transversal to the stable foliation, chosen so that
the projection to 7(L) is a smooth simple closed curve. Let n be the union of
the ~ iterates of this segment. Then 7 satisfies the properties in the hypothesis
of Proposition 5.5, which implies the result we sought.

So from now on we assume that the axis is a countable union of intervals, and
we write

A’ = U[s;,s:r] = UE
i€z i€Z

Our first claim is that there exists s € A%, fixed by h, such that the center leaf
c is between v~ !s and ~s.

Suppose that c intersects some stable leaf s’ in A%, then s’ is in a unique T} for
some 7 (the center leaf ¢ cannot intersect two different intervals otherwise ¢ would
intersect two non-separated leaves, which is impossible). Then, since h fixes c,
it also fixes the axis A° and preserves the transverse orientation. It follows that
h(T;) = Tj for all j. In this case we set s = 5. The leaf s is fixed by h and
there exists k # 0 such that v*'7; = Tj4). Thus T} is in between 7y~ 's and s
and hence, so is c. Recall here that h preserves orientation.

Now, suppose instead that ¢ does not intersect A°. Hence, there is a unique
1 such that s;r_l U s; separates ¢ from all other stable leaves in A°. We again
set s := sj. As before, since h fixes both ¢ and A®, and preserves the transverse
orientation, it must fix s also. The same argument as above also shows that c is
between v~ 's and vs.

So in any case, we obtained a stable leaf s (chosen as a positive endpoint of
one of the closed intervals T;), fixed by h, and such that c is between y~!s and
vs. Notice that both s and v~ 's are also fixed by h.

The leaf 7~ 1s is between s and f2"(ys) = v 2"*ls (assuming n > 1, oth-
erwise between s and f~2™(vs)). Hence the Hausdorff distance between v~ 1s
and s is bounded above by a uniform constant C' > 0, depending only on f and
m.
Thus we obtained that the fixed center leaf ¢, fixed by h, is in between two
stable leaves, vs and v~ !s, also fixed by h and a bounded Hausdorff distance
apart. Moreover, the leaves of W7 = are Gromov-hyperbolic by Lemma 4.15.
These are all the conditions needed to apply Lemma 5.6, which states that c is
coarsely contracting for h. U

Remark 5.7. Notice that neither Proposition 5.2 nor 5.5 proves that there is a
periodic center leaf. We prove this in the next result. While it is very easy to
produce periodic center leaves in the dynamically coherent situation, in the next
result we consider the non dynamically coherent situation, and also we produce a
periodic center leaf in the projection 7(L) of the center stable leaf L in question.
This is much stronger than obtaining a generic periodic center leaf, which a priori
could be in any center stable leaf.
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Proposition 5.8. Let f: M — M be a partially hyperbolic diffeomorphism ho-
motopic to the identity and let f be a good lift to M. Suppose that f fizes ev-
ery leaf of the branching foliation Wbran Let L be a center stable leaf fixed by
v € m (M)~ {Id}. Then there is an f-periodic center leaf in w(L).

Proof. First notice that if one can prove the above result for a finite cover of
M and a finite power of f, then the same result directly follows for the original
map and manifold. Thus, we may assume that M is orientable, f is orientation-
preserving, and the branching foliations are both transversely orientable.

Given these assumptions, L projects to an annulus in M. Let v be a generator
of the stabilizer of L.

If f fixes a center leaf in L, then it would project to a center leaf fixed by f,
proving the claim. So we assume that f acts freely on the center leaf space in L.
This implies that f also acts freely on the stable foliation in L, and we can thus
consider the stable axis of f

Suppose first that the stable axis of fis a countable union of intervals ( J;, ;.

Since « also acts freely on the stable leaves, and commutes with f, they have the
same axis. Since the axis is a countable collection of intervals, there must exists
a pair of integers n, m such that h := ~«" f™ fixes one of the intervals, and hence,
a stable leaf. If m = 0, then 7™ has a fixed stable leaf, which is impossible. So
m # 0, and the stable leaf projects to a periodic stable leaf in M. This periodic
stable leaf thus contain a periodic point, and at least one center leaf through that
point is then periodic. So the proposition is proved in that case.

Suppose now that the stable axis (of v or f) is a line. Then the assumptions
of the Graph Transform Lemma [BFFP20b, Appendix H] are verified. So there
exists a properly embedded curve 7 in L which is invariant under fand ~. Then
[BFFP20b, Lemma H.3] applies and give a periodic center leaf, as claimed.

O

6. MINIMALITY FOR SEIFERT AND HYPERBOLIC MANIFOLDS

The goal of this section is to show that when M is hyperbolic or Seifert, then if
there are fixed leaves of Wbran for f, then every leaf is fixed. In the dynamically
coherent case this was obtained in [BFFP20b, Proposition 3.15] but here we face
substancial new difficulties. This will be a consequence of the following:

Proposition 6.1. Suppose that M is hyperbolic or Seifert. Suppose that fﬁmes
one leaf of bean - LThen WS is f-minimal (cmd therefore every leaf of WEs,, is

fized by f) The same statement holds for W . In addition, every leaf of W2,
W, WS, and WL is either a plane or an annulus.

The main issue to extend the proof of [BFFP20b] to the non dynamically
coherent context is that here we cannot ensure the non-existence of fixed points
of f since Lemma 4.8 does not exclude fixed points when the branching foliation
is not f-minimal.

We first need a definition. So far, we only defined f-minimality for the whole
foliations, but we can extend naturally the definition to a foliated subset: We say
that a subset A of M, saturated by W{>,  (or Wik ) is f-minimal if it is closed,
non-empty, and invariant by f, and such that no proper saturated subset of A
verifies all these conditions.

Using this definition, we prove a lemma that holds without assuming M to be
hyperbolic or Seifert.
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Lemma 6.2. Let f be a good lift of f to M. Suppose that A is a non empty
[-minimal set of WS, such that every leaf L of A = w1 (A) is fized by f. Then

there are no fixed points of f n a leaf of A.

Proof During the proof of this lemma, we will use the expansion of stable length
by f a lot. To lighten the notation, we set g := f L

Suppose for a contradiction that there is a fixed point zy of f in a leaf Ly of
A. This projects to a fixed point y = 7r(:c0) in M. Notice that if a leaf L of A
intersects u(zg) then, since both are f—1nvar1ant it follows that the intersection
of L and u(xg) has to be xg.

We start with the following

Claim 6.3. There exists b > 0 such that any point in a leaf of/S 1s at distance
at most b (for the path metric on the leaf) from a fized point of f.

Proof. Indeed, suppose this was not the case. Then, for any b > 0, there exists a
disk of radius b in a leaf of A that does not contain any fixed point of f. Taking
b — 400, up to deck transformations and considering a subsequence, these disks
converge to a full leaf L of Wbran in A. Here the convergence is with respect to
the topology of the center stable leaf space, which also implies convergence as a
set of M. The leaf L1 does not contain any fixed point of f , because otherwise,
since all leaves of A are fixed by f one would have some fixed points in the disks
accumulating onto L.

Now consider A’, the closure in M of the leaf A = w(L;). Since A is closed,
the set A’ must be a (closed) subset of A, foliated by W¢s . Moreover, by the
previous remark, neither the leaf L nor its translates by deck transformations
can intersect u(zg) as they do not have fixed points. It follows that 7(zg) ¢ A’
contradicting f-minimality of A. O

According” to Lemma 4.14 there is a constant Ky > 0 such that, for any z € Lo,
we have

dry (2, f(2)) < Ko,
where dj, denotes the path-metric on L. N

The rest of the proof will consist in proving that the fact that f moves points
a bounded distance in Lo contradicts the exponential contraction of length along
the stable leaf s(z¢) of the fixed point z¢ of f in Ly. We will do that by building
large metric balls with no fixed points of f, in contradiction with Claim 6.3.

In order to obtain these fixed-point free sets, we will use compact simply con-
nected domains such that their boundary is the union of a segment along the
stable leaf s(xg) and a geodesic segment in Ly. We will start by proving three
claims about these domains. For that purpose, we introduce the following nota-
tions: given any y1,y2 € s(zp), we write

e [y1,y2]® is the closed segment along the stable leaf s(xg) between y; and

Y2,
® [y1,Y2]1, is the geodesic segment between them (for the path metric on

Ly).
Before moving on to the claims, notice also that, since the stable foliation is a
true foliation, there exists d,7 > 0 such that points in a same stable leaf that are
at distance less than § in the path-metric of Ly, must be at distance less than n

It is not hard to see that the proof applies to the fixed sublamination.
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along the stable arc. Two consequences of this fact that will be used repeatedly
are:

e points that are far enough away along s(z¢) must be at distance greater
than ¢ in Lg, and

e the volume of a §/2-tubular neighborhood of a stable segment [y, y2]*
must go to infinity with the length of [y1, y2]®.

Thus there exists domains bounded by stable segments [y;, y2]® and geodesics
[y1,Y2]r, with arbitrarily large diameter. These domains with large diameters
are the subject of the next three claims.

For yi,y2 € s(zg) we denote by Dy, ,, any of the closed topological disks
bounded bounded by arcs in [y1, y2]® and [y1,y2]r,- As mentioned before, there
are disks D, ,, of arbitrarily large diameter if y; is far from yp in s(zg). Given
C > 0, we let Vi be the open tubular neighborhood of [y1,y2]L,-

Claim 6.4. Let D' = D, ,, for yi,y2 € s(xo). Suppose that the length of
[y1,y2]L, is bounded above by d. Then there exists a positive integer i, with
i <d/é, such that either:

(i) D' C g'(D'), or,

(ii) g (D' V)N (D' Vo) =0,
where C' = Kod/d and g = L

Proof. We assume first that the statement is not vacuously true, i.e., that D'\ Vg
is not empty.

For simplicity, we will only consider positive 7. For any such i, let C; := iKj.

Assume that there is i such that g* (D' \ Vi) N (D' N Ve,) # 0.

Then, in particular, ¢(D’) and D’ intersect. Hence, either ¢*(D’), or g~*(D’),
is contained in D’, or the boundaries must intersect.

First, notice that ¢g*(D’) cannot be entirely contained in D’. If that was the
case, then, for all n > 0, we would have ¢g"(D’) C D’. But, as powers of g’
increase the length of the stable segment [y1,y2]°, and these images would have
to stay in the compact D', we would get an accumulation point for s(zg) which
is impossible.

Thus, either D' C ¢g*(D’), or the boundaries of g*(D’) and D’ must intersect.

Suppose for the moment that the boundaries intersect. Since g* (D’ ~\ Vi) N
(D' \Vg,) # 0, it implies that there exists z¢ € ¢*(dD’) N (D'~ Vg,). See
Figure 5. Moreover, ¢*([y1,¥2]r,) is in the tubular neighborhood of [y1,¥2]r, of
radius at most C; = iKy. So 2} € ¢*([y1,v2)*) C s(x0).

Since no ray of s(zg) can stay in D’ nor can self-intersect, there exists two points
2i, 25 € 5(x0) N [y1, y2) 1, that we can choose in such a way that y» < 2§ <z} < 2
(for the order on s(xp) given by an orientation). Since dr, (2}, z5) > C; = iK),
the distance between 24 and both y; and yo must be greater than ¢ (if necessary,
we take Ko bigger so that Ky > n, then the stable length between 2% and ys is
greater than 7, and thus their distance in Ly is greater than ¢).

So suppose that there exists n such that, D’ ¢ ¢*(D’) for all 1 < i < n, and
all the sets g* (D' \Vg,),...,g" (D' \ Vg,) intersects D’ \ Vi, , then we obtain
n points 21, ..., 2% on [y1,y2]L,, so that 2, ... 28 y1,yo are pairwise at least &
apart from each other. But the diameter of [y, y2]® is at most d, so there is a
maximum of d/§ — 1 such points. Hence n < d/§ — 1, which proves the claim. O

Our next goal is going to be to eliminate possibility (i) in Claim 6.4, at least
for the topological disks with large diameters.
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F1GURE 5. What happens when neither (i) nor (ii) is verified for
a given 1.

Claim 6.5. Let D' = Dy, 4, for yi,y2 € s(xo). Suppose that there exists a
positive integer i such that D' C g"(D'). If there exists u € [y1,y2]® such that

106

d(u, [y1,y2]r,) > 100+ 3iKp <5 4 1> ,

then there exists a ball of radius 2b that does not contain any fized point of ]?

Proof. Since D' C g'(D'), where g = =1, the set S = Upeng™ (D)~ D’ does not
contain any fixed points. We will prove that S contains a ball of radius 2b.

Let n be an integer such that 10b/d < n < 10b/§ + 1. Consider the subset Sy
of S defined by

Let ¢ be a path starting at ¢"(u). In order for ¢ to escape Sp, either ¢ must
intersect g ([y1,ya]r,) for some 0 < k < 2n, or ¢ must intersects g ([y, yo]®) for
al0<k<n-—-loraln+1<k<2n.

If ¢ intersects ¢ ([y1, y2]L, ), then its length is bounded below by

dr, (gm(u)agki([yl, yQ]L0)> > dr, (u, [y1,92]L,) — (0 + k)iKo

. 106
> dr, (u, (Y1, y2]L,) — 3iKo <(5 + 1) > 10b.

On the other hand, since the stable segments ¢* ([y1,2]°), 0 < k < n must
be at least & apart, if ¢ intersects g*([y1,yo]®) for all 0 < k < n — 1 or all
n+ 1 < k < 2n, then the length of ¢ is bounded below by nd > 10b.

So in either case, the length of ¢ is greater than 10b. Thus the ball of radius
2b centered at g™ (u) is contained in Sy, which does not contain any fixed points

of f. O
As a consequence, we obtain

Claim 6.6. Let D' = D, ,, with y1,y2 € s(xo). Let d be the length of [y1,y2]L,-
Suppose that there exists u € [y1,y2]* N OD’ such that

d (10b
d(ua [y17y2]L0) > 10b + 3KOS <5 + 1> .
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Then there exists i, with i < d/3, such that g' (D'~ Vo) N (D' \ Vo) = 0, where
Ve is the tubular neighborhood of the geodesic segment [y1,y2|r, of radius C =
Kod/§ and g = f_l.

In particular, D' \. Vo contains no fized points of f

Proof. Since the conclusion of Claim 6.5 is in contradiction with Claim 6.3, it
implies that only possibility (ii) in Claim 6.4 can arise for disks that have a large
enough diameter. Our claim is just a reformulation of this. O

Now that we proved Claim 6.6, we can finish our proof of Lemma 6.2.

Since g expands exponentially the stable lengths, we can pick z € s(zg) such
that the length of [z, g(2)]® is arbitrarily large as needed. In particular the set
Lo~ ([z,9(2)]° U [2,9(%)]L,) contains at least one bounded connected component
of arbitrarily large diameter. This is because the geodesic segment [z, g(z)|r, has
length bounded by Kj, whereas the length of [z, g(2)]°, and therefore the volume
of its d/2-tubular neighborhood, are arbitrarily large.

Hence, picking z far enough in s(xg), we can assure that there exists y1,y2 €
s(xo) such that [y1,v2]® C [2z,9(2)]%, [y1,v2lL, C [2,9(2)]L,, and such that there
is a topological disk D = D, ,, bounded by [y1,y2]® and [y1, y2]r, that satisfies
to the assumptions of Claim 6.6. We fix such a z € s(xp) and a corresponding D.

Let ig be the positive integer given by Claim 6.6 applied to D. Notice that the
length of [y1,y2]L, is less than Ky, so ig < Ko/J.

Let w be a point in [y;,y2]® that is farthest from z. Consider the closed
domain R bounded by the geodesics [w, g®(w)]r, and [y2, 9% (y1)]L,, and the
stable segments [w, y2]® and [¢(y1), g% (w)]* (see Figure 6). To be precise, R is
obtained as the closure of the union of all the bounded connected components of
Lo minus the four curves.

Y1,Y2

FIGURE 6. A depiction of case (ii) in Claim 6.4.

Notice that the distance between [w, g (w)]r, and [y2, g% (y1)]L, is as large as
we want, because ¢® moves points a uniform bounded distance away (at most
ioKo, so at most K2/J), whereas the distance between w and [z, g(2)]L, is as
large as we want.
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Now, if necessary, we modify our choice of the original z € s(xy) so that the
diameter of D is even larger in order to have a point x € R such that

min {d (z, [w, g (w)]L,) ,d (=, [y1, 9" (32 Lo)}>10b+0+<1+%5b) L.

Let Rc := R ~ Vg, where Vi is the union of the tubular neighborhoods of
[w, g% (w)] L, and [y1,¢" (y2)]L, of radius C' = 10b + 3KT3 (1% +1).

By construction, R can be covered by topological disks that are bounded by
parts of the stable leaf s(xg) and parts of either [w,¢" (w)]r, or [y1, 9% (y2)]L,
Moreover, the distance between [w, g% (w)]r, and [y1, " (y2)]L, can be made ar-
bitrarily large by choosing z further in s(z¢) if necessary. Hence, R¢ is not empty
and, since C' is chosen big enough, any such topological disk that intersect R¢
will automatically satisfy the hypothesis of Claim 6.6.

Hence, f admits no fixed points in R¢. Similarly, writing D¢ for the disk D
minus the C-tubular neighborhood of [y1,y2]L,, we know that f admits no fixed
points in Dg¢.

Now we consider W to be the union Rc U D¢ minus the C-tubular ngighbor—
hood of [w, g (w)]L,. The set W¢ does not contain any fixed points of f either.
Hence, the set S = Upczg™® (We) is also fixed-point free.

Moreover, the boundary of the set Do N W contains two disjoint sides made
of subsegments of the stable segment [y, y2]® (see Figure 6), and the distance be-
tween these two sides must be greater than § (because the two sides are far enough
apart in the stable leaf s(z¢)). Furthermore, since g increases the stable length,
for any n > 0, the distance in Ly between the two stable sides of "% (DcNW,)
must also be greater than ¢ (having two distinct and far enough apart stable side
is the reason we introduced W¢ instead of just considering Rc U D¢).

The proof of Lemma 6.2 then follows from the next claim, which directly
contradicts Claim 6.3.

Claim 6.7. There is a ball of radius 2b in the set S = Upezg™® (We).

Proof. Let ng be such that 2b/6 — 1 < ng < 2b/5. We will build a ball of radius
2b inside the subset Sy of S defined by

SO _ U2n0+1 kio (WC)

Let x be a point in R such that

2
min {d (z, [w, g (w)]L,) , d (2, [y1, 9 (¥2)]Le) } > 106+ C + <1 + ‘?) %

Then x € Re, so g™ (z) € Sp. We will show that the ball of radius 2b around
g™ (x) is in Sp.

Let ¢ be a geodesic ray starting at ¢"°(x). In order for ¢ to exit Sp, it needs to
intersect a boundary component of Sy. Now, by construction, the boundary of Sy
is composed of a stable segment I7 in dD¢, a stable segment I3 in dg2not1)io (Re)
(in fact I§ = g(270+2)io(T#) but we do not need that), and the images by powers
of g of two curves y; and o, which are curves at distance C from, respectively,
1, 9210 U g2, 67 (y1)]1 and [, g (w)] .

In the rest of the argument, the difference between v, and 7 is irrelevant, so
we will just write v to refer to either of them.

Thus, for ¢ to exit S, it needs to either intersect I$, I5 or g™°(y) for some
0<n<2ng—+1.

Suppose first that c exits through /7. Then it needs to have crossed the domains
WeNnDe, g (WeNDg),...,g"%0 (WeNDe). Here by cross we mean intersecting
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the two stable sides. Now, as we noticed earlier the distance between the two
stable sides of ¢g"°(W¢ N D¢) is greater than § for any k& > 0. Thus, if ¢ exits
through I7, its length needs to be at least (no+ 1)d, which is strictly greater than
2b by our choice of ng.

Similarly, if ¢ exits through I5. Then it needs to have crossed the domains
gt (We N D), ..., g%t (We N De), in which case, again, the length
of ¢ is greater than (ng + 1)d > 20b.

Finally, suppose that c exits through a g¥(~) for some 0 < k < 2ng+1. Then,
in order to prove our claim, all we have to do is to show that the distance between
g™ (x) and ¥ (v) is larger than 2b for all 0 < k < 1 +4b/0.

Our condition on x implies that

4b\ K 4b\ K

> — )| L_Cc= — | =2
d(m,v)_lOb—l—C—i—(l—i—(s) 5 —C 10b+<1+5> ;

Hence, if 0 < k < 14 4b/J, then we have
d(z, ¥ (v)) > d(z,7) — kigKy

2
>d(z,y) — (1—1—4b> all

0) 6
> 100.
Therefore, the ball of radius 2b centered at g% () is entirely in S, proving Claim
6.7. O
This ends the proof of Lemma 6.2. U

An important consequence of Lemma 6.2 is the following:

Corollary 6.8. Suppose that f is a partially hyperbolic diffeomorphism in M
that is homotopic to the identity. Let f be a good lift of f to M. Suppose that

A is a non e@ty (satumtegf) f-minimal subset of W3, such that every leaf of

the lift A to M is fixed by f. Then every leaf in the f-minimal set A of W3, .
1s either a plane or an annulus.

Proof. Let A be a leaf of A and L a lift in M. By Lemma 6.2, L does not admit
any fixed points of f. Hence, f acts freely on the space of stable leaves in L.
Now, recall that m1(A) can be defined as the elements v € m (M) that fix L
(see section 4.4). So if v € 7w1(A), it must also act freely on the space of stable
leaves in L. As f commutes with every deck transformation, Corollary E.4 of
[BFFP20b] (which still applies in the context of branching foliation, as does all
of [BFFP20b, Appendix E]) implies that w(A) is abelian, i.e., A is either a plane
or an annulus (again with the understanding that A might actually only be an
immersion of one of these manifolds in M and recalling that all bundles were
assumed to be orientable in this section, so in particular the leaves cannot be
Mobius bands). O

We are now ready to prove Proposition 6.1.

Proof of Proposition 6.1. This proof follows the same structure as the one of
[BFEP20b, Proposition 3.15] and we will continuously refer to it. Recall the
standing assumption that all bundles are orientable and their orientation is pre-
served by f.

Consider A an f-minimal non empty subset. We need to show that A = M.
We assume by contradiction that A # M.
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Since W7, has no closed leaves and A is f-minimal, there cannot be any

isolated leaves in A (for the topology of the stable leaf space).
Now, Lemma 6.2 allows us to assert that f has no fixed points in leaves of A.
Then, Corollary 6.8 implies that each leaf of A is either a plane or an annulus.

We fix an € small enough and let A’ be the pull back of A to the approximating
foliation W¢. That is, A’ = (h¢*)~}(A). Let V be a connected component of
M\ A

[BFFP20b, Claim 3.16] applies to V, since it is just a general fact about codi-
mension one foliations. So the projection 7(V') of V' to M has only finitely many
boundary leaves.

Now, we need to prove the analogous to [BFFP20b, Claim 3.18]:

Claim 6.9. Let L € OV. Then w(L) is an annulus.

The proof of that claim is slightly different from the dynamically coherent case,

as we now need to use both the foliation W¢* and the branching foliation Wes, .

Proof. Suppose that w(L) is a plane. Recall (see [CCO00]) that 7(V') has an octopus
decomposition and a compact core. So for any § > 0, the subset of points in 7(L)
that are at distance greater then 0 from another boundary component of 7(V) is
precompact. Since 7(L) is supposed to be a plane, that subset must be contained
in a closed disk D. Then n(L) \ D is an annulus that is d-close to another
boundary component, 7(L’) of 7(V). Moreover, the subset of 7(L’) that is o-
close to (L) \ D then also has to be an annulus. If 71 (L") were not a plane it
would be an annulus and its non-trivial curve corresponds to a curve homotopic
to the boundary of the closed disk D which is homotopically trivial in M. Since
the leaves of WS are mi-injective, this implies that 7(L') is also a plane.

Since M is irreducible this implies that 7(V") is homeomorphic to an open disk
times an interval. So w(V') has only two boundary components, both of which are
planes. In particular, the isotropy group of V' is trivial and 7(V") is homeomorphic
to V.

We will now switch to the branching foliation to finish the proof. Let A =
heé® (w(L)) and B = h& (w(L')). Since we chose € small enough, up to taking o
small enough also, the unstable segments through A ~\ h¢*(D) intersect B, and
their length is uniformly bounded. Moreover, no unstable ray of A can stay
in A% (m(V)). This is because (V') is homeomorphic to an open disk times an
interval. So, since D is compact, the length of every unstable segment between A
and B is bounded by a uniform constant. Notice that, since W7  is a branching
foliation, we may have AN B # (), i.e., some of these unstable segments may be
points. s

Since L and L’ are in OV, which is a connected component of M ~ A , We
have that A, B € 9(M ~ A). So in particular, A and B are fixed by f. Hence,
the set of unstable segments between A and B is also invariant by f. Since
the length of unstable segments between A and B are bounded above and f
expands the unstable length, all the unstable segments must have zero length.
i.e., A = B. Which implies that V is empty, which contradicts the assumption
that A %= M. O

Thus we showed that every component of 7(9V') is an annulus. We can then
apply without change the (topological) arguments of the proof of [BFFP20b,
Proposition 3.15] to obtain a torus 7', composed of annuli along leaves of W¢s,
together with annuli transverse to W, that bounds a solid torus U’ in (V).
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Now consider U = h¢(U’). Because of the collapsing of leaves, U may not be
a solid torus. If U is empty for any any such component U’, this would directly
contradict the assumption A # M. So for some such complementary component
U’, the set U is not empty and it is contained in a solid torus (the e-tubular
neighborhood of U’ in M). We can then use the same “volume vs. length”
argument on U, exactly as in the end of the proof of [BFFP20b, Proposition
3.15], to get a final contradiction. This ends the proof of Proposition 6.1. O

As a consequence, we get the following result that completes the proof of
Theorem 1.6 as announced.

Corollary 6.10. Suppose that f is a partially hyperbolic diffeomorphism homo-
topic to the identity. Suppose that f is either volume preserving or transitive, or
that M is either hyperbolic or Seifert. Let f be a good lift of f. Then f has no
periodic points. In particular, f has no contractible periodic points.

Proof. Up to finite covers and iterates, we may assume that f preserves the
3 3 3 CS CU

branching foliations W72 WL .

CS

bran

cu

bren, then it does not have

If f acts as a translation on either or
periodic points.
Otherwise, since we showed that under our assumptions the branching folia-

tions are f-minimal. The result then follows from Theorem 4.9. U

7. DOUBLE INVARIANCE IMPLIES DYNAMICAL COHERENCE

In this section we show that if the center-stable and center-unstable branching
foliations are minimal and leafwise fixed by a good lift f: M — M, then, f has to
be dynamically coherent (i.e., the branching foliations do not branch). Therefore,
we will be able to apply the results from the dynamically coherent setting.

The universal cover M of M is homeomorphic to R? (since it admits a partially
hyperbolic diffeomorphism, see Appendix B of [BFFP20b]). We do not assume
anything further on M in this section.

Recall also that a center leaf is a connected component of the intersection of a

leaf of Wﬁfan and one of Wi = (cf. Definition 3.6).

This section (and the proof of dynamical coherence) is split in three parts.
First, in subsection 7.1, we show that, for an appropriate lift of M and power of
f, double invariance of the foliations implies that the center leaves are fixed. The
lift and power we need to consider here is in order to have everything orientable
and coorientable. Then, in section 7.2, we show that if a good lift fixes every
center leaf, then it must be dynamically coherent. Finally, in section 7.3, we show
that if a lift and power of a partially hyperbolic diffeomorphism is dynamically
coherent and fixes the center leaves, then the original diffeomorphism is itself
dynamically coherent (and a good lift of a power of it will fix every center leaf).

7.1. Center leaves are all fixed. In this section we recover the results of
[BFFP20b, §6] in the context of branching foliations. This will be the key to
obtaining dynamical coherence (in section 7.2).

Proposition 7.1. Let f: M — M be a partially hyperbolic diffeomorphism ho-

motopic to the identity and admitting branching foliations Wy, . j}‘an ti@ are

f-minimal. Suppose that a good lift f of f to M fizes every leaf of W{S o

ran’ * ’bran”

Then, every center leaf is fixed by f
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We stress again that the assumption of f-minimality is automatic when f is
transitive or when M is hyperbolic or Seifert, see section 6)

To prove Proposition 7.1, as in the dynamically coherent setting, we need the
following result.

Lemma 7.2. Suppose that the hypothesis of Proposition 7.1 are satisfied. Then
either every center leaf is fixed by f or no center leaf is fixed by f.

Assuming this lemma, it is easy to prove Proposition 7.1:

Proof of Proposition 7.1. Suppose that ]? fixes no center leaf. By Proposition
5.8 and the fact that there must be some non-planar leaf there are periodic

center leaves in M. Then we can apply Proposition 5.2 first to ngan and then

Wit .- The conclusion is that for every f periodic center leaf M, the center
leaf must be first coarsely contracting by f and then coarsely expanding by f.
This is a contradiction. Hence f fixes a center leaf and Lemma 7.2 implies the

proposition. U

To prove the lemma we will explain the modifications one has to make in the
proof of [BFFP20b, Lemma 6.4] to adapt it to the non dynamically coherent
setting.

Proof of Lemma 7.2. Let
Fix% ={c : flc)=c}.

The first difference from the dynamically coherent setting is that we will not
directly regard this set as a subset of M (because center leaves may merge).

However, it is not hard to see that the argument of Lemma 6.3 of [BFFP20b]
holds: If ¢ is a fixed center leaf in a center stable leaf L in M , then for any center
leaf ¢ in L close enough to ¢ (for the topology of the center leaf space in L), there
exists a strong stable leaf that intersect ¢, ¢’ and f(c’ ). Now, since f fixes the
center unstable leaves, ¢’ and f(c’ ) are on the same center unstable leaf. Since
no transversal can intersect the same leaf twice, it implies that ¢/ = f(c’ ).

Thus, we obtained that if ¢ is a fixed center leaf in a center stable leaf L in
M , center leaves near c in L are also fixed. This is in the center leaf space of L,
which is a 1-dimensional manifold.

The same argument evidently applies for center leaves near ¢ in its center
unstable leaf. .

Note that since a good lift fﬁxes every leaf of W¢%  then f fixes every leaf of

bran’
bean- I particular f-minimality of WS, isSequivalent to minimality of W7 .
s i e . an
Hence Wy, is minimal. Similarly for W} .

We now assume that the set of fixed center leaves is non-empty and we want
to show that all the center leaves are fixed.

To do this, we proceed as in [BFFP20b, Lemma 6.4]: We show first that every
center leaf in a center stable leaf (resp. center unstable leaf) which projects to
an annulus has to be fixed (due to our orientability assumptions, leaves cannot
project to a Mébius band). Then the same argument as in [BFFP20b, Lemma
6.4] applies to show that every center leaf has to be fixed.

Let L be any center stable leaf that projects to an annulus. Let v be a generator
of the isotropy group of L.

8Note that f-minimality and minimality are in fact always equivalent as long as the branching
foliation does not have compact leaf and without assumptions on f, see Lemma B.2.
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Since the set of fixed center leaves is open in the center leaf spaces of any center
unstable leaf, minimality of Wy = implies that L must have some fixed center
leaves.

We will first prove that, if f does not fix all center leaves in L, then some center
leaves in 7(L) are periodic under f. Then we will show, as in Proposition 5.5,
that any periodic leaf in 7(L) must be coarsely contracting. The same argument
applied to the center-unstable leaves yields that periodic center leaves must also
be coarsely expanding, a contradiction.

Since f cannot have fixed points (as f fixes all the leaves of Wbran and Wbran)

then f acts freely on the space of stable leaves in L.

We assume, for a contradiction, that not all center leaves in L are fixed. Let
Fixy, be the set (in, £], the center leaf space on L) of center leaves fixed by 7.

The set Fixy, is open, and assumed not to be the whole of L. So let ¢; be any
leaf in OFixy,. N N

The leaf ¢; is not fixed by f, so f(c1) is non-separated from ¢;. Hence, there
exists a (unique) stable leaf s1, which separates f(c1) from ¢; and makes a perfect
fit with ¢; (see section 4.6 for the definition of perfect fits in the non dynamically
coherent setting). Then f(s1) makes a perfect fit with f(c1). Because ¢1 and f(c;)
are non separated from each other, s; and fv(sl) intersect a common transversal
to the stable foliation. It follows that the stable axis of f acting on L is a line.
Thus, since v commutes with f , the stable axis of v is that same line. Moreover,
both the stable leaves s; and f(sl) are in the axis of f

Since the stable axis of f acting on L is a line, the Graph Transform argument
[BFFP20b, Appendix H] applies and we obtain a curve 7, tangent to the center
direction, that is fixed by both v and f.

As s1 makes a perfect fit with ¢; and s; intersects 7, we deduce that there
exists a stable leaf s that intersects both ¢y and 7. Let x = sNn and y = sNe¢y.
We denote by J the segment of s between z and y.

Since 7) projects down to a closed curve 7(7), and f decreases stable lengths,
there exist N1, € Z and mq, my € N as large as we want such that the four
points 7™ f™1(z), 4™ f™1 (y), 42 f™2(z) and 42 f™2(y) are all in a disk of radius
as small as we want. B B

Suppose now that y™ f™1(c1) # "2 f™2(¢c1). Then, up to switching ny, m; and
ng, mg, we obtain that 42 f™2(¢;) intersects 4™ f™1(.J). This is in contradiction
with the fact that c; is in Fixz, which is invariant by both fand v.

Thus 4™ f™ (c1) = 4™ f™2(¢q1). In other words, ¢ is fixed by the map h =
fy”fm for some n,m integers, m > 0. (Although not useful for the rest of the
proof, one can further notice that 7 and ¢; intersect, as h decreases the length of
J by forward iterations and both ¢; and 7 are fixed by h.)

Now recall that we built above a stable leaf s; making a perfect fit with ¢;.
And, by our choice of s1, the center leaf ¢; is in between s1 and sg := f_l(sl).

The leaves s1 and s9 are both fixed by h (since ¢ is), and a bounded distance
apart, so Lemma 5.6 holds and we deduce that c1, as well as any other center leaf
c that is in between s; and so must be coarsely contractmg Note now that any
center leaf ¢ in L that is fixed by some h/ = 4" fm is separated from Fixy, by a
center leaf ¢j C OFixy, as above. Hence, we proved that every non-fixed periodic
leaf in L is coarsely contracting.

Therefore, the same argument applied to the center unstable leaf containing c;
shows that ¢; must also be coarsely expanding, a contradiction.
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So we obtained that every center stable or center unstable leaf L which is fixed
by some non trivial element of 71 (M) has all of its center leaves fixed by f. Since

Fix? is open (in the center leaf space), minimality of the foliations implies that

it contains every center leaf, as in the end of the proof of [BFFP20b, Lemma
6.4]. O

7.2. Dynamical coherence. We now want to prove dynamical coherence pro-
vided that a good lift fixes every center leaf. We start with the following:

Lemma 7.3. Suppose that fﬁ:):es every leaf of the center foliation in M. Then
there is a global bound on the length from x to f(x) in any center leaf containing
x.

In the dynamically coherent case this was very easy as the center curves form
an actual foliation and there is a local product picture near any compact segment.
We have to be more careful in the non dynamically coherent setting.

Proof. We assume the conclusion of the lemma fails. Then there exists a sequence
T; 0~f points in M contained in center leaves ¢; such that the length in ¢; from x;
to f(x;) divverges to infinity. Notice that this length depends not only on z; but
also on ¢; since there may be many center leaves through x;. We denote by e;
the segment in ¢; from z; to f(z;).

Up to acting by covering translations we can assume that the x; converge to a
point x € M. Let L; and U; be respectively a center stable and center unstable
leaves containing ¢;. Up to considering a subsequence, we may assume that L;
converges to a center stable leaf L containing x (see condition (iv) of Definition
3.2). Similarly, we can further assume that U; converges to some center unstable
leaf U, with x € U.

For i large enough, all the leaves L; intersect a small unstable segment in u(x).
The set of center stable leaves intersecting this segment is a also a segment (even
though many different leaves may intersect a given point in u(x)). Hence we may
assume that L; is weakly monotone, and so is U;. Let ¢ be the center leaf through
x contained in LN U. Then f(z) € ¢, and we call e the segment in ¢ from x to
f(x).

Suppose first that L; = L for all big i. So we may assume L; = L for all 4.
Then the center leaves ¢; are all in L and, for i big enough, intersect s(z). Hence
the leaves ¢; are, for ¢ big enough, contained in an interval of the center leaf space
in L. In addition they are converging to ¢ which is a center leaf through = and
f(z). This implies that the length of e; is converging to the length of e and hence
the length of e; is bounded in ¢. Contradiction.

Suppose now that the L; are all distinct from L. Notice that the points z;, and
f ( ;) are all in a compact region of M. Since L; converges to L, we have that
u(x;) intersects L for big enough i. We call this nearby intersection y;. Likewise
u(f(x;)) intersects L in f(y;). We want to push the center segments ¢; contained
in U; N L; along unstable segments to center segments in U; N L.

For i big enough, both x; and f(z;) are very near L. Thus, their unstable leaves
u(x;) and u(]?(xz)) both intersect L. Let y; be the intersection of u(x;) with L
(recall that this intersection is unique as the center stable branching foliation is
approximated by a taut foliation). Then f(y;) is the intersection of u(f(;)) with
L (since L is fixed by f). Then the intersection of the unstable saturation of
e; with L is a compact segment inside a center leaf between y; and f (yz) (since
f fixes every center leaf). Let b; be this segment between y; and f (yl) The
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segments b; also converge to e, so the previous paragraph shows that the lengths
of the b; are bounded. Since the distance between z; and y; converges to zero,
this in turn implies that the lengths of the segments e; are themselves bounded.
Which contradicts our assumption and finishes the proof. O

Lemma 7.4. Suppose fﬁxes every leaf of the center foliation in M. Assume

c1,co are different center leaves in the same leaf L of Wﬁfan. Then, ¢1 Nco = 0.

Proof. Suppose not, there is x € ¢1 Ncg but ¢; # ¢o. Then f(x) is also in ¢; Nes.
If ¢1 coincides with ¢ in their respective segments from x to f(x), then applying
iterates of fimplies that ¢; = ¢g, contrary to assumption.

So we may assume that = is a boundary point of an open interval I in, say, c;
which is disjoint from cg, but such that both endpoints are in cs. Then ¢y U ¢
bounds a bigon B with endpoints x,y and a “side” in I. All center segments in
B pass through = and y and they have bounded length (by Lemma 7.3). Each
stable segment intersecting I also intersects the other “boundary” component of
B. See figure 7.

FIGURE 7. Two centers that merge. The bound on the distance be-

tween x and f(x) forces a behavior like the figure.

The stable lengths grow without bound under negative iterates of f Hence,
since a stable segment can intersect a local foliated disk of the stable foliation in
L only in a bounded length, it follows that the diameter in f"(L) of f™(B) grows
without bound as n goes to —oco. But the length of the center segments in ]?"(B)
are all bounded according to Lemma 7.3. Moreover, between any two points in
f™(B) there exists a path along (at most) two center leaves (one just follows the
center leaf to one of the endpoint and then switch to the appropriate other center
leaf). Thus the diameter is bounded, which is a contradiction. g

Thus we deduce what we wanted to obtain in this section.

Corollary 7.5. If a good lift f fizes every center leaf, then, f is dynamically
coherent.

Proof. By Proposition B.3 it is enough to show that the leaves of the branching
foliations do not merge.
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Assume that two center unstable leaves U; and Us merge. Let L be a center
stable leaf intersecting Uy and Us at the merging, i.e., L is a leaf through a point x
such that the unstable leaf through x is a boundary component of U; NUs. Then,
connected components of U; N L and Uy N L gives two center leaves that intersect
but do not coincide. This contradicts Lemma 7.4. A symmetric argument gives
that two center stable leaf cannot merge either, proving dynamical coherence of

f. O

7.3. Dynamical coherence without taking lifts and iterates. We now want
to prove that, if a finite lift and finite power of a partially hyperbolic diffeomor-
phism is dynamically coherent, then the original diffeomorphism is itself dynam-
ically coherent. Although we do not know how to prove it in this generality, we
show it when a good lift of the dynamically coherent lift fixes every center leaf,
which is enough for our purposes.

We start by showing a uniqueness result for the pairs of the center stable and
center unstable foliations under some conditions.

Lemma 7.6. Let g: M — M be a dynamically coherent partially hyperbolic
diffeomorphism homotopic to the identity. Let W and W be g-invariant foli-
ations tangent to E° and E* respectively. Let W€ be the center foliation asso-
ciated with W and W (defined as in Definition 3.6), and assume that there
exists a good lift g which fizes all the leaves of V€.

Suppose that Wi* and W{" are two g-invariant foliations tangent respectively
to E and E®. Suppose that g also fixes all the leaves of the center foliation
WY, associated with Wi° and Wi*.

Then W = Wi* and W = W,

Note that if the foliations W, W, W{* and W{* are assumed to be g-
minimal, then Proposition 7.1 implies that the hypothesis of the lemma are sat-
isfied.

Proof. The argument is similar to the one made in Lemma 7.4.
Let W{*, Wi* be two g-equivariant foliations as in the lemma. Recall that the

center foliation WY is defined by taking the connected components of intersections
of leaves of W{* and W{".

Since every leaf of both W¢ and WY are fixed by g, Lemma 7.3 implies that g
moves points a uniformly bounded amount in both center foliations.

Consider, for a contradiction, a point € M such that W¢(z) # Wi (x) (note
that we are dealing here with actual foliations, not branching ones, so this nota-
tion make sense). Without loss of generality, we can choose = so that the leaves
L= Wcs(a:) and L := Wfs(x) do not coincide in any neighborhood of x.

Let ¢ and ¢; be the center leaves obtained as the connected components of
LNF and L; N F containing x.

By assumption, both ¢ and ¢; are fixed by ¢, so we are in the exact same set up
as in the proof of Lemma 7.4. Thus we deduce that ¢ = ¢1, a contradiction. [J

We can now state and prove the aim of this section.

Proposition 7.7. Let f: M — M be a partially hyperbolic diffeomorphism such
that f* is homotopic to the identity for some k > 0. Let M be a finite cover of
M. Let g be a lift to M of a homotopy of f* to the identity.

Suppose that g is dynamically coherent and that there exists a good lift g of g
that fixes all the center leaves. Then, f is dynamically coherent.
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Proof. First we notice that the assumptions of the proposition will be verified for
any further finite cover M of M (because one can take a further lift g of g to M,
it is dynamically coherent and ¢ is a good lift of g too). Hence, without loss of
generality, we may and do assume that M is a normal cover of M.

Let We and W< be the lifts to M of the center stable and center unstable
foliations of g. Our goal is to show that these foliations are 7 (M )-invariant, thus
decending to foliations in M, and that these projected foliations are f-invariant.

Notice that ¢ fixes each leaf of W and W<,

The map g is obtained from a lift of a homotopy of f* to the identity. Lifting
that homotopy further to M we get a good lift fk of f* that is also a lift (and
hence a good lift) of g to M. As both § h g and f”c are good lifts of g, there exists

B e m (M) C m (M) such that § = Bfk. (Note however that g is not necessarily
a good lift of f* as § only commutes with elements of 71 (M) and not my(M).)
Moreover, both g and f* move points a bounded distance in M, hence so does

B =g(f*)~!. Lemma A.1 then implies that either 3 is the identity or M is Seifert
(and S is either the identity or a power of a regular fiber).
We split the rest of the proof in these two cases.

Case 1 — Suppose that M is not a Seifert fibered space.
Then S is the identity, which means that g = f*. -
Let v be a deck transformation in 71(M). Define the foliations F3* := yW®,

Fo = 717\70“, and FY = ’yWC. The leaves of these foliations are all fixed by ¢

because v commutes with f¥ = g. In particular, Lemma 7.6 then implies that
’yVNVCS = W and ’ch“ = W<, Since this is true for any element of m (M),
these foliations descend to foliations W{7, W5y in M.

Now we need too show that W{7, Wi} are also f-invariant. Equivalently, we
need to show that W and W are invariant by any lift f; of f to M.

Let f1 be a lift of f to M. Notice that f may not be homotopic to the identity,
so f1 is not assumed to be a good lift. Let F}* := fl(WCS) and Fi* = fi (Wcu)

We will first show that f; and g commute. Both fig and gf are lifts of the
map f*! to M. So (@) 1(f1)"'gf1 is a deck transformation v € 7 (M). As g
moves points a bounded distance, we have that d(f1(y), gf1(y)) is bounded in M.
In addition, f; has bounded derivatives so d(y, (f1)~'gf1(y)) is also bounded in
M. So using again that § is a good lift, we deduce that d(y, (9)"Y(f1)19f1(y))
is bounded in M.

Hence v is a deck transformation that moves points a bounded distance. Ap-
plying Lemma A.1 again gives that [ is the identity (since M is not Seifert).
Hence f; and g commute.

Since g fixes every leaf of we (the center foliation in M ) and commutes with
f1, we deduce that g fixes every leaf of fl(wc). We can again apply Lemma 7.6
to get that fi(W) = We and f1(W) = W<, That is, the foliations W and
WeU are fi-invariant. Since this holds for any lift of f, it implies that W§; and
Wi} are f-invariant. Hence f is dynamically coherent with foliations Wjj7 WJC\}L
This completes the proof when M is not Seifert fibered.

Case 2 — Assume that M is Seifert fibered. .
In this case, Lemma A.1 implies that 3 = g(f¥)~! is either the identity or
represent a power of a regular fiber of the Seifert fibration. In any case, § is
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in a normal subgroup of 71 (M) isomorphic to Z. Moreover, as proved earlier,
Bem(M).

Let v € (M) be any deck transformation. As before, consider the foliations
FP = 7)7\765 and FI" = 717\70”.

We first claim that these foliations are g-invariant. We show this for F3* the

other being analogous. Let L € Wes. We have

g(YL) = BfE(yL) = ByfR(L) = 4B fH(L).
Notice that both f* (because it is a lift of g) and 3 (because it belongs to
m1(M) and the foliation W is defined in M) preserve the foliation W*e. Tt
follows that BT fk(L) € W, so

g(yL) = B* fH(L) € F5.
Thus F5* is g-invariant.
We now want to show that the foliations FI%, FI* and FY := nyNVC are all
leafwise fixed by qg.
Since M was chosen to be a normal cover of M, any element v € 71 (M) can

be thought of as a difeomorphism of M. Hence we can consider the foliation
F5P =W in M. Note that F7° is tangent to the center stable distribution

E cTM , since v preserves the tangent bundle decomposition, as it is defined
by f in M. The argument above shows that ]:"ss is g-invariant.

Thus, we can consider ¢ to be a dynamically coherent diffeomorphism for
the pair of transverse foliations .7:",53 and W¢. Moreover, g is homotopic to the

identity and the good lift g fixes every leaf of Weu, Since M is Seifert, mixed
behaviour is excluded (cf. [BFFP20b, Theorem 5.1]) and this implies that g must
also fix every leaf of F1°.

The symmetric argument show that F3* is also fixed by g. So we can apply

Proposition 6.1 to both .7:"55 and .7-25“, implying that they are g-minimal. Hence,
the center foliation 7 is fixed by g, thanks to Proposition 7.1.
Since all the leaves of FY are fixed by g, we can finally apply Lemma 7.6 to

deduce that F5° = Wes and Fot = Weu, As this is true for any -, the foliations

W and W< descends to foliations Wit and W7 on M in this case too.

We now again have to show that W and Wj} are f-invariant. The argument
is the same for both foliations, so we only deal with Wf;.

We start with a preliminary step. Let f. be the automorphism of m (M)
induced by f. Let

A= (M) 0 fu(mi (M) 0 -0 ()7 (m (M),
The set A is a finite index, normal subgroup of m(M). Moreover, as f* is
homotopic to the identity, f.(A) = A.

As we remarked at the beginning of the proof, we can without loss of generality
prove the result for any further finite cover of M. Thus we choose if necessary
a further cover so that m (M) = A. Since f.(A) = A, the map f lifts to a
homeomorphism f of M.

As in the first case, we let f; be an arbitrary lift of f to M and we define
Fi¥ = hf ()7\//83) and Ff* = fi (Wcu) (Note that f; is in particular also a lift of

/)
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Note as before that both §f; and f1g are lifts of f**1 and gf1(9)~'(f1) 'is a
bounded distance from the identity (because g is and f; has bounded derivatives).
So 6 :=gf1(9)"1(f1)~! is an element of 71 (M) a bounded distance from identity.
By Lemma A.1, § represents a power of a regular fiber of the Seifert fibration,
so is in the normal Z subgroup of 1 (M) (note that since 1 (M) is not virtually
nilpotent, there exists a unique Seifert fibration on M, see Appendix A).

In addition gf; and f1g are also lifts of the homeomorphisms g f and f gin M
to M. Hence § is in 71 (M).

Using once more the arguments above, we get that (f1)~'6f1(6)~! is a bounded
distance from the identity, and projects to the identity in M (and in M ), hence
it is a deck transformation 7 also contained in the Z normal subgroup of 71 (M).
Thus & and 7 commute. Moreover, 7 is also in 7y (M).

Now we can show that g preserves Fi°: Let L in W. Then

9(f1(L)) = 6f1(9(L)) = 6 f1(L) = fi(nd(L)).

Here nd(L) is in W< because L is in W and 7 is in 71 (M). Hence fy(ndL) is
in fi ()/NVCS ) so g preserves Fi¥.

What we proved implies that g preserves f (W) in M. Now consider the pair
of foliations f (W) and W, They are both invariant by g, so g is dynamically
coherent for this particular pair of foliations, and g fixes the leaves of Weu, So
once again, as M is Seifert, we get that § must also fix every leaf of f; (Wcs) (cf.
[BEFP20b, Theorem 5.1]).

The symmetric argument implies that g fixes every leaf of fl(WC"). Once
again, M being Seifert implies that all the foliations are g-minimal (Proposition
6.1). Hence § also fixes the center foliation f;(W*) (Proposition 7.1). So Lemma
7.6 applies and we deduce that fl()/NVCS )= We and fl(VNVC“) = Weu,

In particular, f preserves the foliations Wjj and W5} as wanted. So f is
dynamically coherent. g

8. PROOF OF THEOREM A

In this section, we finish the proof of Theorem A. That is, f: M — M is
assumed to be a partially hyperbolic diffeomorphism homotopic to identity in a
Seifert manifold, and we need to show that a power of f is a discretized Anosov
flow.

We first fix a finite cover M of M so that M is orientable, and so are all the
bundles. Then, up to a finite power, a lift g will preserve the orientations of
the bundles. More precisely, there exists some integer & > 0 such that the lift g
obtained by lifting a homotopy of f* to the identity preserves the orientations.

Thanks to Theorem 3.4, there are branching foliations WS = and WY  in M
that are preserved by g.

In order to finish the proof of Theorem A, we just need one more lemma.

CS

Lemma 8.1. There exists a lift g of an iterate of g that fizes every leaf of W,

bran

and also fixes every leaf of WY

bran*

Postponing the proof of the lemma, we can finish the proof.

Proof of Theorem A. According to Lemma 8.1, there exists a lift g of a power of g

of g that fixes the leaves of both W¢° and W{Y . Then Proposition 7.1 implies

bran bran*

that g fixes every center leaf. Thus Corollary 7.5 gives that g is dynamically
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coherent. Then Proposition 7.7 tells us that f is also dynamically coherent. So
we can now use the results of [BFFP20b, §7] to conclude. O

So all we have left to do is prove Lemma 8.1, which we now do.

8.1. Proof of Lemma 8.1. In [BFFP20b, §7] we showed that it was always
possible in a Seifert manifold to choose a convenient good lift.

Proposition 8.2. There exists a good lift of an iterate of g which fizes a leaf
(and therefore every leaf) of WES

bran*

Proof. As stated in [BFFP20b, Remark 7.2], the proof of [BFFP20b, Proposition
7.1] works in the non-dynamically coherent case.

The only change needed is to replace the words foliations by branching foli-
ations. Note also that [BFFP20b, Proposition 7.1] requires the Seifert fibration
to be orientable. This is implied by our assumptions: Indeed, M is orientable,
all the bundles are orientable and W¢* is a horizontal foliation (see [BFFP20b,

bran

Theorem F.3]). Thus the Seifert fibration is orientable. O

Using Proposition 8.2, the lemma follows readily.

Proof of Lemma 8.1. First, using Proposition 8.2 we consider a good lift ;1 of
an iterate ¢’ that fixes every leaf of WS Suppose this lift fixes one center

bran* .
unstabe leaf. Then Proposition 6.1 gives that W  is g'-minimal. So Corollary

4.7 implies that ¢¢ also fixes every leaf of Wﬁfan.

Thus we can suppose for a contradiction that ¢’ fixes no center unstable leaf.
Therefore no center leaf can be fixed by g. Applying Proposition 5.2 we deduce
that every periodic center leaf of g has to be coarsely contracting.

Exchanging roles, and applying Proposition 8.2 to the center unstable branch-
ing foliation we deduce that every periodic center leaf for g must be coarsely
expanding. Notice that, althought the lifts may be different, the coarsely ex-
panding and coarsely contracting behavior is for periodic center leaves of the
original map g for both W7 —and WY .

As there must be at least one such periodic center leaf (cf. Proposition 5.8)
this gives a contradiction. So there exists a good lift of an iterate of g that fixes

leaves of both W¢.  and WY O

bran bran*
9. ABSOLUTELY PARTIALLY HYPERBOLIC DIFFEOMORPHISMS

In this section, we explain how one can improve Theorem 1.3 if one uses a
strong version of partial hyperbolicity.

Definition 9.1. A partially hyperbolic diffeomorphism f: M — M on a 3-
manifold is called absolutely partially hyperbolic if there exists constants A <
1 < Ag such that for some ¢ > 0 and every x € M, we have

IDf ms @)l < M < IIDf mew || < A2 < 1D puga -

Notice that, although subtle, the difference between being absolutely partially
hyperbolic versus just partially hyperbolic is far from trivial. Here, we just show
that with this stronger property one can significantly simplify the arguments.
However, some previous results have shown significant differences between the two
notions, specifically with regard to the integrability of the bundles (see [BBI09,
RHRHU16, Pot15]).

We will show the following
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Theorem 9.2. Let f: M — M be an absolutely partially hyperbolic diffeomor-
phism on a 3-manifold. Suppose that f is homotopic to the identity and preserves

two branching foliations Wy, and WE!  that are both f-minimal. Then either

(i) f is a discretized Anosov flow, or,
(11) WS, and WL are R-covered and uniform and a good lift f of f act as
a translation on their leaf spaces.

In order to prove this theorem, the main step will be to show that, using
absolute partial hyperbolicity, we have an improvement of Proposition 5.2.

Proposition 9.3. Let f: M — M be an_absolutely partially hyperbolic diffeo-
morphism homotopic to the identity and f a good lift of f to M. Assume that
every leaf of WES is fized by f. Let L be a leaf whose stabilizer is generated by

bran

v € m(M)\ {id}. Then, there is a center leaf in L fized by f.

The proof is essentially the same as the one in [HPS18, Section 5.4] but we
repeat it since the contexts are different.

Proof. The proof is by contradiction. Assume that fdoes not fix any center leaf
in L.

Proposition 5.8 gives that there exists a center leaf periodic by f. Now, using
the proof of Proposition 5.2 on the lift ¢ of such a periodic leaf, we can be more
precise: Let h := ™o f™ with m > 0 and v € 71(M), be the diffeomorphism
fixing ¢. There exists two stable leaves s; and sy in L fixed by h, a bounded
distance apart in L and such that ¢ separates s; from s in L. We denote by B
the band bounded by s; and ss.

Since vy is an isometry, the diffeomorphism h is absolutely partially hyperbolic,
and we can (modulo taking iterates) assume that there are constants A\; < Ao
such that

IDR|Es|| < A1 < A2 < || Dh|ge]||.

Moreover, there is a constant R > 1 such that |Dh~!|| < R in all of L.

For simplicity, we will assume that the distance between s; and so is smaller
than 1/2 so that the band B is contained in the neighborhood B = | J Bi(z)
of radius 1 around sj.

For every positive d there is a constant r(d) > 0 such that for any set of
diameter less than d, the length of a stable leaf contained in this set is at most
r(d). This is because in a foliated box only one segment of a stable segment can
intersect it. This implies that stable leaves (and center leaves as well) are quasi-
isometrically embedded in their neighborhoods of a fixed diameter. So there is
K > 0 so that for any stable segment J contained in B with endpoints z and w
we have

eS|

length(.J) < Kdg(z,w).

Now, choose n > 0 such that K 2% < % and once n is fixed, choose D > 0 so
that § > 2R" + 5.

We now pick points z,w € s1 such that dg(2,w) = D and take J* an arc of s;
joining these points. From the choice of K and D we know that length(J*) < K D.
So, it follows that length(h"(J®)) < KDAY.

Choose a center curve J¢ joining B;(h"(z)) with Bi(h"(w)) (this can be done

because ¢ separates s; from sg) and call z, and w, the endpoints in each ball. It
follows that length(J¢) < K2DA} + 2K.
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Since the distance between the endpoints of J¢ and h"™(z), h™(w) is less than
1, by iterating backwards by h~" we get that d(h™"(z,),2) and d(h~"™(wy,),w)
are less than R".

This implies that

A? 2K
D <dg(z,w) < KQ)\—TIZD +2R" + VR
2 2
a contradiction with the choices of n and D. This completes the proof of the
proposition. U

Using this proposition, we can prove Theorem 9.2 in the same way as [BFFP20b,
Theorem 5.1]

Proof of Theorem 9.2. Let f be a good lift of f. Since W{;  and Wi  are f-

minimal, by Corollary 4.7, f either fixes each leaf of W n and Wbran’ or act as
a translation on both leaf space (in which case the foliatlons are R-covered and
uniform and we are in case (i) of the theorem), or f translates one and fixes the
other.

If f fixes the leaves of both Wbran and Wbran then Proposition 7.1 and Corollary
7.5 imply that we are in case (i) of the theorem.

So we have to show that we cannot be in the mixed case. Suppose that fﬁxes
every leaf of Wbran

Since M is not T3, there are leaves of WrS,, with non-trivial fundamental

group. Consider the lift L in Wbran of such a leaf, with L invariant by ~ in
w1 (M) ~ {Id}. We can apply Proposition 9.3 to conclude that there is a center
leaf ¢ in L that is fixed by f So, in particular, f needs to fix a center unstable
leaf containing c¢. Thus f has to also fix every leaf of Wbran O

10. REGULATING PSEUDO-ANOSOV FLOWS AND TRANSLATIONS

The rest of the paper is concerned with hyperbolic 3-manifolds. We will get
positive results dealing with the non-dynamically coherent case.

That is, we want to understand the dynamics of a homeomorphism acting by
translation on a branching foliation.

In order to be able to do that, we first need to build a regulating pseudo-Anosov
flow transverse to the branching foliation.

The existence of such a flow is a relatively immediate consequence of the con-
struction of the regulating flow and the fact that the branching foliation is well-
approximated by foliations.

Proposition 10.1. Let M be a hyperbolic 3-manifold and F a branching foliation
well-approzimated by foliations F¢ such that F (and thus also F. for small €) are
R-covered and uniform. Then, there exists a transverse and regulating pseudo-

Anosov flow ® for F.

Proof. By [Thu, Cal00, Fen02] (see [BFFP20b, Theorem D.3]) for any e, there
exists a pseudo-Anosov flow @, transverse to and regulating for F..

Now, as € get small, the angle between leaves of F. and leaves of F becomes
arbitrarily small.

Then, since both F and F. are R-covered and uniform, for any leaf L € F,
there exists two leaves L1 and L9 such that L is in between L and Ly. As ®, is
regulating for F, every orbit intersects both L and Lo, thus L. So every orbit
of @, intersect every leaf of F, that is, ®. is regulating for F.
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The fact that the flow ®. can be chosen transverse to F follows from the
construction of ® (see [Thu, Cal00, Fen02]). The flow @ is build by blowing down
certain laminations transverse to J.. Moreover these laminations are transverse
to any foliation that are close enough to F. for a uniform angle. Since the
angle between F and JF. gets arbitrarily small, &, will also be transverse. For
a continuous family of R-covered foliations, this property is explicitely stated in
[Cal00, Corollary 5.3.22]. O

Using the regulating pseudo-Anosov flow given by Proposition 10.1, all of
[BFFP20b, Section 8] works for a branching foliation without change. Thus
we obtain

Proposition 10.2. Let M be a hyperbolic 3-manifold. Let f: M — M be a
homeomorphism homotopic to the identity that preserves a (branching) foliation
F. Suppose that F is uniform and R-covered, and that a good lift f of f acts as a
translation on the leaf space of F. Let ® be a transverse requlating pseudo-Anosov
flow to F.

Then, for every v € m (M) associated with a periodic orbit of ®, there is
a compact fv—invariant set T, in M, which intersects every leaf of .7:"7, where

M, = M/(y) and fy: M., — M, is the corresponding lift of f.
Moreover, if an iterate fﬁ of fAV fizes a leaf L of .7:"7, and v fizes all the prongs

of this orbit, then the fixed set of ﬂ“ in L is contained in Ty N L and has negative
Lefschetz index.

Almost without any change, we also obtain the corresponding version of [BFFP20b,
Proposition 9.1]

Proposition 10.3. Let f be partially hyperbolic diffeomorphism in a hyperbolic

3-manifold which preserves a branching foliation WE?, = tangent to E°. Assume

that a good lift fv of f acts as a translation on the foliation Wys,  and let @ be a
transverse requlating pseudo-Anosov flow. Then, for every v € w1 (M) associated
to the inverse periodic orbit of ® there are n > 0,m > 0 such that h =" o fm
fizes a leaf L of WE°

bran*

Proof. The only difference is that we cannot say that the action of A in the leaf
space is expanding since collapsing of leaves may change the behavior. However,
the same proof gives the existence of an interval in the leaf space which is mapped
inside itself by h~! giving a fixed leaf as desired. O

Remark 10.4. Note that in the non dynamically coherent situation, the proof
of [BFFP20b, Theorem B] does not give a contradiction: it could happen (and
indeed happens in a situation with similar properties, see e.g., [BGHP17]) that
having a fixed point in a leaf of the foliation, does not force the dynamics on the
leaf space to be repelling around the leaf in terms of the action on the leaf space.
This issue has previously appeared, in particular in Lemma 6.2.

Notice that if one assumes the existence of a periodic center leaf, then we can
easily prove a version of [BFFP20b, Theorem B] in the non dynamically coherent
setting.

Proposition 10.5. Let f: M — M be a partially hyperbolic diffeomorphism on
a hyperbolic 3-manifold. Suppose that there ezists a closed center leaf ¢ that is
periodic under f. Then f is a discretized Anosov flow.
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Proof. We start by replacing f by a power, so that f becomes homotopic to the
identity.

Let fbe a good lift of f. We will show that ]? fixes every leaf of Wbran and
Wbran Then, section 7 above shows that the original f (before taking a power)
is dynamically coherent, hence the result follows from [BFFP20b Theorem B].

Suppose that f does not fix every leaf of, say, Wbran Then Corollary 4.7
implies that the leaf space of Wbran is R and that f acts as a translation on it.

Let ¢ be a lift of the periodic closed center leaf c¢. Since c is periodic and f
acts as a translation, there exists v € 71 (M), non-trivial such that v(¢) = f*(@)
for some k. Now c is also closed, so there exists g (distinct from any power of
v, since they do not act in the same way on the leaf space of Wbran) such that

g(¢) = ¢. Thus g and ~ produce a Z? subgroup in (M), which is impossible
since M is hyperbolic. O

Remark 10.6. The arguments here show that the dynamics of the transverse
pseudo-Anosov flow coarsely affects the dynamics of f. In particular, if f is a
translation with respect to a certain R-covered branching foliation, there must
be a lower bound on the topological entropy of f. It is possible that one can
get a uniform lower bound independent of the foliation by getting that f must
translate a certain uniform amount and this would give another way to check that
a partially hyperbolic diffeomorphism in a hyperbolic 3-manifold is a discretized
Anosov flows

11. TRANSLATIONS IN HYPERBOLIC 3-MANIFOLDS

In this section we obtain further consequences of having a partially hyperbolic
diffeomorphism act as a translation in a hyperbolic 3-manifold.

We start by recalling the setting. Let f: M — M be a (not necessarily dynam-
ically coherent) partially hyperbolic diffeomorphism on a hyperbolic 3-manifold.
Up to replacing f by a power, we assume that it is homotopic to the identity. Up
to taking a further iterate of f and a lift to a finite cover of M, we can assume
that f admits branching foliations, and that the good lift f acts as a translation
on the leaf space of W7 .

Let ®.; be a transverse regulating pseudo-Anosov flow to Wys = given by
Proposition 10.1. This flow is fixed throughout the discussion.

Then Proposition 10.3 shows that, for any periodic orbit of ®°, there exists a
center stable leaf periodic by f.

11.1. Periodic center rays. We will now produce rays in periodic center leaves
which are expanding. A ray in L is a proper embedding of [0, 00) into L. We say
that a ray is a center ray if it is contained in a center leaf. So a center ray c, is
the closure in L of a connected component of ¢ \ {x} where ¢ is a center curve
and x € c.

Let v in 71 (M) be associated with a periodic orbit dg of the pseudo-Anosov flow
®.s. Let L be a leaf (given by Proposition 10.3) of Wbran fixed by h :=~"o f™,
with m > 0.

A center ray ¢, is expanding if h(c;) = ¢, and x is the unique fixed point of h
in ¢; and every y € ¢ \ {x} verifies that h™"(y) — x as n — +o0.

Proposition 11.1. Ajfume that a good lift ]? of f acts as a translation on the
(branching) foliation WS, . Let ®.s be a regulating transverse pseudo-Anosov
flow. Let v in m (M) associated with a periodic orbit dy of ®.s. Let L be a leaf
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of ngan fixed by h = ~™ o fm, where m > 0. Assume that 7y fizes all prongs of
a lift of g to M. Then there are at least two center rays in L, fixed by h, which

are expanding.

Remark 11.2. We should stress that we cannot guarantee to get a single center
leaf with both rays expanding. For example it is very easy to construct an example
such that h has Lefschetz index —1 in L, it has exactly 3 fixed center leaves in L,
and only two fixed expanding rays, which are contained in distinct center leaves
(see Figure 9). This situation occurs in the examples constructed in [BGHP17]
in the unit tangent bundle of a surface.

We will use Proposition 11.1 and its proof to eliminate the mixed behavior in
hyperbolic 3-manifolds. It should be noted that this proposition also gives some
relevant information about the structure of the enigmatic double translations
examples which are not ruled out by our study.

The key point is to understand how each fixed center leaf contributes to the
total Lefschetz index of the map in a center-stable leaf which we can control.
Since the dynamics preserves foliations and one of them has a well understood
dynamical behavior (i.e., in the center stable foliation, the stable foliation is
contracting) we can compute the index just by looking at the dynamics in the
center foliation (see Figure 8).

As remarked above, one do have to be careful when computing the index as
cancellations might happen with branching foliation (see Figure 9).

Index 1 Index 0 Index —1

Ficure 8. Contribution of index of a center arc depending on the
center dynamics

We are now ready to give a proof of Proposition 11.1.

Proof of Proposition 11.1. By Proposition 10.2, we know that the fixed point set
of h in L is contained in T, and has Lefschetz index 1 — p where p is the number
of stable prongs at the fixed point. In particular h has some ﬁ)ied points in L.
Let Ly = f™(L). We denote by 112: L — Lo the flow along ®° map.
Let g :=~"om9: L — L. The map ¢ is a bounded distance away from h.

Claim 11.3. Let cq, co be two distinct center leaves in L that have a non-trivial
intersection. Suppose that both ci,co are fized by h, and there exist two distinct
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FiGURE 9. Two segments of zero index merge with a point with
index 1 to produce a global -1 index.

points z,y € c1Nce which are fized by h. Then the center leaves ¢1 and co coincide
on the segment between z and y.

Proof of Claim 11.3. Let [y, z]., and |y, z]., be the center segments between y
and z in ¢; and ¢y respectively.

Assume for a contradiction that [y, z]., and [y, z]., are distinct. Then, up to
changing y and z, we can assume that the intersection between the open intervals
(y,2)e; and (y, 2), is empty.

Thus, by construction, [y, z]., and [y, z]., intersect only at z and y. We let B
be the bigon in L bounded by [y, z]., and [y, 2]c,.

Note that any stable leaf that enters the bigon B must exit it (otherwise it
would limit in a stable leaf entirely contained in B, which is impossible). Hence,
B is “product foliated” by stable leaves. Since B is compact the length of the
stable segments contained in B is bounded.

Since z,y are fixed by h it follows that B is also fixed by h. Let s be one such
stable segment connecting (z,y)c, to (z,9)c,. Then, the images of s under powers
of h=! stay in B but must also have unbounded length, contradiction. (]

Let = be a fixed point of h. Recall from Lemma 3.14 that the set of center
leaves through x in L is a closed interval. In particular A fixes the endpoints of
this interval. Hence, x is contained in a center leaf ¢ such that h(c) = c.

Claim 11.4. All the fized points of h in L are contained in the union of finitely
many compact segments of center leaves in L.

Proof of Claim 11.4. Let ¢ be a center leaf fixed by h. Since the fixed points are
contained in a compact set C' (see Lemma 8.12 of [BFFP20b)), there is a minimal
compact interval J in ¢ which contains all the fixed points of & in c.

Suppose that there exists infinitely many distinct such minimal intervals J; in
center leaves ¢;. Since the fixed points of h in L are in a compact set, we can
choose i, j large enough, so that J; is very close in the Hausdorff distance of L
to Jj. Let z be an endpoint of J;. Then the stable leaf s(z) through z intersects
the center leaf ¢;. As z is fixed by h and so is ¢, contraction of the stable length
implies that z € ¢;, thus z € J;.
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Hence, both endpoints of J; are on J;. By Claim 11.3, it implies that J; C Jj,
and minimality of the interval J; implies J; = J; which is a contradiction. O

Let {J;,1 <i <ip} be a finite family of compact intervals containing all the
fixed point of h, as given by Claim 11.4. Note that we do not necessarily take
the minimal intervals as constructed in the proof of Claim 11.4, as we want the
following properties for that family.

Claim 11.5. We can choose the collection of intervals {J;,1 < i <o}, each in
a center leaf fixed by h, satisfying the following properties:

(1) The union J,<;<;, Ji contains all the fized points of h.
(2) The endpoints of each interval J; are fixed by h.
(8) The intervals are pairwise disjoint.

Proof of Claim 11.5. Let c1,...,c, be a minimal collection of center leaves that
contains all fixed points of h in L, as given by Claim 11.4. Let J; be the minimal
compact interval containing all fixed points of h in ¢;.

The family J; then satisfies conditions (1) and (2). So we only have to show
that one can split the intervals J; further so that conditions (3) is also satisfied
(while still satisfying the first two conditions).

Notice that ¢;, ¢; intersect if and only if J;, J; intersect. Thus, we can restrict
our attention to each connected component of the union of the ¢;’s separately.

Up to renaming, assume that Uj<;<jcy is a connected component of Uj<;<nci.

Now we can consider the union of the Ji,..., J; as a graph, where the vertices
are are the endpoints of the segments J; together with the points where two
segments merge, and the edge are the subsegments joining the vertices. With
this convention, the union of the Ji, ..., Ji is then a tree. Otherwise there would
be a bigon in L enclosed by the union, which is ruled out by Claim 11.3.

Let B be this tree. Our goal is to remove enough open segments from the J;’s
so that no vertex of this associated tree has degree 3 or more. Consider a vertex
p in B with degree 3 or more. Then there are two edges e; and es abutting at p
on the same side of p. We claim that e; cannot have points fixed by h arbitrarily
close to p (except for p itself). Otherwise one would have a fixed point y € e; such
that s(y) intersects es. Since ey is contained in a fixed leaf, ea N s(y) is fixed by
h. This implies (since h decreases stable length) that y is in es. Thus, by Claim
11.3, the intersection of e; and es would contain the segment [y, p], contradicting
the fact that they are distinct edges.

Thus, we can remove an open interval (p, z) from, say, e;, where z is fixed by
h but (p, z) has no fixed points. In the new tree, p has index one less than before
and z has index one.

Doing this recursively on each vertex of index strictly greater than 2, we will
obtain, as sought, a disjoint collection of intervals that also satisfy conditions (1)
and (2). O

Now we will look at the index of & on the fixed intervals J;, 1 < i < ig produced
by Claim 11.5. Note that for each such interval J; there are no other fixed points
of h nearby in L. Let ¢ be a leaf fixed by h containing J;.

If i is contracting on ¢ near both endpoints of J; on the outside then the index
of J; is +1. This is because the stable foliation is contracting under h = y™ o f™
(since m > 0). Hence h is contracting near J;. If h is expanding on both sides,
the index is —1. If one side is contracting and the other is expanding then the
index is zero.
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The global index for h can then be computed by adding the indexes of h on
each of the intervals J;, taking care of cancellations.

Let ¢, 1 < k < kg, be finitely many center leaves, fixed by h and containing
all the J;. We choose this collection to have the minimum possible number of
leaves.

Each leaf ¢i contains finitely many segments J;, so there are exactly two infinite
rays that do not contain any J;. The contribution of ¢; to the global index of
h (before possible cancellations) will then be —1 if both rays are expanding, 0 if
one is expanding while the other contracts and 1 if both are contracting.

Suppose for a contradiction, that there is at most one expanding ray in L. So
each cg, considered separately, has index either 0 or 1.

If there is an expanding ray, let ¢, be a leaf with an expanding ray. Otherwise
let ¢ be any leaf. Now we need to consider how the other leaves and the possible
cancellations impact the global index of h. Let ¢; be a leaf that intersect cj. If
¢; shares an expanding ray with ¢, then the other ray of ¢; is contracting, and
eventually disjoint from the corresponding ray of c¢;. The fixed set (if any) of
this ray in ¢; has index zero. If ¢; does not share an expanding ray with ¢, then
both rays of ¢; are contracting. The ray that is added to the same end as the
expanding ray of c; contributes index 1. The other ray contributes index 0. In
any case the index, starting at 0 or 1, does not decrease.

Now, if ¢, is another leaf that is disjoint from the set above, then both rays are
contracting and it contributes an index 1. So again the index does not decrease.

Thus, if there is at most one expanding ray, then the index of h is at least
0. This contradicts the fact that the index of h is 1 — p where p > 2, and thus
finishes the proof of Proposition 11.1. O

11.2. Periodic rays and boundary dynamics. Proposition 11.1 gave the ex-
istence of periodic rays that are coarsely expanding. Here we will show that
such a ray has a well-defined ideal point on the circle at infinity of the leaf,
and that it corresponds to the endpoint of a prong of the transverse regulating
pseudo-Anosov flow, $°, -
CS

As previously, we assume that we have a center stable leaf L € W

oo Stich

that there is a deck transformation ~ for which v o f™(L) = L for some m > 0.

We let Ly = J?m(L) and define 7y2: L — Lo the flow along Pes map. We also take
as before

h ::’yofm and ¢:=yoT.

Recall that h and g are maps of L that are a bounded distance from each other.
Also g preserves the (singular) foliations G® and G". We again assume that if g
has a fixed point xy in L then ~ is such that g preserves each of the prongs of
G*(x0) (resp. G (xo)).

The action of g on the circle at infinity S'(L1) has an even number of fixed
points, which are alternately contracting and repelling. We denote by P the set of
contracting fixed points and by N the set of repelling ones. With these notations,
we get the following.

Proposition 11.6. Let n: [0,00) — L be a contracting fized ray for h. Then
limy 00 1(t) emists in SY(L) and it is a (unique) point in N. (Symmetrically, if
1 is an expanding fized ray, its limit point belongs to P.)

Proof. Let y in P and U a small neighborhood of y in LU S*(L) as in [BFFP20b,
§8]. If n has a point ¢ in U N L, then h"(q) converges to y as n — 400, so n
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could not be a contracting ray, a contradiction. So 7 cannot limit on any point
in P. If z is in SY(L) ~ {N U P}, then h"(2) converges to a point in P under
forward iteration. Hence again a small neighborhood Z of z in L U S*(L) is sent
under some iterate inside a neighborhood U as in the first part of the proof. So
any point in Z N L converges to a point in P under forward iteration. Hence 7
cannot limit to a point in S(L) \ {N U P} either. So 1 can only limit on points
in N. Since 7 is properly embedded in L, the set of accumulations points of 7 is
connected, so it has to be a single point. O

12. MIXED CASE IN HYPERBOLIC MANIFOLDS

In this section we show that even in the non-dynamically coherent case, the
mixed behavior is impossible for hyperbolic 3-manifolds. This will be done by
using the study of translations in hyperbolic 3-manifolds developed in sections
10 and 11 to provide more information on the dynamics of general partially
hyperbolic diffeomorphisms.

The main result of this section is the following.

Theorem 12.1. Let f: M — M be a partially hyperbolic diffeomorphism ho-
motopic to the identity on a hyperbolic 3-manifold M. Suppose that there ex-
ists a finite lift and finite powerf of f that preserves two bmnching foliations
WS s Wi, and is such that a good lift f fixes a leaf of W Then, [ is a
discretized Anosov flow.

bran

12.1. The set up. Consider a partially hyperbolic diffeomorphism f as in The-
orem 12.1. _

Our goal is to show that the good lift f of f fixes every leaf of Wbran, Wbran
Indeed, Proposition 7.1 (and Corollary 7.5) then implies that f is dynamically
coherent, so we can then use [BFFP20b, Theorem B] to obtain that fis a dis-
cretized Anosov flow. In turns, thanks to Proposition 7.7, we obtain that f itself
is dynamically coherent and a discretized Anosov flow.

Since Proposition 7.7 allows us to use finite lifts and powers, we assume directly
that f = f , that W¢7, and WYL are orientable and transversely orientable and
that f preserves their orientations.

Since f is assumed to fix one leaf of Wbran, Proposmon 6.1 implies that every

leaf of Wbran is fixed. We will prove that every leaf of Wbran is fixed by f by
contradiction. So, by Proposition 6.1, we can assume that Wbran is R-covered and

uniform and that facts as a translation on the leaf space of Wbr .- In particular,

there are no center curves fixed by f

Then, we can apply Proposition 5.2 to Wi = to deduce that every periodic
center leaf is coarsely expanding.

On the other hand, since f acts as a translation on Wbran, we can use the
results from sections 10 and 11. Let ®.; be a regulating pseudo-Anosov flow
transverse to Wy, given by Proposition 10.1.

The flow &, is a genuine pseudo-Anosov, that is it admits at least one periodic
orbit which is a p-prong with p > 3 (see [BFFP20b, Proposition D.4)).

Now, we choose v in m (M), associated to this prong, and apply Proposition
10.3: Up to taking powers, we can assume that h := o f* for some k > 0 fixes
a leaf L of )/Vb]r - Moreover, the dynamics in L resembles that of the dynamics
of a p-prong, and in particular fixes every prong.
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Notice that Proposition 11.1 also provides some center rays which are expand-
ing in L for h. We will need to use some of the ideas involved in the proof of that
proposition (even though the statement itself will not be used).

We summarize the discussion above in the following proposition.

Proposition 12.2. Let f: M — M be a partially hyperbolic diffeomorphism
homotopic to the identity of a hyperbolic 3-manifold M preserving branching fo-
liations W3 v . Suppose that a good lift f fixes a leaf of W —and acts

bran’ ” Ybran-_ bran

bean- Then, up to taking finite iterates and covers, there

exists v € m (M) and k > 0 such that a center stable leaf L € WES s fized by

— bran
h := o f* and its Lefschetz index is Ipix(h)(h) =1—p with p > 3. Moreover,
every center curve fized by h in L is coarsely expanding.

as a translation on

Let v be as in the proposition. Let L be a center stable leaf fixed by h =0 fk
and Ly = f*(L). As previously, we write 7o: L — Ly for the map obtained by
flowing from L to Lo along 5. We set g :=yoT.

The map g acts on the compactification of L with its ideal circle LU S*(L) the
same way as h does (see sections 10 and 11).

Let  be the unique orbit of D, fixed by «v and let z be the (unique) intersection
of § with L. Note that x is the unique fixed point of g. Since we assume that
7 fixes the prongs of §, then h has exactly 2p fixed points in S1(L). These fixed
points are contracting if they correspond to an ideal point of G*(z) and expanding
if they are ideal points of G*(x).

12.2. Proof of Theorem 12.1. To prove Theorem 12.1 we will first show some

properties. Recall from Proposition 11.6 that every proper ray in L € Wﬁfan,
fixed by h has a unique limit point in S'(L) (notice that the ray must be either
expanding or contracting). We will show that the fixed rays associated to the

center and stable (branching) foliations have different limit points at infinity.

Lemma 12.3. Let s be a stable leaf in L which is fixed by h. Then the two rays
of s limit to distinct ideal points of L. The same holds if ¢ is a center leaf in L

fized by h.

Proof. We do the proof for the center leaf ¢, the one for stable leaves is analogous,
and a little bit easier (since there is no branching).

By hypothesis, cis fixed by h, hence it is coarsely expanding under h. It follows
that there are fixed points of h in ¢. By Proposition 11.6 each ray of ¢ can only
limit in a point in P C S*(L), where, as previously, P is the set of attracting
fixed points of h in S'(L). Let g1, g2 be the ideal points of the rays. What we
have to prove is that ¢; and ¢o are distinct.

Suppose that ¢; = g2. Then ¢ bounds a unique region S in L which limits only
in ¢q; € S'(L). The other complementary region of ¢ in L limits to every point
in SY(L). Let z be a fixed point of h in c. Then the stable leaf s(z) of z has a
ray s; entering S. It cannot intersect ¢ again, and it is properly embedded in L.
Hence it has to limit in ¢; as well. See Figure 10.

But now this ray is contracting for h. This contradicts Proposition 11.6 because
this ray should limit in a point of N. O

Remark 12.4. The proof used strongly that periodic center leafs are coarsely
expanding, in order to induce a behavior at infinity. In the examples of [BGHP17]
it does happen that different stable curves land in the same ideal point at infinity
in their center stable leaf.
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q1 L

FIGURE 10. Rays have to land in different points of S*(L).

Now we show a sort of dynamical coherence for fixed center rays.

Lemma 12.5. Suppose that c1,ca are distinct center leaves in L which are fized
by h. Then c1,co cannot intersect.

Notice that since f is not necessarily dynamically coherent, the distinct center
leaves c1, ¢ can a priori intersect each other. The proof will depend very strongly
on the fact that center rays fixed by h are coarsely expanding.

Proof. Suppose that ci, co intersect. Since ci,co are both fixed by h, so is their
intersection. Since h is coarsely expanding in each, then ¢y, co share a fixed point
of h. In the the proof of Claim 11.3, we showed that ¢; and co cannot form a
bigon B.

It follows that there is a point z, fixed by h, which is an endpoint of all
intersections of ¢; and c: On one side = bounds a ray e of ¢; and a ray ey of co
such that e; and e are disjoint. For a point y in e; near enough to x, we have
that s(y) must intersects co. Since stable lengths are contracting under powers
of h, it implies that e; is contracting towards x near x and similarly for es (see
figure 11). But e; is coarsely expanding. Hence there must exist fixed points of
h in ej. Let y € ey be the closest point to x which is fixed by h. Similarly, let z
in eg closest to x fixed by h.

The leaves s(y), s(z) are not separated from each other in the stable leaf space
in L.

Let now ¢ be a center leaf through x, which is between ¢; and ¢, and which is
the first center leaf not intersecting s(y). Then h(c) = c¢. In addition ¢ has a ray
e with endpoint x and intersecting only stable leaves which intersect c¢; between
x and y. It follows that this ray is contracting under h, contradicting Proposition
12.2, because this is fixed by h. O

Thus far, we showed that distinct center leaves in L, which are fixed by h
do not intersect. Then, the proof of Claim 11.4 also implies that fixed center
leaves cannot accumulate (as accumulation would imply that some fixed leaves
intersect).
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FIGURE 11. Showing the existence of fixed points below x in Lemma 12.5.

We conclude that there are finitely many center leaves in L that are fixed under
h. Each such center leaf is coarsely expanding. For each such center leaf ¢, we
consider a small enough open topological disk containing all the fixed points of A
in ¢, and no other fixed point of h in L. Then, on such disks, the Lefschetz index
of h is —1. Since the total Lefschetz number of A in L is 1 — p it follows that:

Lemma 12.6. There are exactly p — 1 center leaves which are fized by h in L.

This together with the following lemma will allow us to make a counting ar-
gument to reach a contradiction.

Lemma 12.7. Let ¢q, co be two distinct center leaves in L fixed by h. Let y1 € 1
and ya € co be fized points of h. Then s(y1) and s(y2) do not have common ideal
points.

Proof. Suppose, for a contradiction, that there are distinct fixed center leaves ¢y,
co satisfying the following: There are points y; € ¢1 and ys € co, fixed by h, such
that s; = s(y1) and sy = s(y2) share an ideal point in S*(L).

Let g be the common ideal point of the corresponding rays of s; and s3. Let e;
be the ray in s; with endpoint y; and ideal point g. Suppose first that no center
leaf intersecting e intersects es. Let cg be a center leaf intersecting e;. Iterate cg
by powers of h~!. Tt pushes points in s; away from y;. Since the leaves h~(cg)
all intersect s; and none of them intersect sz, the sequence (h~%(cp)) converges
to a collection of center leaves as ¢ — +o0o0. Then there is only one center leaf
in this limit, call it ¢, which separates all of h=%(cy) from so. This ¢ is invariant
under A, but it has an ideal point in ¢. Now ¢ is a repelling fixed point, so ¢ must
have an attracting ray, a contradiction.

It follows that some center leaf intersecting e; also intersects es. Let ¢y be one
such center leaf. Now iterate by positive powers of h. Then (hf(cy)) converges
to a fixed center leaf v; through y; and a fixed center leaf vy through y.. But
then v; and c¢; are both fixed by A and both contain y;. Lemma 12.5 implies
that ¢; = v1 and co = vo. In particular vy # v, and they are non separated from
each other. In this case, consider s the unique stable leaf defined as the first leaf
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FIGURE 12. A depiction of the main objects in the proof of Lemma 12.7.

not intersecting c¢; that separates s; from ss. Then, as above, h fixes s and has
a fixed point y in s. But a center leaf ¢ through y fixed by h has to intersect
the interior of the ray e;. This intersection point is the intersection of ¢ fixed
by h, and s; fixed by h. So this intersection point is fixed by A. But this is a
contradiction, because y; is the only fixed point of A in s;. So Lemma 12.7 is
proven. O

We now can complete the proof of Theorem 12.1.

Proof of Theorem 12.1. By Lemma 12.6, there are p — 1 center leaves fixed by h
in L. We denote them by c1,...,cp—1.

Each center leaf has at least one fixed point. Let y;, 1 < i < p—1 be a fixed
point in ¢;. Then, for each i, Lemma 12.3 states that s(y;) has two distinct ideal
points le and zf

Moreover, for every i # j, the ideal points of the stable leaves are distinct by
Lemma 12.7. Tt follows that there are at least 2p — 2 distinct points in S*(L)
which are repelling.

But we also know that there are exactly p points in S'(L) that are repelling
under h. It follows that 2p — 2 < p, which implies p = 2. However, we had that
p > 3, thus obtaining a contradiction.

This finishes the proof of Theorem 12.1. O

APPENDIX A. SOME 3-MANIFOLD TOPOLOGY

Besides the 3-manifold topology presented in [BFFP20b, Appendix A] we will
need an additional result important to understand certain particular deck trans-
formations when one lifts to finite covers.

Lemma A.1. Let M be a closed, irreducible 3-manifold with fundamental group
that is not virtually nilpotent. Suppose that 8 is a non trivial deck transformation



PARTIAL HYPERBOLICITY IN 3 MANIFOLDS II 59

so that d(x, 5(z)) is bounded above in M. Then M 'is a Seifert fibered space and
B represents a power of a reqular fiber.

Proof. First we assume that M is orientable. Then, the JSJ decomposition states
that M has a canonical decomposition into Seifert fibered and geometrically
atoroidal pieces. We lift this to a decomposition of M and construct a tree
T in the following way: The vertices are the lifts of components of the torus
decomposition of M, and we associate an edge if two components intersect along
the lift of a torus. Such a lift of a torus is called a wall. There is a minimum
separation distance between any two walls.

The deck transformation J acts on this tree. Let W be a wall. Suppose that
B(W) is distinct from . But, as subsets of M, the walls W, (W) are a finite
Hausdorff distance from each other. Then 7(W), w(8(W)) are tori in M, and the
region V in M between W, 3(W) projects to m(V') which is T2 x [0,1] in M. If
this happens then M is a torus bundle over a circle. In that case, use that w1 (M)
is not virtually nilpotent, so the monodromy of the fibration is an Anosov map
of T2. But then no 3 as above could satisfy the bounded distance property. It
follows that B(W) = W for any wall, and in particular 3(P) = P for any vertex
of T.

Now consider a vertex P. Suppose first that 7(P) is homotopically atoroidal.
By the Geometrization Theorem, 7 (P) is hyperbolic. If 8 restricted to P were
to satisfy the bounded distance property, then it would have to be the identity
on P. Hence f itself is the identity, contradiction.

Hence all the pieces of the torus decomposition of M are homotopically toroidal.
Suppose now that there is one such piece 7(P) that is geometrically atoroidal
(but not homotopically atoroidal). The proof of the Seifert fibered conjecture
([CJ94, Gab92]) shows that 7(P) has no boundary and w(P) is Seifert. In other
words, M = 7(P) is Seifert. So we can assume that all the pieces of the torus
decomposition are geometrically toroidal. Then they are all Seifert fibered. Thus
M is a graph manifold.

We will show that the torus decomposition of M is in fact trivial, proving that
M is Seifert fibered. Suppose it is not true. Then the tree 7 is infinite. Let
Py, Py, P3 be three consecutive Nvertices in 7. Let W7 be the wall between P; and
P,. Then B(W7) (as a set in M) is a bounded distance from W; and sends the
Seifert fibration of P in W to lifts of Seifert fibers. It follows that 8 = dfay
where 0; represents a regular fiber in 7(P;), and «; is a loop in 7(W;). Similarly
if Wy is the wall between P and P3 then 8 = dias where as is a loop in 7(W3).
Then aq, a3 are both in the boundary of w(FP,). The loops representing 5’fa1,
5§a3 are both in the boundary of 7w(P2). They represent the same element of
m1(M) only when k = ¢ = 0 and a1, a3 are freely homotopic. That means that
P, is a torus times an interval, which is impossible in the torus decomposition in
our situation as explained above.

It follows now that the torus decomposition of M is trivial, which implies that
M is Seifert fibered. Moreover, if the base is not hyperbolic, then m (M) is
virtually nilpotent ([Sco83, Theorem 5.3]). But this contradicts the hypothesis
of the lemma.

It follows that the base is hyperbolic. Also 5 induces a transformation in the
universal cover of the base that is a bounded distance from the identity. This
can only happen if this transformation is the identity. Therefore 8 represents
a power of a regular Seifert fiber in M (notice that non-regular fibers induce a
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finite symmetry on the base, thus not the identity, and not a bounded distance
from the identity).

So the Lemma is proven when M is orientable. If M is not orientable, then it
has a double cover My which is orientable. Now 32 lifts to an element of 71 (M)
that satisfies the assumption of the lemma. So we can apply the result to Ms and
obtain that My is Seifert. Thus M is doubly covered by a Seifert space, which,
by a result of Tollefson [Tol78], implies that M itself is Seifert fibered. It follows
that 5 corresponds to a power of a regular fiber. This finishes the proof of the
lemma. O

APPENDIX B. MINIMALITY AND f-MINIMALITY

We prove that in certain situations minimality is equivalent to f-minimality.
We need the following result which is of interest in itself.
Lemma B.1. Let L{® be the leaf space of ngan. Let B C L{® be a closed set of
leaves. Suppose that, for all x € M, there exists a leaf L € B containing x. Then
B=Lp.
Proof. The lemma is obvious when W7, is a true foliation (and one does not

need to require B to be closed). However, when W7 = has some branching, one

could possibly have a union of leaves that cover all of M without using all the

leaves of W¢$

bean- Tor closed sets of leaves we show this is not possible.

Let L be a leaf of Wi, , # a point in L and 7 an open unstable segment

through x. The set of leaves of Wy, = intersecting 7 is isomorphic to an open

interval. Using the transversal orientation to Wﬁfan, we can put an order on this
interval.

By our assumption, every point in 7 intersects a leaf in B. Let L’ be the
supremum of leaves in B, intersecting 7 and smaller than or equal to L. Since B
is closed, we have L' € B. Notice that z is in both L and L.

We claim that L' = L. If L is not equal to L’ then they branch out. Let y
be a boundary point of LN L'. Let z € L', with z ¢ L be close enough to y so
that its unstable leaf u(z) intersects L. Now take any point w € u(z) in between

z and L Nu(z). Any leaf L1 € W5, that contains w must contain y. Hence

(because leaves do not cross), Li also contains x. By definition, it is above L',
thus L is not in B. Since this is true for any leaf through w, it contradicts our

assumption. O
Lemma B.2. When Wy, does not have compact leaves, then f-minimality of
oo 18 equivalent to minimality of VWS .

Proof. Note that minimality obviously implies f-minimality, so we only need to
show the other implication.

Suppose that Wy, is not minimal and let C' be the union of a set of WP
leaves which is closed and not M. Let WS be an approximating foliation, with
approximating map h¢ sending leaves of WS to those of W. Then (h¢*)~1(O)
is a set which is a union of W¢* leaves, which is closed and not M. In particular
it contains an exceptional minimal set D. By [HH87, Theorem 4.1.3] the actual
foliation W¢* has finitely many exceptional minimal sets B, ..., Bi. The union
B of these is not M because D # M. The set of leaves in B is a closed set of

leaves denoted by B. Then A = h¢*(B) is a closed subset of M, and A = h¢*(B) is
a closed set of leaves, being the image by h¢® of the leaves in B. Let A = 771(A),
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we stress that this is on the leaf space level, not in terms of sets. This is a closed
subset of L£7°.

Let A; := h¢*(B;). Every leaf of W2 = which is the image of a leaf in B; is
dense in A;. Using this, it is easy to see that f(A) = A. By f-minimality it
follows that A = M.

Since A = M then A is a closed subset of Ly, whose union of points in all

leaves of A is M as A = M. Lemma B.1 implies that A= L. Hence for each
leaf £ of Wy, , it is the image of a leaf F' in some B;. Conversely every leaf of
WE® maps by he® to a leaf of W? .

For each leaf E of W¢5, . its preimage (h¢®)~!(E) is a closed interval of leaves
of W¢*. No leaf in the interior of the interval can be in a B; as it is a minimal
set. It follows that the complementary regions of B in M are I-bundles. These
can be collapsed to generate another foliation C. Since the B; were minimal sets
of WE?, then the collapsing of each of these is a minimal set of C. Since the union
is all of M, there can be only one such minimal set, so W& is minimal.

But this contradicts the fact that D is an exceptional minimal set of W&, [

We state the following criteria for dynamical coherence (which in this setting
is quite obvious).

Proposition B.3 (Proposition 1.6 and Remark 1.10 in [BWO05]). Assume that
f is a partially hyperbolic diffeomorphism admitting branching foliations Vg3

bran
CU
and bran and assume that

e no two different leaves of Wy, | intersect,

e no two different leaves of Wy = intersect.

Then, f is dynamically coherent.

APPENDIX C. THE LEFSCHETZ INDEX

Here we define the Lefschetz index and give the main property that we used.
We refer to the monograph by Franks [Fra82, Section 5] for details and other
references.

For any space X and subset A C X, we denote by Hi(X, A) the k-th relative
homology group with coefficients in Z.

Definition C.1. Let V C R* be an open set and F: V C R¥ — RF be a
continuous map such that the set of fixed point of F' is I' C V, a compact
set. Then the Lefschetz index of F, denoted by Ip(F') is an element in Z =2
Hp(RF, RF—{0}), defined as follows. It is the image by (id— F),: Hy(V,V -T) —
Hi.(RF, RF — {0}) of the class ur, where ur itself is the image of the generator 1
under the composite Hy(R*¥ R¥ — D) — Hp(RF, R —T) = Hy(V,V —T). Here
D is a ball containing T'.

It is easy to see that if I' = Fix(F') =T'1 U---UT';, where I'; are compact and
disjoint then I (F) = >4 Ir(F). Here Ip(F) is the index restricted to an open
set V; of V' which does not intersect the other I'y,, see [Fra82, Theorem 5.8 (b)].

This technical definition works well with the standard examples. For a sin-
gle hyperbolic fixed point ¢, the index at ¢ is exactly sgn(det(id — DyF')) (see
[Fra82, Proposition 5.7]), where det is the determinant, and sgn is the sign of the
determinant. Hence in dimension 2 the index of a hyperbolic fixed point when
the orientation of the bundles is preserved is —1. This can be generalized to a
p-prong hyperbolic fixed point to obtain that the index is 1 — p. This is because
the index is invariant by homotopic changes. A p-prong can be easily split into
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p— 1 distinct hyperbolic points which are differentiable. In addition for any fixed
set which behaves locally as a hyperbolic fixed point, the index is the same as
the hyperbolic fixed point.

The main property we use is the following.

Proposition C.2 (Theorem 5.8(c) of [Fra82]). Let P be a topological plane
equipped with a metric d. Let g,h: P — P be two homeomorphisms. Suppose
that there exists R > 0 such that:

e For every x € P, one has that d(g(x),h(z)) < R;
o There is a disk D such that, for every x ¢ D, one has that d(x,g(z)) >
2R.

Then, the total index Iyix(g)(9) = Irix(n)(h)-

See also [KH95, Section 8.6] for an alternate presentation of the Lefschetz
index.
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