A GLOBAL UNIFORMLY CONVERGENT FINITE ELEMENT METHOD FOR A QUASILINEAR SINGULARLY PERTURBED ELLIPTIC PROBLEM

JICHUN LI^∗ AND I.M. NAVON^†

Abstract. In this paper, we construct a bilinear finite element method based on a special piecewise uniform mesh for solving a quasilinear singularly perturbed elliptic problem in two space dimensions. A quasi-optimal global uniform convergence rate O(N^{−2}_x ln^2 N_x + N^{−2}_y ln^2 N_y) was obtained, which is independent of the perturbation parameter. Here N_x and N_y are the number of elements in the x- and y-directions, respectively.

Key words. finite element method, singular perturbation, uniformly convergent

AMS subject classifications. 65N30, 35J60, 58G18

1. Introduction. Singularly perturbed problems (SPP) appear in many branches of applied mathematics, for example, in fluid mechanics [33], chemical kinetics [34], biochemical kinetics [15, Ch.10] and system control [16, 20, 34] etc. Such problems arise naturally when there are sudden transitions from certain physical characteristics to others. These transitions can occur either inside a very thin layer near the boundary or inside the problem domain. Such a thin layer is called the boundary layer or internal layer. These layers make the problem very difficult to solve both analytically [6, 17, 34] and numerically [18, 19, 25, 3].

While a sizable amount of work has been carried out using methods, such as finite difference methods [21, 18], spectral methods [2, 22, 9], finite volume methods [19, 10], finite element methods (FEM) [1, 24, 8, 25], to name but a few, a large number of unsolved problems still remains to be addressed. For example, by using the standard bilinear FEM to solve the simple reaction-diffusion problem:

−ε^2 △ u + u = f(x, y), in Ω ⊆ R^2, u|_{∂Ω} = 0,

where 0 < ε ≪ 1 is a perturbation parameter, we have the following global error estimates: ||u − u_h||_ε ≤ C(ε + h)h||u||_H2_{(Ω)}, where ||u||_ε = (ε^2||∇u||^2_{L2(Ω)} + ||u||^2_{L2(Ω)})^{1/2}. By simple calculation, we have ||u||_H2_{(Ω)} ≤ Cε^{−2}||f||_L2_{(Ω)} [26, Lemma 2.1], hence to ensure global convergence, the mesh size h must be in the order of o(ε). However, ε can often be as small as 10^{−8}, in which case, h must be of order o(10^{−8}), which is very impractical. Hence much research work focused only on local error estimates [35, 36]. However the global uniformly convergent (GUC) method is still very fascinating, since the error estimate is independent of the perturbation parameter ε. In the following, we will focus on GUC schemes obtained by FEM. As for other discretization methods, details can be found in the above mentioned references.

It is well known that a global uniform convergence can be achieved by the exponential fitted FEM [30, 24]. However they are complicated to use and have a very low

∗ Texas Institute for Computational and Applied Mathamatics, TAY 2.400, University of Texas at Austin, Austin, TX 78712 (jli@ticam.utexas.edu).

†Corresponding author. Department of Mathematics and Supercomputer Computations Research Institute, Florida State University, Tallahassee, FL 32306 (navon@scri.fsu.edu). 1

convergence rate, e.g., which is ||u − u_h||_ε ≤ ch^{1/2} [30, 24] for the convection-diffusion model −ε △ u + b · ∇u + cu = f in Ω ⊆ R^2, u|_{∂Ω} = 0. Another type of uniform convergence was achieved for some very simple models by using hp FEM [28]. This method is very complicated and it is now only applied for the one space dimensional reaction-diffusion model [28]. Recently, almost optimal uniform convergence results were achieved by FEM on some specially designed piecewise uniform meshes [11, 32, 23], a method which was introduced by Shishkin [29]. This type of mesh specifies a fine uniform mesh inside part, but not all of the boundary layer and coarse uniform mesh elsewhere a priori, yet it still yields global convergence that is independent of ε. Such a mesh is very easy to implement, but the aforementioned studies were restricted only to one space dimensional problems until 1996 as evidenced by [24, p. 717]: ”These meshes work well for a wide range of one-dimensional problems. In two or more dimensions, however, the analysis of finite element methods on Shishkin meshes is an open question;”. Also [25, p. 278]: ”Finite element methods that use Shishkin meshes in two or more dimensions have not been explored in the literature.” To our best knowledge, the only available analysis for two space dimensional problems by using FEM on such piecewise uniform meshes are [14, 31] for the convection-diffusion type problem, [13] for the reaction-diffusion problem and [12] for the anisotropic model problem.

In this paper, we will consider the following quasilinear singularly perturbed elliptic problem:

ε^2 △ u = F (u, x, y), in Ω = (0, 1) × (0, 1)

(1.1) u = 0 on ∂Ω.

(1.2)

This problem was once discussed by Boglaev [4], where a nonlinear finite difference scheme was constructed. But the uniform convergence rate at the nodal points is only O(N^{−1/2}), where N is the total number of grid points. A similar problem was discussed in [26, p. 82], where only abstract error estimates were presented. Hereby by using the techniques developed in [12, 13, 14], we construct a bilinear FEM for solving the problem (1.1)(1.2) on a piecewise uniform mesh, where the quasi-optimal global uniform convergence

||u − u_h||_L2_{(Ω)} ≤ C(N^{−2}_x ln^2 N_x + N^{−2}_y ln^2 N_y)

is obtained. Here u_h denotes the FEM solution of (3.2), and N_x and N_y are the number of elements in the x- and y-directions, respectively.

The organization of this paper is as follows. In §2, we present the asymptotic expansion and the derivative estimates for the solution of (1.1)(1.2). Then a piecewise uniform mesh and a bilinear finite element scheme are constructed in §3. The quasi-optimal uniform convergence is proved in §4. Finally, an iterative scheme for solving the resulting nonlinear finite element system equations is presented in §5.

Throughout the paper, C will denote a generic positive constant, which is independent of the mesh size and the perturbation parameter ε. Also we use the notation || · ||_{∞,τ} for the L^∞ norm on τ, and || · || for the L^2 norm on Ω.

2. The asymptotic expansion and derivative estimates. The asymptotic expansion for the problem (1.1)(1.2) is based on the work of Denisov [5], where F was assumed to be dependent on ε and in the form of A(u^2 + pu + q). For simplicity, hereby we assume F is independent of ε. Also the coefficients A, p and q depend on x and y, and are assumed to be sufficiently smooth. Also the following conditions are assumed [5, p.1342]:

(A1) The equation F (u, x, y) = 0 has a solution u = u_0(x, y) in Ω. (A2) The derivative of F satisfies m_2 ≥ F_u(u(x, y), x, y) ≥ m_1 > 0 in Ω. Under the above assumption, Denisov obtained:

Lemma 2.1. [5, p.1349] Denote the n-th order asymptotic expansion U_n(x, y, ε) = n∑ k=0 ε^k(u_k + Π^{(1)}_k + · · · + Π^{(4)}_k + P^{(1)}_k + · · · + P^{(4)}_k )

(2.1)

Then we have max_Ω |u(x, y, ε) − U_n(x, y, ε)| = O(ε^{n+1}) as ε → 0, (2.2)

where

Π^{(1)} = Π^{(1)}(x, η), η = y/ε, Π^{(2)} = Π^{(2)}(ξ, y), ξ = x/ε, Π^{(3)} = Π^{(3)}(x, η_∗), η_∗ = (1 − y)/ε, Π^{(4)} = Π^{(4)}(ξ_∗, y), ξ_∗ = (1 − x)/ε, P^{(1)} = P^{(1)}(ξ, η), P^{(2)} = P^{(2)}(ξ, η_∗), P^{(3)} = P^{(3)}(ξ_∗, η_∗), P^{(4)} = P^{(4)}(ξ_∗, η).

The additional details for each term are presented in the following.

u_k(x, y) is the regular part of the asymptotic form. It satisfies the following equations: F (u_0(x, y), x, y) = 0, F_u(u_0(x, y), x, y)u_k(x, y) = G_k(u_0(x, y), · · · , u_{k−1}(x, y)), k = 1, 2, · · · , n, where the functions G_k depends on u_j (x, y), where j < k.

The functions Π^{(i)}_k eliminate the discrepancies on the four sides of Ω. Π^{(1)}_0 satisfies:

∂^2Π^{(1)}_0 ∂η^2 = F (u_0(x, 0) + Π^{(1)}_0 (x, η), x, 0)

Π^{(1)}_0 (x, 0) = −u_0(x, 0), Π^{(1)}_0 (x, ∞) = 0

from which the solution is defined uniquely, and has the estimate [5, (2.2)]: |Π^{(1)}_0 (x, η)| ≤ Ce^{−αη} (2.3)

where α > 0 is a constant.

Π^{(1)}_k , k ≥ 1, satisfies:

∂^2Π^{(1)}_k ∂η^2 = F (u_0(x, 0) + Π^{(1)}_0 (x, η), x, 0)Π^{(1)}_k + π^{(1)}_k

Π^{(1)}_k (x, 0) = −u_k(x, 0), Π^{(1)}_k (x, ∞) = 0

where π^{(1)}_k depend on Π^{(1)}_j , where j < k. Also Π^{(1)}_k (x, η) have estimates of (2.3).

The other boundary correction functions Π^{(2)}_k , Π^{(3)}_k , Π^{(4)}_k , k ≥ 0, are determined similarly. They all have estimates of the type (2.3).

The functions P^{(i)}_k eliminate the discrepancies near the four corners of Ω, introduced by the Π-functions. P^{(1)}_0 satisfies the following relation [5, p.1344]:

∂^2P^{(1)}_0 ∂ξ^2 + ∂^2P^{(1)}_0 ∂η^2 = P^{(1)}_0 F

P^{(1)}_0 (0, η) = −ω(η), P^{(1)}_0 (ξ, 0) = −ω(ξ), P^{(1)}_0 (ξ, η) → 0 as (ξ + η) → 0.

Here P^{(1)}_0 F = F (u_0 + ω_1 + ω_2 + P^{(1)}_0 ) − F (u_0 + ω_1) − F (u_0 + ω_2), where F (u) is a short hand notation of F (u, 0, 0) and u_0 = u_0(0, 0), ω_1 = Π^{(1)}_0 (0, η) = ω(η), ω_2 = Π^{(2)}_0 (ξ, 0) = ω(ξ), and ω(t) is a solution of the problem

d^2ω dt^2 = F (u_0 + ω), ω(0) = −u_0, ω(∞) = 0.

(2.4)

Also P^{(1)}_0 (ξ, η) is bounded by |P^{(1)}_0 (ξ, η)| ≤ Ce^{−α(ξ+η)}. (2.5)

The function P^{(1)}_k , k ≥ 1, satisfies the following:

∂^2P^{(1)}_k ∂ξ^2 + ∂^2P^{(1)}_k ∂η^2 = F_u(u_0 + ω_1 + ω_2 + P^{(1)}_0 )P^{(1)}_k + h^{(1)}_k

P^{(1)}_k (0, η) = −Π^{(1)}_k (0, η), P^{(1)}_k (ξ, 0) = −Π^{(2)}_k (ξ, 0), P^{(1)}_k (ξ, η) → 0 as (ξ + η) → 0.

The functions h^{(1)}_k here depend on P^{(1)}_j , where j < k. Also the solution P^{(1)}_k exists and has an estimate of the type (2.5).

The other corner correction functions P^{(2)}_k , P^{(3)}_k , P^{(4)}_k , k ≥ 0, are determined in the same way. They all have estimates of the type (2.5).

¿From Boglayev [4], we have the following estimates:

Lemma 2.2. [4, Lemma 1] For the solution u(x, y) ∈ C^0(Ω) ∩ C^2(Ω) of the problem (1.1)(1.2), we have max (x,y)∈Ω |u(x, y)| ≤ m^{−1}_1 max_{(x,y)∈Ω} |F (u(x, y), x, y)|. (2.6)

Lemma 2.3. [4, Lemma 2] Let u(x, y) ∈ C^2(Ω) ∩ C^4(Ω) be the solution of the problem (1.1) (1.2). Then the derivatives of u satisfy the following error estimates: (I) |u_xn (x, y)| ≤ C(1 + ε^{−n}e^{−βxε} + ε^{−n}e^{−β(1−x)ε} ) on Ω , (II) |u_yn (x, y)| ≤ C(1 + ε^{−n}e^{−βyε} + ε^{−n}e^{−β(1−y)ε} ) on Ω, where 0 < β < m^{1/2}_1 , and n = 1, 2.

Even though α is not clearly stated in Denisov [5], it is not difficult to see from his proof and Boglayev’s proof [4] that α can be any constant such that 0 < α < m^{1/2}_1 .

3. The mesh and scheme. Since this problem has boundary layers located along all sides of the rectangle of Ω, our piecewise uniform mesh can be constructed in the same way as we did for the linear problem [13]. Details can be found there.

Assume that the positive integers N_x and N_y are divisible by 4, where N_x and N_y denote the number of elements in the x- and y-directions, respectively. In the x-direction, we first divide the interval [0, 1] into the subintervals

[0, σ_x], [σ_x, 1 − σ_x], [1 − σ_x, 1] .

Uniform meshes are then used on each subinterval, with N_x/4 points on each of [0, σ_x] and [1 − σ_x, 1], and N_x/2 points on [σ_x, 1 − σ_x], where σ_x = 2α^{−1}ε ln N_x. Here for simplicity, we assume that σ_x ≤ 1/4, since we are considering SPP where ε is very small.

In the y-direction, we follow the same method described above by dividing the interval [0, 1] into the subintervals

[0, σ_y], [σ_y , 1 − σ_y ], [1 − σ_y, 1] .

Uniform meshes are then used on each subinterval, with N_y/4 points on each of [0, σ_y] and [1 − σ_y , 1], and N_y/2 points on [σ_y , 1 − σ_y], where σ_y = 2α^{−1}ε ln N_y.

Let I_i = [x_{i−1}, x_i], I = [0, 1], Ĩ_i = I_i × I, h = max_{1≤i≤Nx} h_i , K_j = [y_{j−1}, y_j ], K̃_j = I × K_j and k = max_{1≤j≤Ny} k_j . Here h_i = x_i − x_{i−1} and k_j = y_j − y_{j−1}.

The weak formulation of (1.1)(1.2) is: Find u ∈ H^1_0 (Ω) such that ε^2(∇u, ∇v) + (F (u, x, y), v) = 0, ∀v ∈ H^1_0 (Ω), (3.1)

where (·, ·) denote the usual L^2(Ω) inner product and H^1_0 (Ω) is the usual Sobolev space.

Let S_h(Ω) be the ordinary bilinear finite element space [27]. Let

Πw ≡ N_x∑

i=0

N_y∑

j=0 w_{ij} l_i(x)l_j (y)

be the standard bilinear interpolate of w, where Π_x and Π_y are the interpolants in the x- and y- directions respectively. Here l_i(x) is the so called linear finite element function [27]. We seek the finite element solution u_h ∈ S_h(Ω) such that

ε^2(∇u_h, ∇v_h) + (F (u_h, x, y), v_h) = 0, ∀v_h ∈ S_h(Ω),

(3.2)

Let us recall some results in [27], which will be used in this paper. Lemma 3.1. [27, Theorem 2.1] Πw = Π_xΠ_y w = Π_yΠ_xw . Lemma 3.2. [27, Theorem 2.6] ‖w − Π_xw‖_{∞,Ĩi} ≤^1_8 h^2_i ‖w_{xx}‖_{∞,Ĩi} . Lemma 3.3. [27, Lemma 2.1] ‖Π_xu‖_{∞,Ĩi} ≤ max_{y∈I} (|u(x_{i−1}, y)|, |u(x_i, y)|) , ‖Π_xu‖_{∞,Ω} ≤ ‖u‖_{∞,Ω} .

The results obtained in Lemmas 3.2 and 3.3 hold true for the interpolant Π_y in the y-direction.

4. Main results. Using the techniques developed in [13, 14], we can obtain the following interpolation estimates:

Lemma 4.1. For a sufficiently smooth solution u of (1.1)(1.2) and any integer n ≥ 0, we have (I) ‖u − Π_xu‖_{∞,Ĩi} ≤ C(N^{−2}_x ln^2 N_x + ε^{n+1} + n∑ k=0 ε^kN^{−2}_x ), ∀i = 1, · · · , N_x ,

(II) ‖u − Π_y u‖_{∞,K̃j} ≤ C(N^{−2}_y ln^2 N_y + ε^{n+1} + n∑ k=0 ε^kN^{−2}_y ), ∀j = 1, · · · , N_y .

Proof. For i = 1, · · · , i_0, N_x − i_0 + 1, · · · , N_x, by Lemmas 2.3 and 3.2, we have ‖u − Π_xu‖_{∞,Ĩi} ≤ Ch^2_i ‖u_{xx}‖_{∞,Ĩi} ≤ Ch^2_i max_{x∈Ii} (1 + ε^{−2}e^{−βxε} + ε^{−2}e^{−β(1−x)ε} ) ≤ Ch^2_i (1 + ε^{−2}) ≤ CN^{−2}_x ln^2 N_x , since h_i = 4σ_x/N_x in this case. Hence (I) is true in this case.

For i = i_0 + 1, · · · , N_x − i_0, in which case [x_{i−1}, x_i] ⊆ [σ_x, 1 − σ_x]. We can write Π_xu as Π_xu = Π_xU_n + Π_x(u − U_n)

(4.1)

By Lemmas 3.3 and 2.1, we have ||(u − U_n) − Π_x(u − U_n)||_{∞,Ĩi} ≤ 2||u − U_n||_{∞,Ĩi} ≤ Cε^{n+1} (4.2) In the following, we will estimate Π_xU_n by using the asymptotic expansion (2.1). Note that u_k(x, y) are independent of ε, by Lemma 3.2, we have ‖u_k(x, y) − Π_xu_k(x, y)‖_{∞,Ĩi} ≤ Ch^2_i ‖(u_k(x, y))_{xx}‖_{∞,Ĩi} ≤ CN^{−2}_x , (4.3) where in the last step we used the fact that N^{−1}_x ≤ h_i ≤ 2N^{−1}_x , for i = i_0 + 1, · · · , N_x − i_0.

By the same arguments, we obtain ‖Π^{(1)}_k (x, η) − Π_xΠ^{(1)}_k (x, η)‖_{∞,Ĩi} ≤ CN^{−2}_x .

(4.4)

‖Π^{(3)}_k (x, η_∗) − Π_xΠ^{(3)}_k (x, η_∗)‖_{∞,Ĩi} ≤ CN^{−2}_x .

(4.5)

By Lemma 3.3, we have

‖Π^{(2)}_k (ξ, y) − Π_xΠ^{(2)}_k (ξ, y)‖_{∞,Ĩi} ≤ 2‖Π^{(2)}_k (ξ, y)‖_{∞,Ĩi}

(4.6) ≤ Ce^{−αξi−1} ≤ Ce^{−ασx/ε} = CN^{−2}_x . (4.7)

Similarly, we have ‖Π^{(4)}_k (ξ_∗, y) − Π_xΠ^{(4)}_k (ξ_∗, y)‖_{∞,Ĩi} ≤ CN^{−2}_x .

(4.8)

By Lemma 3.3, we have ‖P^{(1)}_k (ξ, η) − Π_xP^{(1)}_k (ξ, η)‖_{∞,Ĩi} ≤ 2‖P^{(1)}_k (ξ, η)‖_{∞,Ĩi} (4.9) ≤ Ce^{−αξi−1} ≤ Ce^{−ασx /ε} = CN^{−2}_x . (4.10)

Using the same reasoning, we can obtain ‖P^{(2)}_k (ξ, η_∗) − Π_xP^{(2)}_k (ξ, η_∗)‖_{∞,Ĩi} ≤ CN^{−2}_x ,

(4.11) ‖P^{(3)}_k (ξ_∗, η_∗) − Π_xP^{(3)}_k (ξ_∗, η_∗)‖_{∞,Ĩi} ≤ CN^{−2}_x ,

(4.12) ‖P^{(4)}_k (ξ_∗, η) − Π_xP^{(4)}_k (ξ_∗, η)‖_{∞,Ĩi} ≤ CN^{−2}_x .

(4.13)

By combining the above inequalities, we have ||U_n − Π_xU_n||_{∞,Ĩi} ≤ C n∑ k=0 ε^kN^{−2}_x ,

(4.14)

which together with (4.2) concludes our proof.

The proof of (II) can be carried out in the same way as (I). Therefore, we have Lemma 4.2. For the solution u of (1.1)(1.2) and any integer n ≥ 0, we have

‖u − Πu‖_{∞,Ω} ≤ C(N^{−2}_x ln^2 N_x + N^{−2}_y ln^2 N_y + ε^{n+1} + n∑ k=0 ε^k(N^{−2}_x + N^{−2}_y )).

Proof. By Lemmas 3.1, 3.2 and 4.1, we have ‖u − Πu‖_{∞,Ω} ≤ ‖u − Π_xu‖_{∞,Ω} + ‖Π_x(u − Π_yu)‖_{∞,Ω} ≤ ‖u − Π_xu‖_{∞,Ω} + ‖u − Π_yu‖_{∞,Ω} (4.15) ≤ max 1≤i≤N_x ‖u − Π_xu‖_{∞,Ĩi} + max_{1≤j≤Ny} ‖u − Π_yu‖_{∞,K̃j} (4.16) ≤ C(N^{−2}_x ln^2 N_x + N^{−2}_y ln^2 N_y + ε^{n+1} + n∑ k=0 ε^k(N^{−2}_x + N^{−2}_y ))

(4.17)

which concludes our proof.

Theorem 4.3. Let u_h be the finite element solution of (3.2), and u be the analytic solution of (1.1)(1.2). Then we have ‖u − u_h‖ ≤ C(1 + εN_x + ε^{1/2}N_x ln^{−1/2} N_x + εN_y + ε^{1/2}N_y ln^{−1/2} N_y)‖u − Πu‖_{∞,Ω}.

(4.18)

Proof. By subtracting (3.2) from (3.1), we have ε^2(∇(u − u_h), ∇v_h) + (F (u, x, y) − F (u_h, x, y), v_h) = 0, ∀v_h ∈ S_h(Ω) (4.19) By the mean value theorem, we can rewrite (4.19) as ε^2(∇(u − u_h), ∇v_h) + (F̃_u · (u − u_h), v_h) = 0, ∀v_h ∈ S_h(Ω),

(4.20) where F̃_u denotes the value of the derivative F_u at some point θu+(1−θ)u_h, 0 < θ < 1.

¿From (4.20), we have

ε^2(∇(Πu − u_h), ∇v_h) + (F̃_u · (Πu − u_h), v_h)

(4.21) = ε^2(∇(Πu − u), ∇v_h) + (F̃_u · (Πu − u), v_h), ∀v_h ∈ S_h(Ω).

(4.22)

By denoting χ = Πu − u_h, choosing v_h = χ in (4.21) and using the assumption (A2), we can obtain ε^2||∇χ||^2 + m_1||χ||^2 ≤ ε^2|(∇(Πu − u), ∇v_h)| + |(F̃_u · (Πu − u), v_h)| (4.23)

Integrating by parts, we obtain

ε^2((Πu − u)_x, χ_x) = ∑ i,j ∫_{xi} x_{i−1} ∫_{yj} y_{j−1} ε^2(Πu − u)_xχ_xdxdy

= ∑ i,j ∫_{yj} y_{j−1} ε^2(Πu − u)|^{x=xi}_{x=xi−1} χ_xdy

≤ ∑ i,j 2 ∫_{yj} y_{j−1} |εχ_x|dy · ε||Πu − u||_{∞,Ω}

= ∑ i,j 2 x_i − x_{i−1} ∫_{xi} X_{i−1} ∫_{yj} y_{j−1} |εχ_x|dydx · ε||Πu − u||_{∞,Ω},

where ∑ i,j is a short notation for ∑ 1≤i≤N_x,1≤j≤N_y . Note that ∑ i,j 1 x_i − x_{i−1} ∫_{xi} x_{i−1} ∫_{yj} y_{j−1} |εχ_x|dydx ≤ N_x ∫ S_1 |εχ_x|dydx + N_x ε ln N_x ∫ S_2 |εχ_x|dydx ≤ N_x(meas(S_1))^{1/2}||εχ_x||_L2_{(S1)} + N_x ε ln N_x (meas(S_2))^{1/2}||εχ_x||_L2_{(S2 )} ≤ N_x||εχ_x||_L2_{(S1)} + C N_x ε ln N_x (ε ln N_x)^{1/2}||εχ_x||_L2_{(S2)} ≤ C(N_x + ε^{−1/2}N_x ln^{−1/2} N_x)||εχ_x|| where S_1 ≡ [σ_x, 1 − σ_x] × [0, 1] and S_2 ≡ Ω\S_1.

Therefore we have, ε^2((Πu − u)_x, χ_x) ≤ C(εN_x + ε^{1/2}N_x ln^{−1/2} N_x)||Πu − u||_{∞,Ω}||εχ_x|| (4.24)

Similarly, we can obtain ε^2((Πu − u)_y, χ_y) ≤ C(εN_y + ε^{1/2}N_y ln^{−1/2} N_y)||Πu − u||_{∞,Ω}||εχ_y|| (4.25)

By the assumption (A2), we have (F̃_u · (Πu − u), χ) ≤ m_2||Πu − u||_{∞,Ω} · ||χ|| (4.26)

Combining the above inequalities, we have ε^2||∇(Πu − u_h)|| + ||Πu − u_h|| (4.27)

≤ C(1 + εN_x + ε^{1/2}N_x ln^{−1/2} N_x + εN_y + ε^{1/2}N_y ln^{−1/2} N_y)||Πu − u||_{∞,Ω},

(4.28)

which along with the triangular inequality completes our proof.

Since we consider here singularly perturbed problems, the parameter ε is usually very small. Under the assumption

(A3) ε ≤ max(N^{−2}_x ln N_x, N^{−2}_y ln N_y), and letting n = 0 in the asymptotic expansion (2.1), we can easily obtain the following quasi-optimal global uniformly convergent result:

Corollary 4.4. Let u_h be the finite element solution of (3.2) and u be the solution of (1.1)(1.2). Then under the assumptions of (A1), (A2) and (A3), we have

||u − u_h|| ≤ C(N^{−2}_x ln^2 N_x + N^{−2}_y ln^2 N_y),

(4.29)

where the constant C is independent of the perturbation parameter ε.

5. Further discussion. To solve the nonlinear equation (3.2) efficiently, we consider hereby an iterative scheme [7, p.59]:

ε^2(∇u^{m+1}_h , ∇v_h) + (F (u^m_h , x, y), v_h) + λ(u^{m+1}_h − u^m_h , v_h) = 0, ∀v_h ∈ S_h(Ω),

where λ > 0 is a parameter to be chosen later.

Let z^{m+1} = u^{m+1}_h − u^m_h . By the mean value theorem, we have

ε^2(∇z^{m+1}, ∇v_h) + (F̃^m_u · z^m, v_h) + λ(z^{m+1} − z^m, v_h) = 0, ∀v_h ∈ S_h(Ω),

(5.1)

where F̃^m_u denotes the value of F_u at some point θ_1u^m_h + (1 − θ_1)u^{m−1}_h , 0 < θ_1 < 1.

Let v_h = z^{m+1} in (5.1), we have

ε^2||∇z^{m+1}||^2 + λ||z^{m+1}||^2 + ((F̃^m_u − λ)z^m, z^{m+1}) = 0,

(5.2)

from which we have

ε^2||∇z^{m+1}||^2 + λ||z^{m+1}||^2 = ((λ − F̃^m_u )z^m, z^{m+1})

(5.3) ≤ sup |λ − F̃^n_u | · ||z^{m+1}|| · ||z^m|| (5.4)

By the assumption (A2), if we choose λ = 2m_2, then we have ||z^{m+1}|| ≤ 1 2 ||z^m|| (5.5)

from which we see that the functions u^m_h , m = 0, 1, · · · , form a Cauchy sequence and converge to the finite element solution of (3.2). The uniqueness of the finite element solution of (3.2) can be proved in the same way as [7, p.61].

A numerical experiment for the linear case (which is a special case of (1.1)-(1.2)) was carried out in [13], which is consistent with our theoretical convergence rate (4.29).

As Roos [23, §2.1.3] mentioned ”Not much is known abot Shishkin-type grids for nonlinear problems”, this paper is the first to generalize our linear techniques [13, 14] to nonlinear partial differential equations for such Shishkin-type grids. It is not difficult to see that our methods can be generalized to more complicated nonlinear problems, only if they have similar asymptotic expansions as 2.1.

Acknowledgments. The second author was partially supported by SCRI at Florida State University, which is partially funded by the DOE through Contract DE-FC0583ER250000.

REFERENCES

[1] S. Adjerid, M. Aiffa and J. E. Flaherty, High-order finite element methods for singularly perturbed elliptic and parabolic problems, SIAM J. Appl. Math. 55 (1995), pp. 520–543.

[2] U. M. Ascher, R. M. M. Matthejj and R. D. Russell, Numerical Solution of Boundary Value Problems for Ordinary Differential Equations, Prentice Hall, Englewood, Cliff, 1988.

[3] A. Axelsson, L.S. Frank and A. van der Sluis (eds.), Analytical and Numerical Approaches to Asymptotic Problems in Analysis, North-Holland, Amsterdam, 1981.

[4] I. P. Boglayev, A numerical method for solving quasilinear elliptic equations with a small parameter for the highest derivatives, Comput. Math. Math. Phys., 28 (1988), pp. 118–125.

[5] I. V. Denisov, Quasilinear singularly perturbed elliptic equations in a rectangle, Comput.

Math. Math. Phys., 35 (1995), pp. 1341–1350.

[6] F. W. Dorr, S. V. Parter and L. F. Shampine, Applications of the maximum principle to singular perturbation problems, SIAM Rev., 15 (1973), pp. 43–88.

[7] G. Fairweather, Finite Element Galerkin Methods for Differential Equations, Marcel Dekker, New York, 1978.

[8] P. W. Hemker, A Numerical Study of Stiff Two-Point Boundary Value Problems, Mathematical Center, Amsterdam, 1977.

[9] D. Funaro, Spectral Elements for Transport-Dominated Equations, Springer-Verlag, Berlin, 1997.

[10] X. C. Hu, T. A. Manteuffel, S. Maccormick and T. F. Russell, Accurate discretization for singular perturbations: the one-dimensional case, SIAM J. Numer. Anal. 32 (1995), pp. 83–109.

[11] R. B. Kellogg and M. Stynes, Optimal approximability of solutions of singularly perturbed two-point boundary value problems, SIAM J. Numer. Anal. 34 (1997), pp. 1808–1816.

[12] J. Li, Quasi-optimal uniformly convergent finite element methods for the elliptic boundary layer problem, Comput. Math. Appl. 33 (1997), pp. 11–22.

[13] J. Li and I. M. Navon, Uniformly convergent finite element methods for singularly perturbed elliptic boundary value problems I: reaction-diffusion type, Comput. Math. Appl. 35 (1998), pp. 57–70.

[14] , Uniformly convergent finite element methods for singularly perturbed elliptic boundary value problems II: convection-diffusion type, Comput. Methods Appl. Mech. Engrg. (to appear).

[15] C. C. Lin and L. A. Segel, Mathematics Applied to Deterministic Problems in the Natural Sciences, Siam, Philadelphia, 1988.

[16] J. L. Lions, Perturbations Singulieres dans les Problemes aux Limites et en Controle Optimal, Springer-Verlag, Berlin, 1973.

[17] R. O’Malley, Singular Perturbations Methods for Ordinary Differential Equations, Springer- Verlag, New York, 1991.

[18] J. J. H. Miller, E. O’Riordan and G. I. Shishkin, Fitted Numerical Methods for Singular Perturbation Problems, World Scientific, Singapore, 1995.

[19] K. W. Morton, Numerical Solution of Convection-Diffusion Problems, Chapman and Hall, London, 1996.

[20] D.S. Naidu and A.K. Rao, Singular Perturbation Analysis of Discrete Control Systems, Springer-Verlag, New York, 1985.

[21] S. Osher, Nonlinear singular perturbation problems and one sided difference schemes, SIAM J. Numer. Anal. 18 (1981), pp. 129–144.

[22] F. Pasquarelli and A. Quarteroni, Effective spectral approximations of convection-diffusion equation, Comput. Methods Appl. Mech. Engrg. 116 (1994 ), pp. 39–51.

[23] H.-G. Roos, Layer-adapted grids for singular perturbation problems, Z. Angew. Math. Mech.

78 (1998), pp. 291–310.

[24] H.-G. Roos, D. Adam and A. Felgenhauer, A novel nonconforming uniformly convergent finite element method in two dimensions, J. Math. Anal. Appl. 201 (1996), pp. 715–755.

[25] H.-G. Roos, M. Stynes and L. Tobiska, Numerical Methods for Singularly Perturbed Differential Equations, Springer-Verlag, Berlin, 1996.

[26] A. H. Schatz and L. B. Wahlbin, On the finite element method for singularly perturbed reaction-diffusion problems in two and one dimensions, Math. Comp., 40 (1983), pp. 47–

89. [27] M.H. Schultz, Spline Analysis, Prentice-Hall, Englewood Cliffs, New Jersey, 1973. [28] C. Schwab and M. Suri, The p and hp versions of the finite element method for problems with boundary layers, Math. Comp. 65 (1996), pp. 1403–1429.

[29] G. I. Shishkin, Grid approximation of singularly perturbed parabolic equations with internal layers, Russian J. Numer. Anal. Math. Modelling 3 (1988), pp. 393–407.

[30] M. Stynes and E. O’Riordan, A finite element method for a singularly perturbed boundary value problem, Numer. Math. 50 (1986), pp. 1–15.

[31] , A uniformly convergent Galerkin method on a Shishkin mesh for a convection-diffusion problem, J. Math. Anal. Appl., 214 (1997), pp. 36–54.

[32] G. Sun and M. Stynes, Finite element methods for singularly perturbed high-order elliptic two-point boundary value problems. I: reaction-diffusion-type problems, IMA J. Numer. Anal. 15 (1995), pp. 117–139.

[33] M. Van Dyke, Perturbation Methods in Fluid Mechanics, Academic Press, New York, 1964. [34] A. B. Vasil’eva, V. F. Butuzov and L.V. Kalachev, The Boundary Function Method for Singular Perturbation Problems, SIAM, Philadelphia, 1995.

[35] L. B. Wahlbin, Local behavior in the finite element method, in Handbook of Numerical Analysis, Vol.II, Finite Element Methods(part 1), P.G. Ciarlet and J.L. Lions, eds., North- Holland, Amsterdam, 1991, pp. 355–522.

[36] G. Zhou and R. Rannacher, Pointwise superconvergence of the streamline diffusion finite element method, Numer. Methods Partial Differential Equations, 12 (1996), pp. 123–145.