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In this paper we focus on covering a set by balls of small radius e, and deduce the
asymptotic behavior for the number of balls needed to cover a given compact set when
€ — 0. Our results allow general norms, so the corresponding balls can in general be
rescaled copies of a given bounded convex absorbing balanced set.

The theory of covering by translations of a fixed convex set was developed by Rogers,
[29,30]. The early investigation of the asymptotic properties of the optimal covering of
compact sets was undertaken in a paper by Kolmogorov [19] and subsequently expanded
in his joint paper with Tikhomirov [20]. Inspired by the work of Shannon in information
theory, Hausdorff measures of fractional dimension, and following an earlier study by
Pontryagin and Shnirelman [26] on the metric notion of dimension, Kolmogorov defined
the so-called e-entropy of a compact set A as

logy Ne(4),

where N.(A) is the smallest cardinality of an e-covering of A:

Ac|Ju,

Uey

with each set U € 7 having a diameter at most . The quantity N.(A) can be understood
as the smallest number of points in a discrete quantization of the set A, if the admissible
error must be bounded by e. Accordingly, log, N.(A) is then the “quantity of informa-
tion”, measured in bits, contained in this quantization. The aforementioned paper of
Kolmogorov-Tikhomirov proceeds to discuss the asymptotic orders of growth of N.(A)
for € | 0 in the case of Jordan-measurable compact set A; i.e., a measurable set A C R¢
whose boundary has zero Lebesgue measure. They further study metric dimensions of
the spaces of functions with finite smoothness and analytical functions.

An alternative approach to the optimal covering problem, and the one used in the
sequel, consists in fixing the number of points N in the quantizer and finding the smallest
en, for which set A is contained in the € y-neighborhood of the quantizer. It can be viewed
as the question of finding the best quantization of the set A, with the maximal possible
error used as objective function that is to be minimized.

Quantization as a part of information theory was actively developed by a number of
researchers; the papers by Zador [32] and Bucklew and Wise [7] established the existence
of asymptotics on Jordan-measurable sets for a related functional: expected quantization
error. The monograph of Graf and Luschgy [13] summarized these developments both for
the asymptotics of quantization error, and for optimal covering. They also rediscovered
the results of Kolmogorov and Tikhomirov about asymptotics of covering for Jordan-
measurable sets. Graf and Luschgy then conjectured that the asymptotics for N — oo
must exist for sets, more general than just Jordan-measurable. This fact will indeed be
one of our main results, Theorem 4.

We note that the Jordan measurability assumption is in effect a smoothness condition
for the set A. In this paper we study the asymptotic properties of point configurations
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that achieve optimal covering for embedded sets lacking such smoothness properties.
Our results include the proofs of existence of asymptotics of best covering for (Hq, d)-
rectifiable sets. We also show existence of the asymptotics for the polarization P} with
hypersingular Riesz kernel on (#4, d)-rectifiable sets, as well as the necessary and suffi-
cient condition on fractal contraction ratios, under which the polarization asymptotics
exist on self-similar fractals satisfying the open set condition. Analogous results for cov-
ering on fractals were obtained by Lalley [23].

The study of covering properties of various functional spaces, initiated by Kolmogorov
and Tikhomirov, was continued in various settings by a number of authors, includ-
ing Birman-Solomyak, Bourgain-Pajor-Szarek-Tomczak-Jaegermann, Posner-Rodemich-
Rumsey, Temlyakov, and others [3,6,27,31]. Notably, it has been observed that metric
entropy is related to the small ball problem [21]. In most cases, the primary goal of these
works is to establish the order of growth of the metric entropy for a certain set; in the
Fuclidean space however we can obtain the existence of a constant in the asymptotics,
depending only on the Hausdorff dimension of the set when the dimension is integer. For
fractal sets we have the existence of the constant as well, but it generally depends on
the set.

Recently, a general approach for studying first-order asymptotics of interaction func-
tionals has been developed [16]. It transpires that both the existence of asymptotic and
weak*-distribution of the minimizers of a functional follows from its so-called short-range
properties (which will be further discussed in Section 7.1). Intuitively, if the contribution
of pairs of nearby points in wy dominates over the contributions of remote pairs, there
necessarily exist asymptotics with respect to a polynomial rate function. In this paper we
show that this approach applies to the problems of optimal covering and polarization,
and employ it as one of our main tools. In a remarkable coincidence, the two papers
addressing this phenomenon from the opposite sides: one due to Gruber, on the asymp-
totics for optimal quantization with general kernels, another due to Hardin and Saff, on
the asymptotics of hypersingular Riesz energy, appeared in Advances in Mathematics
within several months of each other [14,15].

To establish our main results for best covering and optimal polarization, we treat
these functionals simultaneously, formulating their abstract short-range features at the
beginning of Section 7.1. Theorems 46 are derived for compact A C R? from these
features. The asymptotics are then generalized to (Hg4, d)-rectifiable subsets of RP using
the tools from geometric measure theory.

The following Section 7.2 is dedicated to the verification of the short-range properties.
The main technical novelty over the classical results of Kolmogorov-Tikhomirov and
Graf-Luschgy is contained in Lemma 21, establishing the stability of asymptotic behavior
under small perturbations of the set A. Once this property has been established, it
becomes possible to treat sets in R? with boundaries of positive Lebesgue measure,
which was not available to classical methods.

In Section 6, concerning polarization on fractal sets, our main tool is renewal theory. To
our knowledge, this is the first time it is applied to polarization problems. After analyzing
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the interaction of optimal polarizations on different parts of fractal, we are able to
verify the renewal recurrence relation, thereby proving the existence of the asymptotics.
The negative results in Theorem 16 are derived by applying renewal theory to the best
covering functional and then using the relation between covering and polarization for
large exponent s, obtained in Theorem 10.

While an earlier version of this manuscript was in preparation, we learned that Cohn
and Salmon obtained similar results about the asymptotics of covering on (Hg4,d)-
rectifiable sets simultaneously [8]. It is worth noting that their approach is, like ours,
based on the fact that the covering functional is a short-range interaction; they also
study asymptotics of sandwich functions on graphs using some of the short-range inter-
action ideas. This shows how short-range interactions can be the right tool for computing
asymptotics in a number of contexts.

2. Preliminaries

As explained above, we shall be interested in the asymptotics of N-point best covering
of the compact set A C RP, defined as

p*(A,N)= inf supdist(y,wn)

wNCRP e

where the distance between a point and a multiset wy = {z1,...,2n} (note, the pos-
sibility z; = x; is allowed) is defined naturally as dist(y, wy) = minge,,, ||z — y||. Here
and in the following we write || - || for a fixed norm in R? (in particular, not necessarily
Euclidean). We shall study the behavior of this quantity for N — oco. A related quantity
is the N-point constrained best covering:

p(A,N) = inf supdist(y,wn),
wNCAyEA

in which optimization over the configuration occurs on subsets of A only. Notice that
due to compactness of A, inf and sup can be replaced with min and max respectively;
we shall still need the above definitions for non-compact input sets.

Following [4], we define the problem of maximal polarization with Riesz kernels. Given
wn, A C RP as above, let

Peleon, 4) = fuf, 3 v =all™,

TEWN

the Riesz s-polarization achieved by configuration wy on A. Mazimal unconstrained
polarization for A with cardinality N is then given by

Pi(AN) = sup Pi(wy,A).

wn CRP
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Similarly to the covering radius case, we may want the configuration wy to stay in the
set A. In this case, we introduce the mazimal constrained polarization as

Ps(A,N) = sup Ps(wn,A).

wNCA

The above quantity is closely related to the covering radius of the set A, but has a some-
what less local structure. The study of the maximal polarization was initially motivated
by the notion of Chebyshev constant in polynomial approximation theory [9], and has
since been discussed in a number of papers [4,17,28].

3. Notation

Before we proceed to formulate the main results, let us introduce some notation. We
consider a fixed norm || - ||, not necessarily Euclidean, on the ambient spaces R¢ and R?,
p = d. With respect to this norm, we define H4, the d-dimensional Hausdorff measure,
normalized so that H4([0,1]?) = 1; we then write vy = Hq(B1(0)) for the volume of the
d-dimensional unit ball. The d-dimensional Minkowski content is denoted by M.

Let B,.(x) stand for the closed ball of radius r > 0 centered at x € RP, with respect
to the norm || - ||. Similarly, B,(A) = U,c4 Br(z) for r > 0 and a compact set A. As
discussed in the introduction, we are interested in the quantity

R(wn, A) = sup dist(y, wn),
yeA

which denotes the smallest radius r for which A C B, (wn).
4. Main results on rectifiable sets

In this section we establish the existence of the asymptotics of best covering and
optimal polarization on compact subsets of R? of positive H4-measure. This strengthens
the previously known asymptotic results for covering and polarization [17,20].

Recall that for Jordan-measurable sets in R?, the asymptotics of best covering is
known to exist and depend only on the measure of the covered set and the dimension d.
More precisely, the following result was known to hold.

Theorem A (Kolmogorov-Tikhomirov [20]; Graf-Luschgy [13]). Given a nonempty com-
pact A C R? with Hq(OA) = 0, one has

lim NY?p*(A,N) = 0Ha(A)"/4,

N —oc0

with the finite positive constant 0, depending only on the dimension d and the norm
chosen in R?.



[ A. Anderson et al. / Advances in Mathematics 410 (2022) 108720

Concerning maximal discrete polarization on Jordan sets, the following results were
obtained for the constrained and unconstrained polarization.

Theorem B (Borodachov-Hardin-Reznikov-Saff [4]; Hardin-Saff-Petrache [17]). Given a
nonempty compact A C R% with Hq(0A) = 0, one has for every s > d,
Ps(A,N) Pi(A,N) Os,d

]\}E)noo Ns/d - ]\}gnoo Ns/d - Hd(A)S/d’

where the finite positive constant o, 4 depends on s, d, and the used norm only.

Remark 1. The results formulated in Theorem B in the above references were originally
stated for the Euclidean distance, but the same proofs apply to general norms.

We further remark that in [4], a similar theorem was proved for C'-smooth embedded
manifolds, and later in [17] the assumption H4(0A) = 0 was dropped. However, almost
nothing was known for embedded sets of lower smoothness. To state our main results,
we need some classical notions of smoothness from geometric measure theory.

Definition 2. A compact set A C RP is called d-rectifiable, if A = f(K) for a compact
set K C R% and a Lipschitz function f: R — RP. A set A C RP? is said to be (Hgq,d)-
rectifiable, if A can be written as

(o)
A=|]JA;UR,
j=1
where each A; is d-rectifiable, H4(R) = 0, and the union in the right-hand side is disjoint.

In the next definition we introduce the notion of Minkowski content, which will be
necessary to state the smoothness assumptions on the set A.

Definition 3. Recall that for a compact set A C RP, we use the following notation for the
r-neighborhood of A:

B,.(A) :={z € R? : dist(z, 4) < r} (1)
Furthermore, for every d € (0, p] we define

Md(A) :— lim inf w, md(A) .= lim sup Hp(Br(A)) .
rl0 ”Up_drP* 10 Up—drpid

When these limits are equal, their common value will be denoted M4(A), the Minkowski
content of set A.
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Existence of My(A) is equivalent to the existence of box-counting dimension of set
A. The equality Mg(A) = Ha(A) holds for closed subsets of R? as well as for reasonably
good subsets of R?; it will be a part of our smoothness assumptions in the sequel. With
that in mind, we are ready to state our first main theorems, which significantly generalize
results from [4] and [17]. We will formulate them separately for polarization and covering
radius functionals.

Theorem 4. For any compact (Hq, d)-rectifiable A C RP satisfying Hqa(A) = My(A) one
has

lim NY9(A,N) = lim NY%*(4,N) = 0,Hq(A)",
N—o0 N—oc0

with the constant 84 depending only on the dimension d and the norm chosen in RP. In

particular, the above holds for any compact set A C R<.

Theorem 5. For any compact (Hg, d)-rectifiable set A C RP satisfying Hqa(A) = M4(A)
one has, for s > d,
Ps(A,N) P:(A,N) Ts,d

ngnoo Ns/d :1\/11~I>noo Ns/d - Hd(A)s/d7

with the constant os 4 depending only on the dimension d, exponent s, and the norm
chosen in RP. In particular, the above holds for any compact set A C R®.

We further remark that examples of (4, d)-rectifiable sets that satisfy Hq(A) =
Mgy(A) include d-rectifiable compact sets and bi-Lipschitz images of closed sets in R9.
In what follows we say that the map ¢ : R® — RP has bi-Lipschitz constant 1 + K, if
there holds

1+ K)o —yll < v() =@l < 1+ K)|z -yl for any z,y € A C R%.

Note that this definition applies to norms in spaces R% and R?, which do not need to
agree or be Euclidean, but are fixed throughout the paper (and by an abuse of notation
we write || - || for either norm). Observe also that 1) must necessarily be invertible, with
1! being a bi-Lipschitz map with the same constant.

The covering and polarization functionals share the common property of short-range
functionals, by which any sequence of configurations attaining the values of asymptotics
from Theorems 4-5 is distributed uniformly over the set A. One can follow the proof of
[17, Theorem 1.14] to obtain this result; we provide a short independent argument for
completeness.

Theorem 6. Assume A C RP is a compact (Hg,d)-rectifiable set satisfying Hq(A) =
Ma(A) > 0. Let {wn}F_, be any sequence of configurations in RP such that
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1/d _ 1/d . Py(A,wn) _ Osa
ngnooN R(wn, A) = 0aHa(A)7, or ngnoo Ns/d Ha(A)s/d"

Then the sequence of corresponding empirical measures satisfies
N (NA
¥ ¥ o R,
Ha(A)
zEwN

with the convergence understood in the weak™ sense.

We also show that the smoothness assumptions for set A in Theorems 4-5 are sharp
in that the expression for the asymptotics in terms of Hg(A) no longer holds without
them.

Theorem 7. Assume A C RP is a compact (Hg,d)-rectifiable set satisfying Hq(A) <
My(A). Then we have

limsup NY9p(A, N) > limsup N4p*(A, N) > 03Hq(A)9,

N—oco N—o0

and, for sufficiently large s,

Py(A,N) _ PHAN) o4
o inf —=o7a— < Mt = 05— < o rayra

Finally, to conclude this section, we present some general estimates on covering and
polarization.

Theorem 8. Assume A C RP is a compact set. Then, for some positive finite constants
c1 and co, that depend on d and p, we have

My (A) <liminf NY4p* (A, N) < liminf NY/¢p(A, N) < e M (A1,

csMa(A)Y? < limsup NY9p* (A, N) < limsup NY9p(A, N) < caMg(A)Y 4

N —o0 N—oc0

One outcome of this theorem is a corollary that illustrates the sharpness of our as-
sumption of existence of My(A).

Corollary 9. There exists a finite positive number C that depends on d and p with the
following property: if A C RP is a compact set, and M,(A) > CM,(A), then the limits

lim NY9p*(A,N) and lim N'9p(A,N)

N—o0 N—o0

do not exist. Furthermore, if My(A4) > CM,(A), then for sufficiently large s, the limit
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. Pi(AN)
lim ————~=
N—o00 Ns/d

does not exist.
5. Covering using optimal polarization sets

This section quantifies the connection between the covering radius and polarization;
namely, we will show that the discrete polarization resembles the covering radius when
s — o0 in a strong sense. Moreover, we will show some local distributional properties of
the optimal configurations for P}(A, N), which did not follow from global properties in
Theorem 6.

Equalities analogous to (2)—(3) below were previously known for the constrained func-
tionals Ps(A, N) and p(A, N) in the case where A is convex and has a sufficiently smooth
boundary [28]. Note that when Theorems 4-5 apply, the limits with N — oo for the con-
strained and unconstrained functionals coincide. We thus obtain a generalization of the
previously known results in the constrained case, as well as completely new results in
the unconstrained case, applicable to (Hy, d)-rectifiable A C R? with H4(A) = M4(A).

We begin with the following new estimate for general compact sets A C RP, based on
the weak separation of optimal polarization configurations [17]. The underlying principle
is summability of the hypersingular Riesz kernel and has been used to similar effect
before [5, Lemma 5.2]; the main novelty here lies in avoiding the use of strong (pairwise)
separation.

Theorem 10. Let A C RP be a compact set, H4(A) > 0, and s > p. Then for any
configuration wy that attains Pr(A, N) we have

p*(A,wn) < C(s,d,p, A)Nﬁ (P:(A,N))ﬁ .
Moreover,

lim C(s,d,p, A) = 1.

§—>00

This theorem has several corollaries. The first one concerns the limit of polarization
as § — 00.

Corollary 11. Let A C R? be a compact set with Hg(A) > 0. Then

L PHA NN 1
lim (T inf o)
smroo0 < Nbeo N/ > lim sup p*(A, N)N1/d’ @

N—o0

and
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lim
S— 00

(3)

) 1/8 1

li Tt ) = :

N No/Z ) lim inf p* (A, N)N'1/4
— 00

( P*(A,N
This corollary is useful, in particular, in proving the non-existence of the asymptotics.
Indeed, the following statement clearly follows from the corollary above.

Corollary 12. Let A C R? be a compact set with H4(A) > 0. Assume the limit for the
covering radius does not exist; i.e.,

lim sup p*(A, N)Nl/d > lgn inf p* (A4, N)Nl/d.
—00

N— 00

Then, for sufficiently large values of s, we have

lim sup M > lim inf M
Neooo Ns/d N 00 Ns/d
Our next corollary gives the covering properties of optimal configurations for P*(A, N)
with minimal assumptions on the set A. We note that the order of covering that we
establish in the statement below is optimal, since for sets of positive H -measure, optimal
covering has asymptotic order at least N/¢. For convex sets, the estimate below was
proved in [28].

Corollary 13. Let A C RP be a compact set and assume that for some finite positive
constant Cs we have, for every N > 1, an estimate PX(A,N) > C,N*5/4. Then there
exists a finite positive constant Rg such that for any IV > 1 and any configuration wy
optimal for PX(A, N), we have

R(wy, A) < R,NY,
In particular, our assumption is satisfied if My(A4) < occ.
6. Main results on fractal sets

Recall [18] that a similitude contraction 1 : RP — RP can be written as
Y(x)=r-0Ox+ 2

with an orthogonal matrix O € O(p), a vector z € RP, and a contraction ratio 0 < r < 1.
It is well-known that any collection of similitude contractions has a compact set of fixed
points. Conversely, it will be convenient to consider the class of fractals defined as the
set of fixed points of similitude contractions.

Definition 14. A compact set A C RP? is a self-similar fractal with similitudes {1/)m}ff:1
with contraction ratios 0 < r,, < 1,1 <m < M, if
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M
A= vm(A),

m=1

where the union is disjoint. We further say that A satisfies the open set condition if there
exists a bounded open set V' C RP such that

where the union in the left-hand side is disjoint.

In what follows the fractal sets are always assumed to be self-similar and satisfying
the open set condition. For such an A, it is known [10,25] that its Hausdorff dimension
dimy A = d is the unique solution of the equation

M
d ot =1 (4)

m=1

It will also be used that such fractal sets A are d-regular, that is, satisfying
It <HG(AN B, (z)) < ert, (5)

for any z € A and 0 < r < diam A, with some constant ¢ > 0. It is well-known [17], [9],
that d-regularity implies that for some constant C' > 0 and any integer N > 1 we have

—1 ,P\:(AaN>

Cl < =g <O (6)

The same estimates hold for the constrained polarization Pg; the constant C' in general
depends on A. It was noticed by Lalley [23,24] that the existence of the limit

lim N'Y9p*(A, N)

N—oc0

can be tackled using renewal theory, and thus depends on the properties of the multi-
plicative subgroup of R, generated by {r,,}M_, [12]. Our first main result of this section
is to prove the same result for polarization, which is a less local and, therefore, harder
to handle quantity.

Theorem 15. Let A be a fractal set defined by similitudes {1y, }M_, with contraction
ratios {ry }M_,. Let s > d = dimp (A). If the set

{t1log(r1) + - -+ tarlog(ras) : t1,... .ty € Z}

is dense in R, then the limits
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. PXAN) . Ps(A/N)
lim ———=, lim ————
N—oc0 Ns/d N —o0 Ns/d

exist.

On the other hand, when the set of linear combinations of the contraction ratios is
not dense in R, Lalley proves existence of the limits over certain implicit sub-sequences.
However, nothing is said about the sharpness of this result. We follow the ideas from [2]
to show that the assumption of Theorem 15 is sharp.

Theorem 16. Let A be a fractal set defined by similitudes {1, }M_, with contraction
ratios {rm}M_,. Let d = dimy (A) and s > d. If the set

{tl log(rl) + -+t IOg(T’M) tt1,...,t € Z}
is not dense in R, then the limits

lim p(AJV)Nl/d, and  lim p*(A,N)Nl/d

N—oco N— 00

do not exist. Therefore, Corollary 12 implies that, for large values of s, the limit

N—o00 Ns/d

does not exist.
7. Proofs
7.1. Polarization and covering on d-rectifiable sets

This section is dedicated to proving the results stated in Section 4. To make transpar-
ent the parallels between covering and polarization, we formulate the key properties of
these functionals in an abstract form and use them to derive the values of asymptotics
and limiting distribution. In the case A C R¢ it is done by approximation from above by
Jordan-measurable sets, and the case of (Hg4, d)-rectifiable A uses the bi-Lipschitz ap-
proximation argument going back to Federer. In the negative results of Theorems 7-8, we
directly analyze the asymptotics using the connection between covering and Minkowski
content.

We introduce some notation to prove Theorems 4 and 5 in a unified way. In order
to deal with polarization and covering simultaneously, observe that both are functionals
of the form f(wy, A), taking a multiset of cardinality N, wy C RP, and a compact set
A C RP as inputs. We can distinguish the two by the sign exponent in the corresponding
rate function t(N) = N7, namely,
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fi(wN’A) = R(WNaA)a 0:_1/d>

fH(wn, A) = Py(wn, A), o= s/d.
Notice that the dependence of f on s and d is suppressed for brevity. These parameters
will be fixed in each specific argument, so it will not lead to confusion; we always however
assume s > d. The result of optimizing such f over N-point multisets in RP will be
denoted by F* (A, N):

F~(wn,A) :=p*(A,N), o=-1/d,

FT(wn, A) :=P*(A,N), o= s/d.

Our strategy is a modification of that in [16]: we intend to show, in effect, that the
functionals p*(wn, A) and P (A, N) are so-called short-range interactions [16] with rates
t(N) = N¢ for o € {—1/d, s/d}, respectively. To that end we will assume that functionals
F* satisfy the following axioms and obtain the desired asymptotic behavior. Verification

of the axioms is deferred to Section 7.2. To state the axioms, we will need an additional
piece of notation for the binary min and max operators:

{\/, binary max, o= —1/d,
o =

A, binary min, o =s/d.
We write sgno € {+1} to denote the sign of the exponent o.
e Monotonicity: for compact sets A C B C RP and N > 1 there must hold
sgno - FY(A,N) >sgno - F¥(B,N). (7)

e Asymptotics on Jordan-measurable sets: asymptotics of the considered functionals

on Jordan-measurable sets A C R exist and depend only on the volume of the set:

OFEAN)  o(FE)
lim = .
N—oo Ne Hd(A)”

In particular, the constant ¢(FT) is equal to the value of these asymptotics on the
unit cube [0, 1]%.
« Short-range property: asymptotics of the functional F* over unions of sets that are

positive distance apart.

Assume that the sets A;, Ay C RP are compact, dist(A41, A2) = 2h for some h > 0,
and Mg4(A,,) < oo, m=1,2.

(i) For any N-point configuration wy such that F¥(A; U Ay, N) = f(wn, A1 U As),
let

Ny = #(wNﬁBh(Al)), Ny = #(wNﬂBh(A2)),
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where By (A,,) is the h-neighborhood of A,,, as in (1). Then

Fi(Ath) o Fi(AQ,NQ)
F£(A; U Ay, N)

liminfsgno - > sgno. (8)
N—oc0

(ii) For any two sequences of positive integers Ny and Ny such that Ny, No — 0o, we
have:

1, S s Fi(Al,Nl)OFi(AQ,NQ)
1m su no -
N 8 F£(A1 U A, Ny + Na)

< sgno. (9)

Notice that the short-range property extends to any finite number of disjoint compact
sets A, 1 < m < M, by induction.

« Stability: asymptotics of F¥(A, N) for N — oo are stable under perturbations of
the set A with small changes of the Minkowski content. More precisely, for every
(Hgq, d)-rectifiable compact set A C RP with 0 < Mg(A) = Hq(A) < oo and a given
e > 0, there exists 6 = d(¢, s,p,d, A) such that

F*(A,N
s Lim 0
F*(D,N
> (sgno —¢) - Lim FZ(D, N) for Lim € {liminf, limsup}, (10)

N—co Ne

whenever the compact D C A satisfies Hq(D) > (1 — §) Ha(A). While it is not nec-
essary in general, we shall further use that for p = d, § can be chosen independently
of A, since this holds for both F* and will simplify our proofs.

We first prove Theorems 4 and 5 assuming the above axioms hold. We start with the
following lemma.

Lemma 17. Suppose A C RP is a compact set, d < p, and 0 < M (A) < My(A) < oo.
Then for N > Ny,

. p"‘(A,N) < Olel/d’.
o P:(A,N) > CoN*/d
« p"(AN)>CsN—H4,

with constants No and C; depending on s,p,d, A only, 1 < i < 3.
Proof. Fix an ¢ > 0. Let M > 0 and a sequence r, J 0, n > 1, be such that
= li , p—d
M nh_{%o Hp(Br, (A))/vp—arn”*.

Then, for some ng = ng(e, p,d, A) we have, for any n > ny,
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Hy(Br, (A)) < (M + )’

For every n > ng, consider the maximal r,-separated subset wy in A. Given x,y € wg,
we have L,[B,. /2(7) N B, /2(y)] =0, and B, 3(z) C B,/2(A), implying, for n > ny,

Hp Brn 2(T
k< Tg‘;)k ( / ( )) HP (UzEwk Brn/Q(x))

vp(Tn/2)P B vp(Tn/2)P
Hy(B,, /2(A))
Up(rn/2)P

Now pick N = N(n) so that

(WW ST s (%)/

By the above discussion, for n > ng there holds k¥ < N; in addition, the maximality of

<c(p,d) (M +e)r, ™"

wy gives that

Ac | B ().

TEWE

Thus, we covered A by k < N balls of radius r,, so that there holds p*(A,N) <
p (A k) < rp < ee,p,d, M)(N — 1)~%/?, and the first part of the lemma follows by
setting e.g. ¢ = 1 and M = Mg4(A). To prove the second part of the lemma, we notice
that for N as above,

PHA,N) = P*(A k) > Ps(wp, A) = 1, = CoN¥/¢,
where the last inequality follows from the fact that w, covers A with balls of radius r.
For the third part, again consider M,(A) < M < My(A) and sequence {r,} as
above; recall that M;(A) > 0 and fix 0 < ¢ < M, (A). Assume again that for some
ng = no(g, p,d, A), whenever n > ng, there holds
Hp(Br, (A)) =2 (M — E)Upfdrnp_d'
Choose N = N(n) so that

p*(A,N) <7 < p*(A,N —1).

Denote p = p*(A, N) and pick a configuration wy attaining the covering radius p; since
A C B,(wn) C By, (wn), there holds By, (A) C Bay, (wy) and

N - 2Pv, - rh 2 Hp(By, (A)) = (M — E)U:D—drg_d’ n 2 no,
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implying
Np*(A,N — 1) > Nrd > ¢(p,d)(M — ¢).
The desired estimate follows by taking M = M;(A) and e = M (A)/2. O

By the same argument as the above lemma, we have also the following related fact,
to be used in the proof of stability in Lemma 21.

Lemma 18. Suppose A C RP is a compact set with 0 < My(A) < oo; then for any
r < ro(A) there exists a covering configuration w, C A with radius r, consisting of
n < c(p, d)r~TMgy(A) points.

Proof. Let 7o = ro(A) be such that £,(B,.(A)) < 2v,_qrP~4M(A) for r < ro. The set
w, C A is constructed as a subset of the maximal cardinality n, for which whenever
Z,y € w, we have |z — y| = r. Then, by maximality of w, = {z;}}, there holds A C
B,.(wy), and also, by definition,

‘cp (Br/Q(x)mBr/2<y)) =0, .’L‘?éy, T,y € Wn.

Taking into account that

U Bujale) € B.(A);

TEWn

we conclude for N > Ny(A, D, 9),

Hp[Br(A)] 2“p7d7°p_dﬂd(A) _ p+17~—dvp_*d7
< vp(r/2)p < vp(r/2)P =2 o My(A). O (11)

We now obtain our first main result for unconstrained covering and polarization.

Proof of Theorems 4 and 5 for p* and P;. We first establish the result for d = p. Recall
that restricted to compact sets in R?, My = Hy = Hq. Consider the case F~ = p*, so
that 0 = —1/d; fix an € > 0 and a compact set A C R<. It suffices to assume H4(A) > 0,
since otherwise Theorem A applies. For 6 = (e, d) as in the stability property, let J. O A
be a finite union of closed dyadic cubes, such that Hq(A) > (1 — 0)Ha(Je); then J; is
Jordan-measurable. Note that § is chosen uniformly in J. and only depends on € and d.
Without loss of generality, § < e < 1. On the one hand, monotonicity property together
with asymptotics on J. give, with 6; as in Theorem A:

limsup N'/4p* (A, N) < limsup N'/4p*(J., N)

N—o0 N—o0

= 0qHa(J)VE < (1 — &) V0 H(A)
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On the other, by the choice of J. and (10) with sgno = —1 and Lim = lim inf,

OaHa(A) Y < 0gHa(J) Y =liminf N/ 9p*(J., N) < (1 + ) lim inf NV/9p* (A, N).
N —o0 N—o0
By making € > 0 arbitrary small, we conclude

lim NY9p*(A, N) = 05Hq(A)V4.

N—o0

In the case F* = P¥, o = s/d, the same argument gives

limsup(l —¢) - Pi(AN) < lim Pi(Je, N) < liminfw

N—oo Ne N—o0 Ne N—o0 Ne° ’

which completes the proof when A is a compact subset of R%.

Suppose now A C RP is an (Hg, d)-rectifiable compact set with H4(A4) = M4(A) >0
and fix an € > 0. Take § = (e, s,p,d, A) to be from the stability property. By a result
of Federer (see [11, Thm. 3.2.18] or [l, Proposition 2.76]), there exist compact sets
Ki,...,Ky C R% and bi-Lipschitz maps v, : K,, — RP, 1 < m < M with constant
1+ ¢, such that ,,(K,,) C A are disjoint and

m=1

Hy (A\ U ¢m(Km)> <.

Denote

A= wm(Km)v

1

P Cx

a compact (Mg, d)-rectifiable set, which satisfies Hq(A) = My(A) (see [5, Lemma 4.3]).
Without loss of generality, sets A, := ¥, (K,,) satisfy H4(A.,) > 0. In particular, this
implies that M4(A.,) = Ha(Am) > 0 for every m = 1,..., M. We need this estimate to
utilize the short-range properties of F=.

Let us first consider the covering functional, F~ = p* so that 0 = —1/d. Take a
sequence A that attains the liminfy_, o p* (/Nl, N)Nl/d. For every N € N, pick a con-
figuration w}, attaining p*(A, N). Since the sets A1, ..., A, are compact and metrically

separated, we have

h := 4 min(dist(A4;, Ax)) > 0.
7k

Denote N, := #(wx N Bn(Ap)). Since m = 1,..., M has a finite range, we can pass to
a subsequence of N, to ensure that the limits
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« . 1 Nm
P 1= im0

exist for every m = 1,..., M. By the short-range property of F~ = p*, we have

lim inf M = lim p*(;l, N) - maXy, P (Am; No)
N—oo N-1/d NeN max,, p*(Am, Nm) N-1/d
* * 71/d
> lim inf e P (A, Nor) > max lim inf e P (Am, Nom) | Non
N—oo N—l/d

o TN Do NT#/d " N-1/d

max <(6* y~1/d lg\rfninf W) .

Recall that A, = ¥, (K,,), where K,,, C R? is a compact set, and 1, is a (1 + ¢)-bi-
Lipschitz map, and so

L pH(AN)
R

Z1yem

We finally notice that Ny + ...+ Ny < N, and so

e A Ha(An)
mzzjlﬁm<l—z Ha(A)

=

Thus, for some m we have 3%, < Ha(A,,)/Ha(A), and therefore

p*(A,N) _ .. . p*(AN) 0, \1/d
—_— L > > .
lim inf =S—=7~ = iminf —2—=75~ > (1+g)2Hd(A)

Since € can be made arbitrarily small, we obtain

lim inf P4, N)

i nfd ST > Oata(A)

To finish our proof for the covering radius, it is now enough to show that

n e Ta < OaHa (A4,
—00
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Indeed, take the same set g, and for every N fix numbers Ny,..., Ny, with Ny +...+
Ny = N and such that

Nm _ Hd(Am)

Bm = lim = ——.

N—oo N Hd(A)

Then by the short-range property, we have

lim su M < limsu p* (Z’ N) . maXm p* (AWL’ N’rn)
N—>oop N-1/d = N—>o<>p max,, P*(ArmNm) N-1/d

—1; maxmp*(Amva)

o B

N

max (lim sup 2 Am: Nm)
m N—oo N-1/d

P (Am, Nm)>

—1/d i o
max (Bm lim sup N,;l/d

N —o0
(K, N,
< (1 + &) max (ﬁ;l/d lim sup p(ild))
m N—oo N /

= (1+¢) max (ﬁnjl/de’Hd(Km)l/ d)
< (14 2P amax (B Ha(An) )

(1+€)204Ha(A)V4
< (1+€)%0Ha(A)Y4.

It remains to recall that the choice of A was defined by the stability property, and
therefore

: p*(A,N) : p*(AV7 N) 3 1/d
— < — K
h]{]njllop ST (1+¢) h]{fnj];lop Nd S (1+e)°04Haq(A) "
Since € can be made arbitrarily small, our proof for the covering radius is finished.
In the case o = s/d; i.e., the polarization P*, the proof is the same and we therefore

omit it here. O

As a consequence of the asymptotics of optimal covering/polarization, obtained above,
we deduce the uniformity of asymptotic distribution for configurations wy achieving the
optimal constant in the limits of NY/?R(wy, A) and P,(A,wy)/N*/%, respectively.

Proof of Theorem 6. We shall give the proof of uniform distribution for asymptotically
optimal covering configurations; the proof for optimal polarization is similar. Let wy,
N > 1, be a sequence of N-point configurations as in the statement of the theorem, and
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let 1 be a cluster point of the corresponding empirical probability measures. That is, for
some subsequence N’ C N we have

1 *
N Z Op—>pi, N —00, NeEN.

TEWN

In what follows, we always assume N C N.

We begin the proof by showing that p < Hy. Indeed, otherwise there exists a closed
D C A such that Hq(D) = 0, but b := u(D) > 0. As a result, for any & > 0 there are
closed neighborhoods Fy := AN B,(D) and Fy := AN By, (D) with r > 0, such that
w(04E1) = 0, where 04 denotes the boundary relative to A, and such that Hq(E2) < e.
Condition H4(04F1) = 0 implies, by definition of weak* convergence, that

lim #(UJN n A \ El)

i ~ = uw(A\E) =1-pu(E) <1-b.

1/d

Since for N large enough we have R(wy, A) < CN~1/% is small, Lemma 18 implies that

there is a collection w,, for set Ey with covering radius R(wy, A) and cardinality
n < cp,d, AR(wn, A)”"Ha(Es) < eca(p,d, A)N.

We define a new sequence of configurations (of cardinality not necessarily equal to
N):

W) = (wn \ E1) Uwy.

For N large enough, we have R(wy, A) < r, which implies that w®™) covers A with radius
at most R(wy, A). However, cardinalities of these new configurations are such that

#HwN)
lim
N —o0

<1l—-b+c(p,d,Ae <1

for € sufficiently small. We have therefore found configurations with cardinalities at most
a fraction of N, but with the same covering radius. This contradicts the assumption of
asymptotic optimality of wy.

To prove that the measure p is uniform on A with respect to Hy, we again argue by
contradiction. Let ¢ = du/dHg; suppose it is not constant Hg-a.e. As a result, there
exists a pair of distinct points x1,z2 € A, such that

B (rm
lim l’(L( (x )) = ¥m, m=1,2, P1 < P2.

710 Hq (Br(zm) N A)

Then for any € > 0 there exists a pair of radii 71, re, for which r; 4+ ro < |21 — x2|| and

¢ (Br,, (¥m))
Ha (B, (xm) N A)

— ©om| < €.
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Let ¢ < (p2—¢1)/4 and By, := B, (zm), m = 1,2 be a pair of such closed balls; without
loss of generality also Hg4 (0aBy,) = 0, m = 1,2. Consequently, there is another pair of
radii t,, < rm, such that for B,, := B; () there holds ’Hd(aABm) =0 and

tt (Bim)
Ha(By N A)

M(Bm)

_MBm) e m=12. (12
Ha(BmnA) Fm| <& m (12)

—om| <€ and

Since the sets By, and A\ (B;UBy) are positive distance apart, the short-range property
(8) gives for a sufficiently large Ny,

PANY = p(Bin A, |u(BYN))", N> N, (13)

as the fraction of points in wy within distance r,, — t,, > 0 from B,, is at most w(Bm),
m = 1,2. Applying Theorem 4 to the set B; N A results in

liminf(u (By) N) p (Bi N A, (B N)* > 09Ha (B0 4),

N—oc0

whence, dividing through by p(B7), one has from (12) and (13)

lim N -p(A,N)* > limsupNp (B1 N A, [n(B1) Nj)d > 0%/(p1+¢).
N—oo N—oo

The last inequality controls how good the covering by a non-uniformly distributed
sequence wy can be. It remains to show that, because there is a large number of points
in wy N By, some of them can be removed without making the local covering worse than
in the bound we just obtained. Indeed, by Theorem 4, using a collection w,, of cardinality
n(N) = [(¢1+2e)Hq (B2 N A) N|, the set BaN A can be covered in an optimal fashion,
to achieve the covering radius satisfying

lim n(N)p(ByN A, n(N))%=0%H, (BN A),

N—o0

whence
lim N p(BaN A, n(N))? <0%/(p1 +2¢) < lim N -p(A4, N)%
N —o0 N—oo

Replacing wy N By with the optimal covering configuration for A N By results in a
configuration of the form

w™ = (wy \ By) Uwy.

Using the short-range property (9), we see that w®¥) has the same covering radius as
wy on wy \ Bs for large N, and its covering radius on Bs has asymptotics smaller than
those of NVp(A, N), hence w™) is asymptotically optimal on A.
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In addition, by (12) and the definition of n(NV), the fraction n(N)/N of points required
for covering of By in w™) is strictly smaller than the asymptotic fraction [L(Bg) of points
from wy contained in Bg. Thus, the difference of cardinalities of w®™ and wy is a positive
fraction of N:

N - (;L(BQ) - n(Jif\f)) >0,

which contradicts the asymptotic optimality of wy assumed in the theorem. We conclude
that p must be uniform with respect to Hy on A. 0O

Before we turn to the proof of the following theorem, we shall introduce a simple
observation about the set neighborhoods B;.(A4). Namely, given two compact sets E, F' C
RP and positive numbers a,r > 0, there holds

Br(E)\ Bata)r (F) C Br(E\ Bar(F)). (14)

Indeed, pick an element x € B,.(E) \ B(14a)-(F); then for some y € E, [z —y| < r.
Furthermore, since dist(z, F') > (14 «a)r, dist(y, F') > ar. It follows y € E'\ By, (F), and
therefore & € B,.(E \ Bor(F)) as desired.

Proof of Theorem 7. Clearly, to prove the first pair of inequalities in the statement of
the theorem, it suffices to show

limsup NY9p* (A, N) > 04Hq(A)Y .
N—oc0
Furthermore, the second claim of the theorem follows from Corollary 11. We will therefore
focus on proving the above inequality for p*.

Fix an € > 0. As in the preceding proof of this section, an application of [11,
Thm. 3.2.18] gives existence of a compact set AcC A, such that A is d-rectifiable and
Ma(A) = Hq(A) > Ha(A) — e. Consequently, Theorem 4 applies to A; by the theorem
we have

lim Np*(A,N)* = 05Ha(A) > 05(Ha(A) —e). (15)

N—oco

We shall further need to characterize A \ A. By the definition of Minkowski content,
there is a sequence of positive numbers r,, | 0, n > 1, such that along this sequence,

lim Lp[Br, (A)] = My(A), lim Lp[Br, (A)] = H4(A).

—d —d
n— o0 Updeg n— o0 Upfdrnp

In particular, there exists ng(e, A, g) so large that
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Lp[Br, (A _ 5 Ly[B, (4)]

2 Md<A> - g, - Hd(g) < g, n 2 no,

—d —d
Vp—dTnP Up—dTnP

implying for every a > 0 sufficiently small

Lp[Br, (A)\ Bayayr, (A)] 2 Lp[By, (A)] = Lp[Batayr, (4)]
> vp_arn? " Ma(A) — (1 + )P~ Hq(A) — 2¢) (16)
> vp_qrn? U Ma(A) = (1 + )P~ Ha(A) - 3e).

To apply the above estimate, consider a covering set & for A\ B, (Z) of cardinality k.,
achieving the covering radius of at most r,, n > 1. Using (14) and that by the covering

property A\ Bar, (A) C B, (W) gives
B (A\ Batayr, (4) © Br, (A\ Bar, (4)) C Bar, (@).

In view of (16), this results in the following estimate for k, = #w:

kurh > L (Ma(A) = (1+ @)™ "Hy(4) = 3¢) > 0 (17)
P

for sufficiently small «, €.

Now consider an optimal covering configuration wy for A attaining the covering radius
p:= R(wn, A) < ar, /3 and such that p*(A4, N — 1) > ar,/3, so that N is the smallest
possible cardinality for this inequality. Denote

W i=wn NB,(4), " :=wy\ Ba(A).
By construction, since ar,, > 3p
R A) = p= R(W", A\ Bar, (A)).
Since N1 — oo when r, | 0, by taking n large enough and using (15) we ensure that

Ny (r0/3)% = Nip*(A, Ny > 0% (Ha(A) — 2¢);

in addition, due to wy having the covering radius p < r,, and (17), there holds

No(ary/3)% > (%)d : ;);;;Z (Ma(A) — (1 + )P~ Hy(A) — 3¢) > 0.

Adding together the last two displays yields, by fixing sufficiently small a,e > 0 and
taking n — oc:
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limsup Np*(A, N) > limsup(N(n) — 1)p* (A, N(n) — 1)

N—oc0 n— o0

> limsup(Ny + Ny — 1)(ar,/3)% > 09H4(A). O

n—oo

Proof of Theorem 8. The proof follows along the same lines as that of Lemma 17. Indeed,
taking M = M (A) the first part of that proof gives

lin inf p* (A, N)NY? < liminf p* (A, N(n)) N(n)"? < e(p, d) Ma(A)/2.
— 00 -

n—oo

To obtain the inequality

limsup N'/9p(A, N) < esMa(A)V4,

N —o0

observe that for any € > 0 and sequence r, | 0 one has eventually

Hp(Br, (4)) < (Ma(A) + €)vp—ara? 7,

and it suffices to set r, = p*(A,n) over the sequence achieving the
limsupy_, .. N'/¢p(A, N) in the proof of Lemma 17. This gives the two upper bounds
of the theorem.

For the lower bounds, start by observing that for every ¢ > 0 and sequence r,, | 0,
eventually

Hp(Br, (A)) = (Ma(A) = )vp—ara” ",

so it suffices to take r, = p*(4A,n) over the sequence achieving the
lim inf y oo N'/?p(A, N) in the proof of Lemma 17. Finally, for the second lower bound
of the theorem, take M = M4(A) in the third part of Lemma 17 and observe

lim sup p* (A, N)NY? > limsup p*(A, N(n)) N(n)"/4 > ¢(p, d) Mg(A)Y/9,

N—o0 n— oo

with the dependence N(n) as in the lemma. O
7.2. Verification of the short-range properties of p*(A, N) and P*(A,N)

It remains to verify properties of the functionals R(wy, A) and Ps(wy, A), formulated
at the beginning of the previous section.

Monotonicity. Equation (7) follows immediately from the definitions of p*(A, N) and
Pr(A,N).

Existence of asymptotics on Jordan-measurable sets. As mentioned previously, existence

of these asymptotics for covering was obtained in the papers of Kolmogorov and
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Tikhomirov [20], and independently the monograph of Graf and Luschgy [13]. The cor-
responding results for polarization were proved in [4] for constrained polarization and,
using similar ideas, in [17] for its unconstrained analog.

Short-range property. We first prove the estimate (8) for the covering functional F~ =

p*. By Lemma 17, for some constant C' = C(s,p,d, A) > 0 there holds, in view of the
assumption My(A,,) < oo, m = 1,2:

p* (AL, N) SCNY% p*(Ay, N) < CN~V4 p*(A4; U Ay, N) < CN~H

For the sake of brevity, denote A := A; U As, and fix a configuration wy such that
p*(A,N) = R(wn,A). For m = 1,2, we have

CN~Y4 > p(A,N) = R(wn, A1 NAs) > R(wy, Ay) > min |y — z

TEWN
= max min ( min ly — x|, min \y—a?|)
YEA, TrEWNNBL(Am) z€WN\Br(Am)
> mi ( i - h). 18
Zmin{ i ly—al, (18)

Since h is fixed, and for large N we have h > CN~'/4 we obtain that the latter minimum
is equal to minge.,\ 1B, (4,.) |¥ — x|, and therefore, by definition of Ny,

p(Amy Niw) < R(wy N Br(Ap), Am) < R(wn, An) < Rlwy, A) = p*(A, N).
This implies
max (p* (A1, N1),p" (A2, N2)) < p* (A1 U Az, N),

and the desired inequality is proved. O
We proceed with proving (8) for the polarization functional F'* = P,. In this case,
Lemma 17 implies

Py(A1,N) = CN*/?  Py(Ay,N) > CN/? Py (A UAy, N)>CN (19)

Again denote A := A; U Ay and notice that, for y € A,,, m = 1,2, we have

Z ly—z|°<h™° N

:EGUJN\B}I,(AM)

and, therefore,

Z ly — x| 7% < Z ly — x|+ h™°- N.

TEWN waNﬁBh(Am)
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This implies

J(A,N) = Py(wn, 4) = inf — |
Po(AN) = Pofwn, A) = inf >y —a|

TEWN

(s, 3 ot g, 3 o)

TEWN TEWN

< min | inf — 2], inf Y
<min | inf Y fy—al™mf o 0 el )+
z€EwnNA7(h) zEwNNAz(h)

< min (’PS(Ah Nl),PS(AQ, Ng)) + h_s - N.

It now remains to divide the above inequality by Ps(A, N) and pass to the limit, taking
into account estimates (19) and that s > d. O

We now prove (9) for F'~ = p*. Take two configurations, wy,, , m = 1,2 such that
p*(Am, Nim) = R(wn,,, Am). Define wy := wy, Uwn,; then #wy = Ny + Ny =: N.
Therefore,

p"(A,N) < R(wyn, A) = max (R(wn, 41), R(wn, A3z))
< max (R(wn,, 41), R(wny, A2)) = max (p* (A1, N1), p" (A2, N2)),

and (9) is established. The proof of this inequality for F© = P; is the same, and we
leave it to the curious reader. O

Stability. We prove (10) for Ft = PZ. The proof for F~ = p* will be a by-product of
Lemma 21, see Corollary 22.

To begin, we prove that in a sufficiently small neighborhood B,.(4) of a set A, with r
depending on N, the value of Ps(wy, B-(A)) is close to Ps(wpn, A) for any configuration
wn C RP. To do this, we will need the following well-known application of the Frostman
lemma.

Lemma 19 (Theorem 2.4, [9]). For any Borel set A C R? with H4(A) > 0 and s > d, we
have

s (2¢)%/4

s A) < N*% gy A) = N&/d LA
P (wN7 ) CR (S7d7 ) s—d 'u(A>s/d7

N>1, (20)

where wy s an N-point configuration in RP, and u is a Borel measure satisfying p(A) > 0
and u(Br(x) N A) < er?. Clearly, p < Hq. When A C R?, one can use = Hgq, so that

S (2uq)*/?
s—d Ha(A)s/d

CFro =

We proceed with the following statement, in which we assume s > d as usual.
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Lemma 20. Suppose the compact set A C RP is such that Hq(A) > 0. Take any 0 < e <
1/20FrO and define ry := eN~1/%. Then for any configuration wy C RP, the sets B, (A)
satisfy

Pi(wn, Br-(4)) = (1 - 65611;42) Pr(wn, A)
=: (1 —eco(s,d, A))P:(wn, A).
Proof. Let in this proof
H=1/cils.
Our goal is to prove that for every y € B, (A), we have

Uly,wn) = Y lly =2l = P(wn. 4).

TEWN

Since y € B, (A), there is an € A such that |y — z| < ry = eN~Y?. There are two
cases for the location of x:

(a) ming{[|lz — ;|| < (H — )N~}
(b) min{lz — a;]| > (H — )N~}

which we consider separately. If the first of the above cases holds, we can find an 2} € wy
with ||z — z%|| < (H —&)N~/4. Then, from (20), we obtain:

Uy,wn) > ly=aill ™ > (ly=al+la—afl) = > (HN Y1) 7 = emoN*/" > Py(won, A).
If the second case holds, we have for every 1 < i < N:
ly — @il ™ (IIDE%H)S> ( |z — o] )S
|2 — 2|~ lly — 4] | — 2| +eN~1/d
eN—1/d
B ( lz — @l +eN-1d

)S >(1—-¢/H)>1—-¢s/H,
whence
U(y,wny) 2 (1—es/H)U(z,wy) = (1 —es/H) 1nf U(z,wn)
=(1—-es/H)P,(wn,A). O

The following lemma constitutes the main challenge of this section and establishes
stability for the functional F'* = P*. The geometric idea behind it is splitting A into a
sequence of small neighborhoods Dy of set D, controlled by Lemma 20, and a sequence



28 A. Anderson et al. / Advances in Mathematics 410 (2022) 108720

of “bad” parts Ry, and then use a small fraction of points to cover the Ry. Balancing
the radius of the neighborhood Dy and the covering radius for Ry, we show that the
maximal polarization on A is close to that on D, as required for stability.

Lemma 21. Suppose A C R? is a compact set with 0 < M4(A) < oo and Hq(A) > 0,
and that s > d. Given an € € (0,1), there exists § = 0(e, s,p,d, A) such that whenever a
closed D C A satisfies

Ma(D) > (1 —0)My(A) and Ha(D) > (1 —6)Ha(A),
there holds

15 0) B (% 102))

Lim —=C0— > (1 Lim ==, Lim € {liminf, limsup}. (21)

In addition, for d = p, 0 can be made independent of A.

Proof. For this argument, let the constant 0 < g9 < 1/2 be such that

1—50
— s Z
(1+ 80)S/d

It will be shown that taking
§ < C(s,p,d, A)eft!

yields the desired estimate; in addition, the constant C in this inequality will be made
independent of A when d = p. Denote

50N_1/d
N 2co(s,d, D)’

where ¢g is defined in the preceding lemma. For every N > 1, we write A as a disjoint

union
A=DyURy
where
Dy := By, (D), Ry := A\ Dy.
Let wy (D) be a configuration that attains P*(D, N). This choice of rn implies

Py(wi(D), Dy) > (1 — £0)P(D, N). (22)
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To construct a sequence of configurations giving the estimate (10), we choose a number
n = n(eg, N) and a configuration w, C Ry, and denote wyiy 1= wi (D) Uw,. In view
of the definition of P}, we have

Pi(A,N +n) > min [Ps(wy (D), Dy), Pi(Rn,n)]. (23)
The desired estimate will follow if we choose a configuration w, of cardinality n, so that

(a> P: Ry, ) P(meN) P:(D,N),
(b) n=legN|.

Indeed, assume conditions (a)—(b) have been verified; using (22) and (23), in the case
Lim = lim sup the left-hand side of (10) can be estimated as

lim su 77)‘:(147]\[) 1 —P:(A7N+n)
N%oop Ns/d - N—oo (N + n)s/d
: 1 . , .
> hz{znj;lop m min [P (wi (D), Dn), Pi(Rn,n)]
. P*(D,N) P*(D,N)
> (1 —¢p)limsup —=———~ > (1 —¢) limsup —=—>0—-.
( 0) N—)oop (N+ )g/d ( ) N~>oop N# s/d

Similarly, when Lim = lim inf, choosing a subsequence N/ C N such that

fim PsAN) g P AN
N3SN—o00 Ns/d N —o0 Ns s/d
and taking N +n € N gives
liminf PeAN) L PHAN 4R
N—oo Ns/d N3(N+n)—oo (N—i—n)s/d
1 . X .
2 NS%%%&@ (N 1 n)/d min [Ps(wy (D), Dn), Ps(Ry,n)]
P*(D,N) P*(D,N)
S (1 — s\ _ Is\ 7 V)
> (=) fmind oy yera = (-9 lminf =9

Now let us verify conditions (a)—(b). To prove condition (a), we use that equation
(20) gives

P:(D,N) < crols,d, D)N*/4 = (%O)SNW.

Assume that we can choose a set w, = {z1,...,x,} such that
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n
Ry C U BS/CONl/d (l‘l) .
i=1

Then for every y € Ry there is an z € w,, such that |y — z| < s/coN~/4, which implies

* s . -s i - s/d *
iR > P ) = o Sy~ 2 () N2 PN

so that for such a choice of w,, condition (a) is satisfied. It remains to prove that n can
be taken to satisfy (b).
Notice that by definition, for any r > 0,

BT(RN) = Br(A \ BQT‘(D)) - BT‘(A) \ BT‘(D)a

so in view of My(D) > (1 — §)My4(A),

Mg(Ry) = limsup HylBr(Bn)] [Br (R_]Z)] < lim sup Hy(Br(4) \iT(D»
r10 Vp—grP 10 Vp—grP
 timsup o BAD ~ Hy(B(D)
r10 Vp—dTP™
=0 Mqy(A).

By Lemma 18, for N > Ny(A4,D,0) (so that ry is sufficiently small) there exists a
configuration w, C Ry, for which

Ry C | J By (z:),

i=1
with cardinality n satisfying

n <dc(p,d) r;,d My(A)

(24)

)
= E—dc(p, d) st 2chrO(s, d, D)d/s M(A)N.
0

Since p < Hg, there exists a o = §(A), such that Hy(A\ D) < doHq(A) implies
w(D) > pu(A)/2, whence by (20) cpro(s, d, D) < 2%/%cpyo(s,d, A). Substituting the value
of ¢pyo from (20) shows that setting

. CFro(sada A)id/s
0 = min {50, €g+1 . W : Md(A)

=:C(s,p,d, A) ng

gives



A. Anderson et al. / Advances in Mathematics 410 (2022) 108720 31

ngEoN, NZN()(A,D,(S)

The above estimate implies n < |9V ]. By adding more points to w,, we can always
ensure that n = |g9N |, and the proof of (a)—(b) is finished.

To verify the second claim of the lemma, recall that for p = d, p = Hg; substituting
this into cpyo gives dp = 1/2, and in view of Hy(A) = My(A) equation (24) becomes

d/s
n < £3sd . 2d+2 (%) N =¢(s,d) %N.

d —
€ S €6

As a result, § is chosen independently of A in this case, as desired. O

As a by-product of our proof, we get the stability result for F'~ = p* and for the
unconstrained polarization.

Corollary 22. Since for the proof of (10) we presented a covering of the set A\ By, (D),
it is easy to see that this construction yields also the stability results for covering.

Corollary 23. Assume A C R? is an (Hg4, d)-rectifiable set with 0 < M4(A) = Hq(A) <
oo, and s > d. For every € > 0, there exists § = d(¢, s,p, d, A) such that

.. Ps(A,N) .. . Py(D,N)
ISV S (1~ ) s\
ln inf — 57— = (1= ¢) - lminf =27 (25)
and
lim sup p(A, N)NY? < (1 +¢) - limsup p(A4, N)N'/4, (26)
N— o0 N—oo

whenever the compact D C A satisfies Hq(D) > (1 — ) Ha(A).

The proof of this corollary is identical to the proof of (10); indeed, the only configu-
ration we constructed was w, C Ry C A. Therefore, if the original configuration w} (D)
is a subset of D, then the new configuration w4, is a subset of A, and we can estimate
Ps(A,N +n) = Pi(wWNin, A).

Proof of Theorems 4 and 5 for p and P,. Assume first p = d; i.e., A C R?. In this case,
our theorem follows from [17, Theorem 1.11].

Assume now d < p. We notice that the only difference of p and P, from p* and P} is
the lack of monotonicity. However, the proof of the inequalities
P* (A, N) S O's,d

e s P * 1/d 1/d
lim inf —=-7 > (AT and hifnjllopp(A,N)N < 04Ha(A)

did not use monotonicity and used only stability and short-range properties. Since these
properties still hold for p and Py, we get
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.. .Ps(AN) Os,d . 1/d 1/d
> - < .
1}\1{1;1(1)1; NoTd 2 Hy (A and lsznjilop p(A, NN < 0,Ha(A)

On the other hand, we clearly have Ps(A4, N) < Pi(A, N), and therefore

tnes AN o PHAN) o
11m — 5 X 11m S )
Fe L Noosd NS S R (A)s/d

which finishes the proof for P;. Finally, we have p(A, N) > p*(A, N), which implies
lim inf p(A, N)NY9 > liminf p*(A4, N)NY?® > 0,14(A)Y 2,
N —o0 N—o0

and our proof is finished. O

Remark 24. An inspection of the proof of the above lemma shows that when the set A is
d-regular, i.e. equation (5) holds, the constant 6 depends only on the constant ¢ in this
equation. Furthermore, one can use u = Hg4 in this case.

7.8. Covering as a limit of polarization

Recall the following result about separation properties of optimal polarization con-
figurations. It will be useful to control the cardinality of such configurations in a given
volume.

Theorem C (Theorem 2.8 [28], Proposition 4.2 [17]). Let A C RP be a set with Hq(A) >
0. For every s > max(d,p — 2) there exists a constant n(s,d, A) such that for every
N > 1, and every configuration wy that attains P(A, N), we have

#(wN N Bn(s,d,A)N—l/d(l')) <p, VreRP
Moreover, the value of 1(s,d, A) can be taken such that lims_,o 1(s,d, A)Y/* = 1.

Remark 25. The proof of the claim about 7(s,d, A) can be found in the first reference
[28], where it suffices to observe that R? is a convex set without boundary.

Proof of Theorem 10. In this proof, constants ¢y, co, c3 can depend only on p. For brevity,
we write

p = p*(A7N)7 ni= 77(87(1714)

for the optimal N-point covering radius of set A and the constant 1 from Theorem C,
respectively. Let a point y € A be such that p = min; |y — z;|. For an integer n > 2, set

H, = Bnp(y) \B(nfl)p(y)'
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Notice that the choice of y implies that B,(y) Nwy = 0, and thus wy C Jy—, Hy.
Furthermore,
Hy(Hy) = vpnPpP — vy(n — 1)PpP < cyopnP~tpP.

1/d,

We can cover H,, with balls of radius nIN— a single ball of this radius has volume

vp(nN_l/d)p, so at most cn~PnP~pP NP/4 such balls are required to cover H,. In addi-
tion, the weak separation property implies that each ball contains no more than p points
from wy, so that for n > 2 we have #(H, Nwy) < c3n~PnP~ ! pP NP/4, This results in

o0

7\;)5 (n—1)"° - #(H, Nwy
ly — z;]* Z # )

N
Py )< L o3 ¥
j:1|y—$J\

n=2x;€EH,

< 03n_ppp_5Np/d Z(n - 1)_Snp_1,

n=2

where it is used that for € H,, we have |y — x| > (n — 1)p. The series in the right-hand
side converges in view of the assumption s > p.
Notice that

so for the constant
C(Sv dap7 A) = 637771) . Z(n - 1)75 P

we have lim, o c(s,d, p, A)'/* = 1, and
P(A,wn) < (s, d,p, A)pP~* NP/,
Solving for p while taking into account s > p
p < c(s,d,p, A)ﬁNﬁP(A,wN)ﬁ
It remains to denote C := ¢(s,d,p, A)s—» = , and the proof is complete. O

Proof of Corollary 11. To obtain equalities (2)—(3), we establish the inequalities in both
directions. Let w} be a configuration on which p*(A, N) is attained. Then

1 El
Pr(A,N A, wy) = min > ,
(4, N) > B(d,wiy) yeAmex]\s ( o (4, >>
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implying immediately (2)—(3) with “>” in place of equality.
To obtain the converse direction, observe that Theorem 10 implies for s > p,

PHANNYE™ 1
Ns/d C(s,d,p,A) p*(A,N)N1/d’

It remains to recall that C(s,d,p, A) — 1 as s — oo to conclude that (2)—(3) hold with
“<77. D

7.4. Polarization on fractal sets
To prove Theorems 15-16 we need the following well-known result [12,22,23].

Theorem D (Continuous renewal theorem). Let u be a probability measure on [0,00) and
Z(u) be a function defined on [0,00). Assume that for some positive constants C' and €
and u sufficiently large there holds

u

Z(u) — /Z(u —z)du(x)| < Ce™ =%
0

Then limy, o0 Z(u) exists.

Remark 26. In a general formulation of this theorem, the exponential on the right can
be replaced with any noninreasing function from L'([0, +00), £1).

Observe that P(A, N) is nondecreasing in N. For ¢ > 0, we define
N(t) :=min{N: P;(A,N) > t},

a generalized inverse function to P’. Clearly existence of the limit lim; o N()t~%* is
equivalent to that of limy_, ., PX (A, N)/N—S/d.

Proof of Theorem 15. We cannot apply Theorem D directly to the function N (¢) /s,
it will be necessary to introduce a change of variables first. Consider the quantity

Z(u) == (")~ N(e™).

In order to apply the renewal theorem to Z, it suffices to show that

u

2(0) = #(u) + [ 20~ ) du(a), (27)

0

where |z(u)| < Ce™=% and u places the weight 74, in —slogr,,:
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M
2 d
H = Tm 675 log Tm *

m=1
With such p, equation (27) is equivalent to

M
(e“)_d/s N(e") = 2(u) + Z Z(u + slogry,)rd,

m=1

= z(u) + Z (e"rs) Y N(e*rs))rd,

M
= a(u) + ()7 D] N(etrs,),

which after setting L(e") := (e“)d/s z(u) and t = e* becomes

N(t)=L(t)+ > N(trs,). (28)

m=1

Hence, to apply Theorem D, it suffices to show that in (28), |L(t)| < Ct¥/*=¢ for suf-
ficiently large t. The rest of the proof establishes the two bounds on L(t) giving this
estimate.

Upper bound. Denote Ny, = N(tr5,), 1 <m < M, and let N =" N,,. By definition,
Pr(A,Np,) = trs,, 1 < m < M, so that for configurations wy,, attaining P*(Np,) one
has Ps(wy, ,A) > tr;,. Furthermore, due to the nonnegativity and scale-invariance of
the polarization functional there holds

Pi(A,N) > P (U wm(w;*vm),A> > min {r;,"P (A, Ny)} > .

Thus, N =3 N(trs) > N(t), giving

M
L(t)=N(t)— > N(tr,) <0.
m=1
Lower bound. Let N = N(t) for some ¢t > 0, so by definition P¥(A, N) > ¢. Let A,, :=
U (A) for 1 < m < M. Because A satisfies the open set condition, there exists an h > 0,
such that dist(A;, Ag) > 2h, I # k. Consider an optimal polarizing configuration wi; let

N := #[wi N Br(Ay)]

be the number of points from this configuration that lie within h from A,,, 1 < m < M.
Observe that the contribution of points in wy \ Bp(A1) to the values of U(y,wy) =
> Jly — || 7® with y € Ay is at most h~°N, implying

*
TEWYN
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h™°N i —z|7* > PFAN) > t.
+min Y fy—a” > PI(AN)
TEWXNBpL (A1)

Since wi N B (A1) can be rescaled using 9 ! and be used as a polarization configuration
for the entire A,

P(A,N1) = Py (Y1 wiy N Br(A1)]) =15 (t — cN)

for ¢ = h~*. To complete the proof, observe that minimal polarization is superadditive:
for any nq, ns,

Pr(A,ny +n2) = Pi(A,n) + Pi(A ng).
Pick an N; := N(criN) < CN?5. There holds
Pr(A, Ny + N1) > PE(A, Ny + PE(A W) > 1 (£ — eN) + eriN = rit,

which implies N (rt) < Ny + N; < Ny + ON9/s.

The above argument applies to all A,,, whereby we have N(trs) < N,, + CN>,
Recall also that N > " N,,. Combining the last two inequalities we finally have

N(t) = N(tr$) + N(tr3) — CNY/5,

As N(t) < t¥/¢ by (6), this gives L(t) > —CN%/* > —Ct%"/5*; since d < s, we thus obtain
the desired lower bound for L(t), and are in the position to use the renewal theorem.
This completes the proof. 0O
Proof of Theorem 16. First observe that since the additive group

{t1log(r1) + -+ + tarlog(rar): t1,... .ty € Z}

is not dense in R, it must have the form aZ for some a > 0. As a result, there exists a

number r € (0,1) and positive integers i1, ...,iy such that
rm=r" m=1,..., M.
Without loss of generality, assume i1 > i5 > ... = i,,. Similarly to the proof of Theo-

rem 15, we set
N(t) :=min{N: p(4,N) < t},

and consider the sequence
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Let J be an integer for which 2r7/ < ming, dist(A;, Ap) with A, = ¢, (A). We will
show that for some constant C' > 1 and every n > J, there holds

p(A R, —1) = Cr™. (29)

Since p(A, R,) < r™ by definition, this will be sufficient to justify the inexistence of
limits claimed in the theorem. The first step towards (29) is the renewal equation for
covering:

m

M
Rpy =N(@™) =" Rnyi, = »_ N(r"o™'m). (30)
m=1 m=1

Indeed, for a configuration wj, attaining the covering radius r"°, assume a point y max-
imizes the distance to wj in A,

ly — ;]| = dist(y, wy) = r"°.

It follows that y and z; must belong to the same set A,,, since 70 < dist(A;, Ag), | # k.
Hence, covering radius in each of A,, is at most 7, implying #(wi NAy,) = N(rmo=im),
1 <m < M. On the other hand, due to the minimality of N(t), the converse inequality
also holds, giving (30).

To prove (29), observe that by definition of N(t),

p(A7RJ+n - ]-) > TJ+n7 n

WV
\'l—‘

and we emphasize that this inequality is strict. Let
C := min {2, Iginl 1" (A, Ry — 1)} > 1.
n=0,...,%1

By construction, (29) is satisfied for n = J,...,J + i;. We proceed to obtain (29) by
induction.

Assume that ng > J + i1, and the estimate (29) is known for every n = J,... ,ng — 1.
Take a configuration w* of cardinality R,, — 1 that is optimal for p(4, R,, —1). By (30),
one of the sets A, contains at most R,,_,;, — 1 elements of w*; suppose this is the case
for m = j. The induction hypothesis applied to w* N A; shows that

p(Aj, Rpy—iy — 1) =1 - Crio™% = Cr™o.

Also, the elements of w*\ A; do not contribute to covering on A; as dist(A;, Ay) > 2r' >
Cr™ implying

p(AaRno - 1) 2 CT”O)
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which completes the proof of both (29) and the first claim of the theorem. Proof for
the unconstrained covering is obtained with minor adjustments in the argument, by
using Bj(A.,) in place of A,,, with 2k < min;z, dist(Ax, A;). Finally, the nonexistence
of polarization limits for large s is a consequence of the above results for covering and
Theorem 10. O
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