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Justify all answers. No credit will be given without proper justification. The exam is out of 32
points. Good luck!

1. (4 points) Recall that M(R) denotes the ring of 2 x 2 matrices with entries in R. What is the
dimension of M(R) as a vector space over R? Be sure to justify your answer.
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2. (4 points) Show that if F is a field and K is a field extension of F whose dimension over F i is a

prime number, then there are no fields between F and K, ie., if Eis a field such that F C E C K,
then E=For F =K.
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3. (4 points) Find a basis for Q(v/3) over Q (you may think v/3 being an element of R, and
of Q(v/3) as the subfield of R obtained by adjoining v/3 to Q).
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4. (4 points) Show that the minimal polynomial of 2!/3 (the unique cube root of 3 in R)is 2% — 2.

If you use something that we have not proved in class or in a homework, then be sure to prove it.
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5. (4 points) What is the degree (dimension) of Q(v/3, 21/ %) over Q? You may assume the statement
of problem 4 even if you have not proved it.
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6. (4 points) Prove or disprove: if F is a field, K is a field extension of F, and u,v € K are
algebraic over F', then F(u,v) = F(u) U F(v)
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7. (4 points) (a) Is (x 4+ 1) a maximal ideal in Q[z]? Is it a prime ideal? (be sure to answer both
questions!).
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(b) (4 points) Is (z + 1) a maximal ideal in Z[z]? Is it a prime ideal? (be sure to answer both
questions!).
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