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Abstract

A theorem of Matsushima-Shimura shows that the the space of harmonic differential forms
on the quotient of products of upper half planes under the action of certain groups, when
the quotient is compact, is the direct sum of two subspaces called the universal and cuspidal
subspaces. We generalize this result to compact quotients of products of upper half planes
and upper half spaces (hyperbolic three spaces) under the action of certain groups to obtain a
similar decomposition.

1 Introduction and main result

Let n be a positive integer. For i = 1,...,n, let H; be either the upper half plane ), = {z € C:
S(z) > 0} or upper half space $; = C x R~ (a model for hyperbolic three space), and let C; = R
if H; is the upper half plane and C; = C if H,; is upper half space. The group SLy(R) acts on ),
as usual by fractional linear transformations and the action of SL2(C) on $); is given by

[Z Z] (z,t) = %((az + b)(cz + d) + act?, |ad — be|t), where 6 = |cz +d|* + |ct]* .
Let I' be a subgroup of [[;, SL2(C;), which thus acts on []}_; H,.

For¢=1,...,n,if H; is the upper half plane, then let x; and y; denote the x and y coordinates
on H; (i.e., for which the corresponding point is x; ++/—1y;), and if H; is the upper half space, then
let x;, y; and t; denote the x, y, and ¢ coordinates on H; (i.e., for which the corresponding point
is (z;++v/—1y;,t;)). The standard Riemannian metrics on the upper half plane and upper half space
induce a metric (the product metric) on []}" ; H;. For i =1,...,n, let n; denote the volume form
(also called fundamental form) on H;, i.e., if H; is the upper half plane, then n; = dx;/y; A dyi/y;,
and if #H; is the upper half space, then n; = dz;/t; A dy;/t; N dt;/t;. If C C {1,...,n}, then let
Ne = Niconi- Note that e is invariant under [['; SLa(C;). Fori =1,...,n, let d; = 2 if H; is
the upper half plane, then let d; = 3 if H; is the upper half space. Define

ym o — { ,,,,, )
b 0 otherwise

Note that if H; is the upper half plane for all ¢, then ‘H, ® C is isomorphic to the usual universal
cohomology group associated to I' of degree m (e.g., see [Fre90, § IIL.1]). Let H™(I") denote the
group of harmonic differential forms of degree m on [[}_; H; that are invariant with respect to T".

Since the volume form on any H; is harmonic, H". C H™(I").

univ.—
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Now assume that I' is discrete in [[;"; SLa(C;), has no element of finite order other than
the identity, and is such that the quotient by its action on [];; H; is compact. For i = 1,...,n,
if H; is the upper half plane, then let B; = {dz;/yi,dy;/y;}, and if H; is the upper half space,
then let B; = {dz;/t;,dy;/t;,dt;/t;}. For any i, if A; C B;, then let wa, = Apea,w. If a1,...,ay
are integers, then we say that a differential form is of type ai,...,a, if it can be written as a
linear combination (with coefficients being smooth functions) of some w4, A --- Awy,, such that
for each i, A; C B; and |A;| = a;. Let HI  denote the subgroup of H™(I") generated by elements
that are of type ai,...,a, such that none of the a; are equal to 0 or d; (note that > ,a;, = m
necessarily).

Assume now that the image of I' under the projection to any partial product of [[?"_; SL2(C})
is dense; this is called an “irreducibility condition” in [Fre90, 1.2.13] (cf. p. 420-421 of [MS63]),

and is often true for arithmetic subgroups if n > 1.

Theorem 1.1. We have H™(I') = H\., + Hlv,, and H], NHE = {0}. Hence H™(I',R) =
H™(D\([T=y Ha), R) = HIL (D\([T=y Hi), R) = H™() = H™ & N, where the first coho-
mology is group cohomology, the second one is Betti cohomology, and the third one is deRham
cohomology.

Note that the first three isomorphisms in the second statement are standard, and for this
reason, this statement follows from the first. The proof of the first statement is given in the next
section. If H; is the upper half plane for all 7, then the statement of the theorem, when tensored
with C, follows from [MS63] (cf. Theorem 1.6 in Chapter IIT of [Fre90]). The proof given in
loc. cit. (see also [Fre90, § III.1] for an exposition) uses crucially the fact that there is a basis
of complex differential forms on the upper half plane for which the action of SLy(R) is diagonal
(e.g., one such basis is {dz,dz}, where z denotes the coordinate on the upper half plane); this
does not seem to be true for upper half space (as far as we know), and so the proof of [MS63]
does not generalize in an obvious way to our situation. While our proof does borrow ideas from
loc. cit., even in the case where H; is the upper half plane for all 7, it differs from the one in loc.
cit. and is more elemetary, in the sense that the proof in loc. cit. uses the maximum principle
for harmonic functions, while we just use the fact that harmonic forms on compact manifolds are
closed. Moreover, we get a result with coeflicients in R, as opposed to in C, so our result is more
general as well.

The motivation for the authors to generalize the result of Matsushima-Shimura (to include
upper half spaces) is for a potential application to the construction of Stark-Heegner points (also
called Darmon points) on elliptic curves over arbitrary number fields (the case of totally real fields
is considered in [AT]); for an example of the application of the original theorem of Matsushima-
Shimura in this context, see the proof of Theorem 8.9 on p. 92 of [Dar04].

Acknowledgement: We are very grateful to E. Aldrovandi for several discussions and advice on
work that led to this article.

2 Proof of Theorem 1.1

We continue to use the notation introduced in the previous section. If w is a differential form,
then it can be written uniquely as w = ) . gwy Where S is some finite indexing set and the wy’s
are non-trivial forms of distinct types. The Laplacian operator and any element of I' take a form
of a given type to a form of the same type. Thus if w as above is an invariant harmonic form,
then each w, is also an invariant harmonic form (here and henceforth, when we say that a form is



invariant, we shall mean with respect to the full group I'). Thus it suffices to show that a nonzero
harmonic invariant differential form of a given type is either in H'"._ or in H™ . but not in both.

univ cusp’
Proposition 2.1. Let w be a nonzero invariant harmonic form of type ai,...,a, for some
ai,...,an. Suppose there is an i such that a; = 0 or d;. Then for all j, a; = 0 or d;, and

w s a real number times Nj_1b;, where bj =1 if a; =0, and b; = n; (the volume form on H;) if
CL]' = dj.

We shall prove this proposition next, but note that it immediately implies the theorem, since
if a harmonic invariant form is of a type where a; = 0 or d; for some %, then by the proposition
above, it is in H[, , and if not, then it is in H[}_ , which proves the first statement of the theorem
(as mentioned earlier, the second statement follows from the first).

The rest of this section is devoted to the proof of Proposition 2.1. Without loss of generality,
assume that ¢ = 1, where ¢ is as in the statement of the proposition. For some finite set I, one
can write w uniquely as w = ), ; frwy such that wy = wa, A+ Awy, for some A; € B; with
|A;| = a; for all @ = 1,...,n and with the requirement that the wy’s are distinct and fi’s are
nonzero smooth functions. Let x; denote (z;,y;) if H; is the upper half plane and x; = (z;, y;, t;)

if H; is the upper half space.
Lemma 2.2. For each k € I, fj, is independent of x;1 (i.e., independent of the variables in x1 ).

Proof. Let X denote the quotient of []?"_; ; under the action of I'; under our assumptions, it is
a compact Riemannian manifold without boundary. If «’ is a form on [[" ; H; that is invariant
under T, then it induces a form on X that we shall denote by w’. We define an inner product on
p-forms on []}"; H; that are invariant under I' by (w1, ws) = [ W1 Az, where the latter integral
is well defined since X is compact. With this inner product, the usual proof that a harmonic form
on a compact Riemannian manifold is closed generalizes to show that a harmonic form on [} ; H;
that is invariant under I is closed (as was pointed out to us by E. Klassen, this also follows because
it is a local result, which holds on the quotient since it is compact). Since w is harmonic, we have
dw = 0. We remark that this is the only place in this article where we use the hypothesis that the
quotient X is compact.

Consider first the case where a; = 0. Then note that for each k € I, wy, = wa, A--- Awy, for
some Ay C By, ..., A, C B, (the wy, is missing since a; = 0). For ¢ = 1,...,n, if H; is the upper
half plane, then let B, = {dx;,dy;}, and if H; is the upper half space, then let B} = {dx;, dy;, dt;}
(thus B! is a different basis for the span of B;). Now, with I as above, one can write w uniquely as
W =D jer grwy, such that wp = way A+ Awgy for some A; C B with |A; = a; for all i and with
the requirement that the wj}’s are distinct, g;’s are nonzero smooth functions, and grw; = frwy
(we are just doing a change of basis here).

We have 0 = dw = 3 "c/ > pepr %db AWk + D per 2aima 2beB! %ilfdb A wg. Now each term
in the first sum contains db for some b € B/, while the terms in the second sum do not contain
db for any b € B] (considering the way in which wy could be written in the paragraph above), so
the first sum must be zero. Secondly, in the first sum, for each b € Bf, the db A wy’s are distinct
for the various k’s, so we conclude that for all k, dgy/0b = 0 for all b € BY, i.e., gi is independent
of x;. Now for each k, f;, differs from gi, by [, ¢;, where ¢; is a power of y; if H; is the upper
half planes and ¢; is a power of t; if H; is the upper half space; this product []!", ¢; is non-zero
and is independent of x;. Thus for each k, fi is also independent of x;.

Now consider the case where a; = dy. Then *w is also invariant and harmonic, and for it, the
corresponding a is 0, while the set of fi’s do not change up to signs. Thus the argument above
applied to *w shows that the f;’s are independent of x; in this case also. 0



Now suppose there is a j such that a; is neither 0 nor d;. We will show that this leads to a
contradiction. Without loss of generality, suppose j = 2. Let M € SLy(C3) (recall that Cy = R if
Hs is the upper half plane and Cy = C if Hs is the upper half space). Then by the “irreducibility
condition”, for some matrix A € SLy(C}) that depends on M, there are elements of I' that are
arbitrarily close to (A, M,1,...,I), where I is the identity matrix, as usual. Now w is invariant
with respect to the first component (i.e., with respect to all possible A’s as above; here, if a; = d,
we use the fact that the volume form is invariant under SLy(C})). Since w is smooth, by pulling
back w to Hs, we get a harmonic differential form w’ on $, or on §; that is invariant under M
and is not of degree zero or the top degree (which is 2 for $), and 3 for $);). It is perhaps well
known that this cannot happen for all such M (and in fact, this may follow from a more general
fact), but we prove this anyway for the sake of completeness:

Lemma 2.3. There is no nonzero harmonic differential form on £, or on $s that is invariant
under SLy(R) or SLy(C) respectively and is of degree other than zero or the top degree (which
is 2 for $, and 3 for $s).

Proof. Assume that a form w’ of the type above actually exists. First consider the case of $),.
Then «' is of degree one and so w’' = f% + g(—%) for some f(z) and g(z). A direct calculation

shows that if P| = (z1,y1) and P> = (x2,y2) are points in £),, then with e = z9 — xlz—f and
d= /%, the matrix
Y2
L ed
M = |:8 d:| S SLQ(R) (1)

satisfies M (P;) = P,. The action of the matrix [Z b] € SL2(R) on complex differentials in the

d
basis (‘Z—Z, —%) is given by the matrix

-2
{60 602} , where ¢ = (cz + d)/|cz +d| . )
Using this, one sees that the matrix in (1) leaves % and —% invariant (keeping in mind that
d > 0). Since ' is invariant under SL2(R), we conclude that f(z) and g(z) are constants.

Now consider the following matrix

= [(1) _01] € SLy(R)

Since f(z) and g(z) are constants, we shall write them as just f and g respectively. Then
dz dz o 4z dz LAz . dz z|? dz 22 dz
) ol ) = (0ol -)) (B oo (-£) = 1 £ 05 (-5,
y y Y Y y y 2y Tl Y
where we used formula (2) above in the last step. Putting z = ¢ (for example) in the equation
above, we see that f = ¢ = 0 and so w’ = 0, which is a contradiction.

Now consider the case of $;. First consider the case where the degree of w’ is one. Let

Bo = —dz/t, f1 = dt/t, and By = dz/t. Then W' = foBy + f151 + f282 for some functions fo, fi,
and fo. A direct calculation shows that if Py = (x1,y1,t1) and Py = (z2,y2,t2) are points in $s,

then with 27 = 21 + iy1, 20 = T2 + Y2, € = 290 — 2’1%, and d = ,/%, the matrix

M= [g iﬂ € SLy(C) (3)
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satisfies M (P;) = P,. The action of the matrix [Z d

b] € SL2(C) on complex differentials in the

basis (5o, 51, 32) is given by the matrix

1 A —2rsA  s2A

53 | 75 Ir|2 — |s|? —Ts|, where A =ad—bc=1,r=cz+d, and s =¢t . (4)

P+ 1P |28 A 2A
Using this, one sees that the matrix in (3) leaves each of 5y, 51, and Sy invariant (considering that
d is real). Since w' is invariant under SLy(C), we conclude that fy, f1, and fo are constants.

It is easy to check that x5y = i1 A B, *[1 = %BQ A Bo, and x8s = iy A 1, and that
dBo = Bo A P1, dB1 = 0, and df2 = P2 A B (see, e.g., the proof of Lemma 61 in §4.2.5 of [Byg99]).
Using these formulas, and the fact that w’ is harmonic, we have

0 = Aw=(dd+dd)w=d5(fobo+ f1p1+ f2B82) + dd(fobo + f1B1 + f2f2)
= ()T s dx (fofio + S + f2B2)) + 6(fofio A By + 0+ faBa 1 B1)

= —dxd(ifoBL A B2+ %ﬁ@ A Bo +ifafo A Br) + (=13 s dx (foBo A B1 + foBa A Br)

= —dx*(0+ %ﬁ(—%o A B1 A B2) +0) + *d(fo(iB2) + f2(—ibo))

= d*(if1o A B A B2) + xd(foiBa — f2iBo) = d(—if1(20)) + *(foiBa A B1 — f2iBo A B1)
= d(2f1) — foi(—iBo) + f2i(if2) = 0 — foiBo — f232

It follows that fo = fo = 0. Recall that f; is a constant. Let

= [(1) ‘01] € SLy(C) .

Then

fifr =W =" =" (1) = 17y (B1) = flé(—%tﬁo + (|2* = t3)B1 + 22t2) |

|2|? + 2
where we used formula (4) above in the last step. Putting z = 0, = 1 in the equation above, we
see that f; = 0 and so w’ = 0, which is a contradiction.
If the degree of W’ is 2, then *w’ is a non-zero harmonic form of degree one that is invariant
under SLy(C). Thus from the argument above, we again get a contradiction. O

Thus, for all j, a; = 0 or d;. Then one sees that I consists of only one element & (since the
dimension of the space of forms of degree 0 or d; is one for each j), and applying Lemma 2.2
above for any j instead of for i = 1, we see that f; is indepedent of x; for all j. Thus f is a real
number. This finishes the proof of Proposition 2.1.

Remark 2.4. We take the opportunity to point out a correction to the literature (this remark
and the rest of this article are independent of each other). Recall that $; = C x R~ is the upper
half space (a model for hyperbolic three space). Let fo, f1,andfa be smooth functions on $;. It
has been wrongly stated in the literature that w = fo(—dz/t) + fidt/t + fodz/t is harmonic if and



only if

%QJF%?—t_lfO:Ov
%Q_%]?thlhzq
T L (5)

The system of equations above is equivalent to saying that w is closed and coclosed (e.g., see the
proof of Lemma 61 in §4.2.5 of [Byg99]). On a compact manifold, a differential form is harmonic
if and only if it is closed and coclosed. However §); is not compact. Now

5(@> = (—1)3(1+1)+1*d*%:—*d(d—x/\@):—*d<tl2d:1c/\dy>

t t t
= —*(—Qt%dt/\dx/\dy>:2*<%/\d7$/\i—y):2-1:2,and
A(%) - (5d+d5)(%) :6d(%> +d6<%) :6(%thdt> 1 d(2)=0+0=0.

Thus the differential dt/t is harmonic, but not coclosed. It does not satisfy equation (5) above
(in our case, fi =1 and fo = 0). It also follows that *(%) is harmonic, but not closed.
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