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Abstract

Let E be an optimal elliptic curve over Q of conductor IV, such
that the L-function of E vanishes to order one at s = 1. Let K be
a quadratic imaginary field in which all the primes dividing N are
split and such that the L-function of E over K also vanishes to order
one at s = 1. In view of the Gross-Zagier theorem, the Birch and
Swinnerton-Dyer conjecture says that the index in E(K) of the sub-
group generated by the Heegner point is equal to the product of the
Manin constant of F, the Tamagawa numbers of F, and the square
root of the order of the Shafarevich-Tate group of E (over K). We
extract an integer factor from the index mentioned above and relate
this factor to certain congruences of the newform associated to E with
eigenforms of analytic rank bigger than one. We use the theory of vis-
ibility to show that, under certain hypotheses (which includes the first
part of the Birch and Swinnerton-Dyer conjecture on rank), if an odd
prime ¢ divides this factor, then ¢ divides the order of the Shafarevich-
Tate group, as predicted by the Birch and Swinnerton-Dyer conjecture.

*Based on a suggestion of the referee, I changed the title to “A visible factor of the
Heegner index”. I have included the original title above since it may have been used before
to identify the paper.

TThis material is based upon work supported by the National Science Foundation under
Grant No. 0603668.



1 Introduction and results

Let N be a positive integer. Let X = Xy(NN) denote the modular curve
over Q associated to I'g(N), and let J = Jy(N) denote the Jacobian of X,
which is an abelian variety over Q. Let T denote the Hecke algebra, which
is the subring of endomorphisms of Jy(/N) generated by the Hecke operators
(usually denoted T} for £4 N and U, for p| N). If g is an eigenform of weight 2
on I'g(N), then let I; = Anntg and let A, denote the quotient abelian
variety J/1,J, which is defined over Q. Also, if g is an eigenform of weight 2
on I'g(V), then the order of vanishing of the L-function L(g,s) at s =1 is
called the analytic rank of g. Let f be a newform of weight 2 on I'y(NV)
whose analytic rank is one and which has integer Fourier coefficients. Then
E = Ay is an elliptic curve whose L-function vanishes to order one at s = 1.
We denote the quotient map J—J/I; = E by .

Let K be a quadratic imaginary field of discriminant not equal to —3
or —4, and such that all primes dividing N split in K and such that the
L-function of E over K vanishes to order one at s = 1 (such a K exists
by [Wal85]). Choose an ideal N of the ring of integers Ok of K such
that Ok /N = Z/NZ. Then the complex tori C/Ok and C/N 1 define
elliptic curves related by a cyclic N-isogeny, hence a complex valued point x
of Xo(NN). This point, called a Heegner point, is defined over the Hilbert class
field H of K. Let P € J(K) be the class of the divisor }_, cqam/x)((2) —
(0))°.

Let III(EF/Q) and II(E/K) denote the Shafarevich-Tate group of E
over Q and K respectively. The inflation-restriction sequence shows that
the natural map HI(E/Q)—III(E/K) has kernel a finite group of order a
power of 2. By [GZ86, §V.2:(2.1)], m(P) has infinite order, and by work of
Kolyvagin (e.g., see [Kol90, Thm. A] or [Gro91, Thm. 1.3]), E(K) has rank
one and II(F/K) is finite. In particular, III(£/Q) is also finite, and the
index in E(K) of the subgroup generated by m(P) is finite; note that this
subgroup is just 7(TP). By [GZ86, §V.2:(2.2)], the Birch and Swinnerton-
Dyer conjecture says:

Conjecture 1.1 (Birch and Swinnerton-Dyer, Gross-Zagier).
?
|E(K)/x(TP)| = cp - [ [ ep(B) - VII(E/K)] (1)
pIN

where cg is the Manin constant of E (conjectured to be one), and cp(E) is
the Tamagawa number of E at the prime p (i.e., the order of the arithmetic
component group of E at the prime p — see Section 4 for details).



The theory of Euler systems can be used to show that under certain hy-
potheses and staying away from certain primes, the actual order of HI(FE/K)
divides the order predicted by the conjectural formula (1) (equivalently, that
the right side of (1) divides the left side) — see, for example, [Kol90, Theo-
rem A]. Our goal is to try to prove results towards divisibility in the opposite
direction, i.e., that the left side of (1) divides the right side. In particular,
we shall extract an integer factor of the left side of (1) which we will relate to
congruences of f with eigenforms of analytic rank bigger than one. Under
certain hypotheses, these congruences will in turn be related to the right
hand side of (1) using the theory of visibility.

Let T be a non-empty set of Galois conjugacy classes of newforms
of level dividing N and not containing f. Let St denote the subspace
of S2(I'y(IV), C) spanned by the forms g(dz), where g runs over elements in
the Galois conjugacy classes in T, and d ranges over the divisors of N/Ny,
where N, denote the level of g. Let Ir denote the annihilator of St under
the action of T. Let J’ denote the quotient abelian variety J/(IyNIr)J. For
example, if T' consists of the Galois conjugacy classes of all newforms of level
dividing N except the conjugacy class of f, then IyNIr =0, and so J' = J in
this case. The quotient map 7 : J—J/IJ factors through J' = J/(I;NIr)J.
Let 7’ denote the map J'—F and «” the map J—J’ in this factorization.
Let B’ denote the kernel of /. Thus we have the following diagram:

J

1

0 B J —

E 0

Note that J' and B’ depend on the choice of the set T'; we have suppressed
the dependency in the notation for simplicity (for certain interesting choices
of T, see Section 2). Let E’ denote the image of EY C J in J’ under the
quotient map 7" : J—J" and let 7”(TP) denote the free part of 7”/(TP).

Lemma 1.2. We have

|E(K)/m(TP)| (2)
‘ B'(K)+E'(K) ‘
B'(K)+n""(TP);NE'(K)
‘ B'(K)+="(TP) ‘
B'(K)+n""(TP);NE'(K)

J'(K)
‘B’(K) +E(K

) ' - |ker(H'(K, B')—H' (K, J"))| -

Proof. By [Agaa, Prop. 4.2], we have

J'(K)

|B(K)/n(TP)] = 'Bm (TP

) ' - |ker(H'(K, B —H"(K,J"))|. (3)
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Also note that TP N EV(K) is infinite since f has analytic rank one (as

follows by [GZ86, Thm 6.3]). It follows that 7”/(TP)s N E'(K) is of finite

index in E’(K). This shows that the group B Kigﬁ%g;%g,( ) is finite.

B/(K)+x" (TP)
RK)+7 (TP) ;NE’
direct sum of E" and B’. In view of this, the lemma follows from equation (3).
O

Also, the group B ) is finite since J' is isogenous to the

The reason for factoring the quantity |E(K)/7(TP)|, which is the left
side of the Birch and Swinnerton-Dyer conjectural formula (1), as above in
equation (2) is that we can say something about the factor

J'(K)
‘B’(K) Y E(K

) ‘ - |ker(H' (K, B')—H'(K,J))|

in this factorization:

Proposition 1.3. Suppose q is a prime that divides the product

JU(K) - |ker(H' (K, B')—H' (K, J"))|.
B'(K) + E'(K) 7 ’
Then q divides the order of B'NE’, and there is an eigenform g in St such
that f is congruent to g modulo a prime ideal q over q in the ring of integers
of the number field generated by the Fourier coefficients of f and g.

We will prove this proposition in Section 3.

Lemma 1.4. Suppose q is a prime that does not divide the order of the
torsion subgroup of @"(TP). Assume that f is not congruent to a new-
form g in St of analytic rank one modulo a prime ideal over q in the
ring of integers of the number field generated by the coefficients of f and g

(for Fourier coefficients of index coprime to Nq). Then q does not divide
B'(K)+x"(TP)
| B/(R)+r(TP);NE'(K) B

Proof. If h is a newform of level N} dividing N, then let Bj denote the
abelian subvariety of Jy(N},) associated to h by Shimura [Shi94, Thm. 7.14],
and let Jj, denote the sum of the images of By, in J = Jp(IV) under the
usual degeneracy maps; note that J; depends only on the Galois conjugacy
class of h. Then J' is isogenous to the direct sum of E’ and the J,’s as h
ranges over representatives of Galois conjugacy classes in T'. If h is such a
newform, then TP N J,(K) is infinite if and only if A has analytic rank one
(this follows by [GZ86, Thm 6.3] if h has analytic rank bigger than one, and



the fact that J,(K) is finite if A has analytic rank zero, by [KL89]). Also, if
g is a newform in 7T of analytic rank one, then ¢ does not divide the order
of EY N Jy, considering that by hypothesis, f is not congruent to g modulo
any prime ideal over ¢ in the ring of integers of the number field generated
by the coefficients of f and g for Fourier coefficients of index coprime to Ng
(this follows by a generalization of the result that the modular degree of an
elliptic curve divides its congruence number — cf. the proof of Proposition 1.3
in Section 3. From the discussion above, we see that ¢ does not divide the
order of the torsion part of the group #”(TP)/(7"(TP); N E'(K)). The
lemma now follows from the hypothesis that ¢ does not divide the order of
the torsion subgroup of 7/ (TP).

]

If « is a positive integer and r is a prime, then let x, denote the highest
power of r that divides x. Suppose ¢ is as in the lemma above. Then by
the conclusion of the lemma and in view of equation (2), the Birch and
Swinnerton-Dyer conjectural formula (1) says:

(ca, - [Ten(B)), -/ II(E/K), ()

pIN
2 J'(K)
N ‘B/(K) + E'(K)

‘ B'(K) + E'(K)
«" | B'(K) + »"(TP); N E'(K)

. }ker(Hl(K, B,)—’Hl(Kv J,))‘

q
In particular, the conjecture predicts that the product

J'(K)
‘B’(K) + B'(K)

[ker (B (K, B)—H' (K, .T)),

divides ¢ - leN cop(E) - /|II(E/K)|.
Using Proposition 1.3 and the theory of visibility, we can show the
following result towards this predicted divisibility:

Theorem 1.5. Let g be a prime that divides the product

J'(K)
‘B’(K) +E'(K

)‘ - |ker(H' (K, B')—H' (K, J"))|.

Suppose that q t 2N and that E[q] is an irreducible representation of the
absolute Galois group of Q. Assume that the first part of the Birch and
Swinnerton-Dyer conjecture holds for all quotients of Jo(N) associated to
eigenforms of analytic rank greater than one. Suppose that for all primes



p| N, p # —w, (mod q), where w, is the sign of the Atkin-Lehner invo-
lution W, acting on f and that for all primes p such that p? | N, we have
p Z —1 (mod q). Assume that f is not congruent to a newform g in T of
level N and analytic rank one modulo a prime ideal over q in the ring of in-
tegers of the number field generated by the coefficients of f and g. Suppose,
moreover, that for all primes p| N, f is not congruent to a newform g of
level dividing N/p (for Fourier coefficients of index coprime to Nq) modulo
a prime ideal over q in the ring of integers of the number field generated by
the coefficients of f and g.

Then q divides |III(E/Q)| and |II(E/K)|.

Remark 1.6. If for some prime p dividing N, f is congruent to a newform ¢
of level dividing N/p (for Fourier coefficients of index coprime to N¢) modulo
a prime ideal q over ¢ in the ring of integers of the number field generated
by the coefficients of f and g, then under certain conditions it follows that ¢
divides the orders of the arithmetic and geometric component groups of £
at p — see Section 4 for details. In particular, by Corollary 4.2 in Section 4,
if in addition to the congruence hypothesis above, p?{N, w, = —1, and E[q]
and A,[q] are irreducible as Gal(Q/Q)-modules, then g divides ¢,(E), which
is a factor on the left side of (4). This is in conformity with the Birch and
Swinnerton-Dyer conjectural formula.

Proof of Theorem 1.5. By Proposition 1.3, there is an eigenform g in Sp
such that f is congruent to g modulo a prime ideal q over ¢ in the ring
of integers O of the number field generated by the Fourier coefficients of f
and g. By the definition of St and the hypotheses of the theorem, it follows
that g has analytic rank greater than one (note that g has to be new, and
cannot be of analytic rank zero, since the eigenvalues of the Atkin-Lehner
involution would have different signs and ¢ is odd).

The theorem now follows from Theorem 6.1 of [DSWO03], as we now
indicate (for details of some of the definitions below, see [DSWO03]). Let
Ty denote the g-adic Tate module of EY = E. Let Ly denote the quotient
field of Oy, let V4 = Ty ®o, Lg, and let Aq denote V,/T,;. We denote the
corresponding objects for Ay by Ty, Vy, and Aj. Let r denote the dimension
of H}(Q, Vy) over Lq. Then r is at least the analytic rank of g (since we
are assuming the first part of the Birch and Swinnerton-Dyer conjecture
for A;/), i.e., at least 2. Theorem 6.1 of loc. cit. tells us that the g-torsion
subgroup of the Selmer group H}(Q,Aq) of E has Ogy/g-rank at least r.
Since the abelian group E(K) has rank one, the abelian subgroup F(Q) has
rank at most one, and so the image of H}(Q, Vy) in the g-torsion subgroup

of H}(Q,Aq) has Og/q-rank at most one. This shows that |III(E/Q)| is
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1 1

divisible by ¢"~!, in particular by ¢>~! = ¢ (since r > 2). Since the natural
map HI(F/Q)—III(E/K) has kernel a finite group of order a power of 2
and ¢ is odd, we see that ¢ divides the order of HI(E/K) as well. O

Corollary 1.7. Let q be a prime that divides the product

J'(K)
‘B’(K) +E'(K

)‘ - |ker(H'(K, B')—~H' (K, J"))|.

Suppose that N is prime, gt N(N + 1), E[q] is an irreducible representation
of the absolute Galois group of Q, and f is not congruent to a newform g
i T of level N and analytic rank one modulo a prime ideal over q in the
ring of integers of the number field generated by the coefficients of f and g.
Assume that the first part of the Birch and Swinnerton-Dyer conjecture holds
for all quotients of Jo(N) associated to eigenforms of analytic rank greater
than one. Then q divides |III(E/Q)| and |III(E/K)|.

Proof. Since wy = 1, we have N # —1 (mod ¢) by hypothesis. Also, since
the level is prime, there are no newforms of lower level. The corollary now
follows from Theorem 1.5. O

We remark that N. Dummigan has informed us that the hypothesis that
for all primes p dividing N, p # —w, mod ¢ can be eliminated from [DSWO03,
Thm. 6.1], and hence from Theorem 1.5; if this is the case, then the hypoth-
esis that ¢f (/N + 1) can be eliminated from the corollary above.

In view of our discussion just preceding Theorem 1.5, the theorem and
corollary above are partial results towards the Birch and Swinnerton-Dyer
conjecture in the analytic rank one case, and provide theoretical evidence
supporting the conjecture. Also, under certain hypotheses (the most serious
of which is the first part of the Birch and Swinnerton-Dyer conjecture), we
have shown that if a prime ¢ divides a certain factor of the left side of
the Birch and Swinnerton-Dyer conjectural formula (1), then ¢ divides the
right side the formula (which includes /|II(E/K)| as a factor). Thus our
result is a first step in trying to prove that the left side of the Birch and
Swinnerton-Dyer conjectural formula (1) divides the right side. The next

step would be to try to show that the other factor ‘ B Kjg)}jr(f,)&b;;)(f g,( 7

:
on the right side of equation (4) divides the left side of (4) under certain

hypotheses on ¢q. Unfortunately, we have nothing much to say about this
factor, other than some speculations mentioned in Section 2.3 below.

As mentioned earlier, the theory of Euler systems gives results in the
direction opposite to our results, viz., that the right side of the Birch and



Swinnerton-Dyer conjectural formula (1) divides the left side (under certain
hypotheses). Thus our result fits well in the ultimate goal of trying to prove
the Birch and Swinnerton-Dyer conjectural formula in the analytic rank one
case. We remark that that the theory of Euler systems can also be used to
construct non-trivial elements of the Shafarevich-Tate group under certain
hypotheses (e.g., see [McC91, p. 2]).

In Section 2 we make some further remarks about our main result and
in Section 3, we give the proof of Proposition 1.3. In Section 4 we discuss
the relationship between congruences with forms of lower level and the com-
ponent group, which was alluded to in Remark 1.6.

Acknowledgements: We are grateful to Neil Dummigan for answering some
questions regarding [DSWO03]. We would also like to thank John Cremona
and Mark Watkins for some numerical data that encouraged the author
to pursue the investigations in this article. We are also grateful to the
anonymous referee for pointing out the connection between congruences with
forms of lower level and the component group, as discussed in Section 4.

2 Some further remarks

In Section 2.1, we discuss some interesting choices for the set T', on which sev-
eral of the quantities in our main results depend. In Section 2.2, we discuss a

potential example where the product | % |- |ker(H(K, B")—H' (K, J"))|
is nontrivial (recall that our main results concern this product). Finally, in
B'(K)+E'(K)
(K)+n"(TP);NE’
in the Birch and Swinerton-Dyer conjectural formula (4).

Section 2.3, we discuss the other term ‘ 5 ) ‘ which appears

2.1 Choices for T

Our main results concern the product

’ J'(K)

BT 7| e (0 B ) 5)

which depends on the choice of T" (see Section 1). As mentioned in Section 1,
if T consists of the Galois conjugacy classes of all newforms of level divid-
ing N except the conjugacy class of f, then J' = J. If instead, we choose
a T with the restriction that it does not contain any newform of analytic
rank one, then the hypothesis in Theorem 1.5 and Corollary 1.7 that f is
not congruent to a newform g in 7" of level N and analytic rank one modulo



a prime ideal over ¢ in the ring of integers of the number field generated by
the coefficients of f and ¢ is automatic, and hence can be dropped. Under
this restriction, there are two interesting choices of T, which are the two
extreme cases. The first is where T' consists of conjugacy classes of all new-
forms of level dividing N that have analytic rank not equal to one; this is
the biggest choice of T' for which the hypothesis mentioned two sentences
above can be dropped. The other extreme choice of T is where T' consists
of the conjugacy class of a single newform g on I'g(/V) having analytic rank
not equal to one. By Proposition 1.3, in order that an odd prime ¢ divides
the product in (5) above, g has to have odd analytic rank (otherwise the
N-th Fourier coefficients of f and g will not be congruent modulo a prime
ideal over ¢). Also, in order for the strategy of the proof of Theorem 1.5
to show that this prime ¢ divides the order of the Shafarevich-Tate group
of E, g must have analytic rank bigger than one. Thus among the sets T
consisting of the conjugacy class of a single newform g on I'g(N), the only
ones for which our results are non-trivial are the ones where the newform g
has odd analytic rank bigger than one. One advantage of such a choice of T'
is that we are able to prove a sort of converse to Proposition 1.3:

Proposition 2.1. Recall that f is a newform with integer Fourier coeffi-
cients that has analytic rank one. Suppose there is a newform g with integral
Fourier coefficients that has analytic rank greater than one such that f and g
are congruent modulo an odd prime q (as mentioned earlier, the analytic
rank of g will necessarily be odd). Take T to be the singleton set {g} in the
definition of J' and B’ in Section 1. Suppose that either gt N or that q||N
and Aglg) and Aylq] are irreducible representations of the absolute Galois
group of Q. Then q divides the product

J'(K)
‘B’(K) +E'(K

)‘ - |ker(H'(K, B')—~H' (K, J"))|.

Proof. The proposition essentially follows from [Agaa], as we now indicate.
Take p = ¢ in loc. cit. Since B’ is isogenous to A, we see that F' = B in
the notation of loc. cit. Our result now follows from Lemma 2.1, Lemma 2.2,
and Theorem 4.4 of loc. cit. ]

As mentioned before, the proposition above is a result that is in a
direction opposite to that of Proposition 1.3, and is a partial result in trying
to characterize the primes that divide the factor

J'(K)
‘B’(K) +E(K

) ' - |ker(H'(K, B —H' (K, J"))|
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of the “analytic” left side of the Birch and Swinnerton-Dyer conjectural
formula (1), which we related to the “arithmetic” right side of this formula.
Notice the similarity with the rank zero case in [Agab], where we isolated a
factor of the “analytic” left side of the Birch and Swinnerton-Dyer formula
that could be characterized in terms of congruences analogous to the ones
above and related these congruences to the “arithmetic” right side (the
results for the analytic rank zero case are more precise).

2.2 Nontriviality of the term |% |- |ker (H'(K, B')—H'(K, J'))]
While we showed in Proposition 2.1 that

J(K)
B'(K)+ E(K

] ' - |ker(H'(K, B")—H" (K, J"))|

is non-trivial for a particular choice of T" under certain hypotheses, one
may wonder how often the hypotheses are satisfied. It would be nice to
have some numerical data where these hypotheses are satisfied, so that the
product above is non-trivial. If this happens, then in view of Theorem 1.5, we
expect that either IIT(E/Q) is non-trivial or an arithmetic component group
of E is non-trivial, of which the former seems more likely. Since it is difficult
to compute the actual order of the Shafarevich-Tate group, we looked at the
Birch and Swinnerton-Dyer conjectural orders in Cremona’s online “Elliptic
curve data” [Cre]. Unfortunately the conjectural orders of the Shafarevich-
Tate groups of elliptic curves of analytic rank one at low levels are usually
one or powers of 2, which makes it difficult to find examples where the
hypotheses of Proposition 2.1 can be verified easily. For levels up to 30000,
we found only one optimal elliptic curve of Mordell-Weil rank one for which
the conjectural order of the Shafarevich-Tate group was divisible by an odd
prime: the curve E with label 28042A, for which the conjectural order of the
Shafarevich-Tate group is 9. At the same level, the curve F' = 28042B has
Mordell-Weil rank 3 and the newforms f and g corresponding to 28042A and
28042B respectively have Fourier coefficients that are congruent modulo 3
for every prime index up to 100 (although this is not enough to conclude that
the newforms are congruent modulo 3 for all Fourier coefficients, cf. [AS]).
We do not know how to verify the hypotheses in Proposition 2.1 that 3
does not divide the order of the torsion subgroup of the projection of TP
in J' and that E[3] and F[3] are irreducible representations of the Galois
group of K (we remark though that by [Cre|, F and F' have no 3-torsion
over Q). So while we cannot be sure that Proposition 2.1 applies to show
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that 3 divides the product

J'(K)
‘B’(K) Y E(K

) ‘ - |ker(H' (K, B")—H' (K, J))|

for T = g, it is quite encouraging that for the first example where the
conjectural order of the Shafarevich-Tate group of an elliptic curve is divis-
ible by an odd prime, there is a congruence modulo the same prime that
might show that the product above is divisible by the prime in question,
and hence explain why the prime divides the conjectural and actual order
of the Shafarevich-Tate group.

2.3 The term ‘B,(KB,(KHEI(K) |

Y+ (TP) ;NE (K)

Let g be a prime that does not divide the order of the torsion subgroup
of #”(TP) and assume that f is not congruent to a newform ¢ in T of
level N and analytic rank one modulo a prime ideal over ¢ in the ring
of integers of the number field generated by the coefficients of f and g.
Recall the conjectural equation (4), which is predicted by the Birch and
Swinnerton-Dyer conjecture, and which we repeat below:

ea, - [Le®)], - /IE/K ),
pIN
J'(K)

‘ B'(K) + E'(K)
B'(K) + E'(K)

¢" | B(K) +x"(TP); N E'(K)

?

[ker (H' (K, B)—H'(K, .J"))

q q

While we were able to relate certain primes dividing the product

J'(K)
‘B’(K) + B'(K)

- |ker(H' (K, B")—H"(K,J")) ,

on the right side of the equation above to its left side, one question that
remains is to interpret the remaining factor
B'(K)+ E'(K)
B'(K)+"(TP)yNE'(K) q

on the right side of equation, which is expected to divide the left side of

equation above. Now we were able to relate the primes dividing the product
J'(K)

B'(K)+ E'"(K

) ' - |ker(H'(K, B —H' (K, J"))|
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to [ [, ¢p(E)-/[II(E/K)| in Theorem 1.5 using the theory of visibility and
the existence of congruences modulo prime ideals over g with eigenforms at
the same level N that have analytic rank more than one. If M is a positive
integer, then f can be mapped to S2(I'o(N M), C) using suitable degeneracy
maps, and if there is an eigenform at the higher level N M that is congruent
to the image of f in Sy(I'o(N M), C) modulo some prime ideal over a prime ¢,
then again the theory of visibility can sometimes be used to show that ¢
divides the order of the Shafarevich-Tate group of E (e.g., see [AS02, §4.2]).
We loosely call this phenomenon “visibility at higher level”. It has been
conjectured that any element the Shafarevich-Tate group can be explained
by visibility at some higher level (see Conjecture 7.1.1 in [JS] for details and
a precise statement). Thus we suspect that one may be able to explain the
factor
B'(K)+ E'(K)
B'(K)+x"(TP)yNE'(K) q

using the idea of visibility at higher level, at least in specific examples. The
situation is similar to the case where f has analytic rank one [Agab], when
we were able to understand a certain factor using the theory of visibility and
congruences of f with eigenforms of higher rank on I'g(N), and suspected
that to explain the remaining factor, one would need to use visibility at a
higher level.

In view of the remarks made in Sections 2.2 and 2.3, we hope that our
article motivates more detailed computations similar to those in [AS05] for
the analytic rank one case, especially since all this pertains to the Birch and
Swinnerton-Dyer conjecture.

3 Proof of Proposition 1.3
Following a similar situation in [CMO00], consider the short exact sequence
0—-B'NE'—-B @© E'—J'—0, (6)

where the map B'NE'—B’'& E’ is the anti-diagonal embedding x — (—z, z)
and the map B’ @ E'—J' is given by (V/,¢') — V' + €.

Lemma 3.1. Suppose q is a prime that divides

' J'(K) ’
B'(K) + E'(K)

Then q divides the order of B' N E'.
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Proof. The long exact sequence associated to (6) gives us
-..—B(K)® F'(K)-J(K)-HYK,B'NE)-H(K,B ® E')—---,
from which we get

J'(K)
B'(K) + E'(K)

=ker (H'(K,B'nE")—»H'(K,B' & E')). (7)

Since ¢ divides |%], there is an element o of the right hand
side of (7) of order ¢. Now B’ N E' is finite, and so 0 € H'(K, B’ N E') has

order dividing |B’ N E’|. Hence ¢ divides |B' N E'|. O

Lemma 3.2. Suppose q is a prime that divides ‘ker(Hl(K, B)—H(K,J") !
Then q divides the order of B'N E'.

Proof. By hypothesis, there is an element o of ker(H'(K, B')—H'(K, J'))
of order ¢q. The long exact sequence associated to (6) gives us

- —HYK,BNE)—-HYK,B)® H(K,E)—=H (K,J)—---. (8)

The element (0,0) € H'(K, B') ® H'(K, E') of order ¢ in the middle group
in (8) maps to zero in the rightmost group H'(K, J') in (8), and thus by the
exactness of (8), there is a non-trivial element o/ € H'(K, B’ N E') of order
divisible by ¢ that maps to (0,0) € HY(K,B') ® HY(K, E’). Again, since
B'N E' is finite and so is o/ € H(K, B' N E’) has order dividing |B’' N E'|,
we see that ¢ divides |B' N E'|. O

Proof of Proposition 1.3. By Lemmas 3.1 and 3.2, we see that ¢ divides the
order of B'N E’, which proves the first claim in Proposition 1.3. The second
claim follows from the first, using an argument similar to the one in [Agab,
§5], which in turn mimics the proof that the modular degree divides the
congruence number [ARS06], as we now explain.

If A is a newform of level Ny, dividing N, then let By denote the abelian
subvariety of Jo(Ny) associated to h by Shimura [Shi94, Thm. 7.14], and
let Jj, denote the sum of the images of By, in J = Jy(N) under the usual
degeneracy maps; note that J, depends only on the Galois conjugacy class
of h. Let C denote (Iy N I7)J. Then C is the abelian subvariety of J
generated by J,; where g ranges over Galois conjugacy classes of newforms
of level dividing N other than orbit of f and other than the classes in T'. Let
B denote abelian subvariety of J generated by J, where g ranges over Galois
conjugacy classes of newforms of level dividing N other than the orbit of f
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and let A denote abelian subvariety of J generated by J, where g ranges
over Galois conjugacy classes of newforms of level dividing N other than the
classes in T. Then E' = A/C and B’ = B/C. Now applying the arguments
of [Agab, §5] but with A, B, and C as above, the fact that ¢ divides the
order of E'N B’ = A/C N B/C implies that there is an eigenform g in the
subspace of So(I'g(NN), C) generated by the newforms in 7" such that f is
congruent to g modulo a prime ideal g over ¢ in the ring of integers of the
number field generated by the Fourier coefficients of f and g. This proves
the second claim in Proposition 1.3. O

4 Appendix: Congruences with forms of lower level
and the component group

Let N be a positive integer, and let f be a newform of weight 2 on I'y(NV)
having integer Fourier coefficients. Denote by E the optimal elliptic curve
over Q associated to f. Let p be a prime that divides N. Let £ denote the
Néron model of E over Z, and let &, denote the special fiber of £ at p.
Denote by Sgp the connected component of &g, containing the identity. The
component group P, is defined by the exact sequence

0—E&p, —Ep,— P ,—0 . (9)
Then the geometric component group of E at p is @EvP(Fp) and the arithmetic
arithmetic component group of E at p is @5 ,(F)), whose order is called the
Tamagawa number of E at p.

In this section, we prove the following three results relating congru-
ences with forms of lower level and the geometric and arithmetic component
groups. These results are perhaps well known, but we could not find a suit-
able reference. We are grateful to the anonymous referee for outlining the
proofs of Propositions 4.1 and 4.3 below.

Proposition 4.1. Let g be a prime such that ¢ # p. Suppose f is congru-
ent to a newform g of level dividing N/p (for Fourier coefficients of index
coprime to Nq) modulo a prime ideal q over q in the ring of integers of
the number field generated by the coefficients of f and g. Assume that E[q]
and Aylq] are irreducible as Gal(Q/Q)-modules. Then q divides the order
of the geometric component group of E at p.

Corollary 4.2. Let g be a prime such that ¢ # p. Assume that p||N and
wp = —1, where recall that wy, is the sign of the Atkin-Lehner involution W),
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acting on the newform associated to E. Suppose f is congruent to a new-
form g of level dividing N/p (for Fourier coefficients of index coprime to Nq)
modulo a prime ideal q over q in the ring of integers of the number field
generated by the coefficients of f and g. Assume that E[q] and Aylq] are ir-
reducible as Gal(Q/Q)-modules. Then q divides the order of the arithmetic
component group of E at p.

Proof. By Proposition 4.1, ¢ divides the order of ®,(F,). Considering
that p||N, the Frobenius endomorphism acts as —w, on ®p,(Fp). Since

wp = —1, this action is trivial and thus @5 ,(F),) = ®5,(F,). The corollary
follows. u

Proposition 4.3. Suppose p||N. Let q be an odd prime not equal to p
such that either ¢> 4 N or p Z 1 mod q. Assume that E[q] is irreducible
as a Gal(Q/Q)-module. If q divides the order of the geometric component
group at p, then f is congruent to a newform g of level dividing N/p (for
Fourier coefficients of index coprime to Nq) modulo a prime ideal over q
in the ring of integers of the number field generated by the coefficients of f
and g.

We remark that one of the two hypotheses that p £ 1 mod ¢ and that
E[q] is irreducible as a Gal(Q/Q)-module made in Proposition 4.3 above
is essential. For example, the unique optimal elliptic curve of conductor 11
has Tamagawa number 5 (at 11), but since the level 11 is prime, there
can be no congruences with lower level (for this example, with p = 11 and
g =5, p=1mod q and ¢ divides |E(Q)tor|] = 5, so that E[q] is reducible
as a Gal(Q/Q)-module; at the same time, all other hypotheses of Proposi-
tion 4.3 are satisfied).

We now prove Propositions 4.1 and 4.3. From the exact sequence (9),
we deduce the exact sequence:

0—Ep, (Fp) =€, (Fy) =@, (Fp)—0 . (10)

Suppose that ¢ # p. If p||N, then Egp is a multiplicative group, and the
multiplication by ¢ map on 5]?1? (F,) is surjective. If p? | N, then 5107P is an
additive group, but since ¢ # p, the multiplication by ¢ map on Egp (Fp) is
still surjective. Considering the snake lemma applied to the multiplication
by ¢ map on the exact sequence (10) above, and using the fact that the
multiplication by ¢ map on EPQP (Fp) is surjective, we get the exact sequence:

0—Ep, (Fy)lq)—Er, (Fp) ] =, (Fp)[g] -0 . (11)
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Let I, denote the inertia subgroup of Gal(Qp /Qp). Then the reduction

map induces an isomorphism of Galois modules E[q]’» = &g (Fp)[q] (e.g.,
see [ST68, p. 495]).

Proof of Proposition 4.1. Recall that in addition to the hypotheses made
above on ¢, we are assuming that f is congruent to a newform g of level
dividing N/p (for Fourier coefficients of index coprime to Ng) modulo a
prime ideal q over ¢ in the ring of integers of the number field generated by
the coefficients of f and g and that Eq] = E[q] and Ay[q] are irreducible
as Gal(Q/Q)-modules. Then by the Chebotarev and Brauer-Nesbitt theo-
rems, Elg] & Aglq] as Gal(Q/Q)-modules. Hence E[g] is unramified at p,
and so Elg]’» = E[g]. Thus &p,(Fp)[q] = E[g]™» has dimension 2 over F,.
Now S}QP (Fp)[q] has dimension at most one over F,. Hence the exact se-

quence (11) shows that ® ,(F,)[g] is non-trivial, i.e., ¢ divides the order of
the geometric component group at p. ]

Proof of Proposition 4.3. Recall that in addition to the hypotheses made
above on ¢, we are assuming that ® ,(F,)[q] is non-trivial. Suppose p?{
N. Then 6’1‘%p (F,)[g] has dimension one over F,, and hence by the exact

sequence (11), we see that E[q]’» = &g (Fp)[q] is two dimensional over Fy.
Thus Elq)’» = El[q], i.e., E[q] is unramified at p. Our result now follows
from [Rib90, p. 1-2]. O
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