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ABSTRACT. The ‘linear orbit’ of a plane curve of degree d is its orbit in pd(d+3)/2
under the natural action of PGL(3). In this paper we obtain an algorithm computing
the degree of the closure of the linear orbit of an arbitrary plane curve, and give
explicit formulas for plane curves with irreducible singularities. The main tool is an
intersection-theoretic study of the projective normal cone of a scheme determined by
the curve in the projective space P8 of 3 x 3 matrices; this expresses the degree of
the orbit closure in terms of the degrees of suitable loci related to the limits of the
curve. These limits, and the degrees of the corresponding loci, have been established
in previous work.

§0. INTRODUCTION

The Gromov-Witten invariants of P? compute, roughly speaking, the number
of plane curves of given degree d and genus g containing the appropriate number
of general points. In recent years it has been discovered that these invariants are
coherently linked together by the apparatus of quantum cohomology, which exposes
their structure as d and g are allowed to vary.

For nonsingular plane curves, however, these invariants do not carry much in-
formation: the set of nonsingular curves of a given degree d is an open set of a
projective space P4+3)/2 5o the corresponding invariant is simply 1. We can con-
sider a more refined question by fixing, as well as the degree d (and therefore the
genus g = W), the moduli class in M, of the curve. What data determines
then the corresponding invariant? Can this invariant be effectively computed? Can
other enumerative invariants be computed for the set of nonsingular curves of given
degree and moduli class, such as the number of curves tangent to the appropriate
number of general lines?

In this article we fully answer these questions, and a natural generalization of
these questions to arbitrary (i.e., possibly singular, reducible, nonreduced) plane
curves of any degree. The group PGL(3) of projective linear transformations of
P? acts naturally on the space P#t3)/2 parameterizing plane curves of degree d.
Our main result is the computation of the degree of the closure in this space of
the orbit of an arbitrary plane curve (in char. 0). Somewhat surprisingly, the
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enumerative geometers and the invariant theorists of the 19th century do not seem
to have worked on this question. The orbit closure of a curve is a natural object
of study, and its degree has a simple enumerative meaning: for a reduced curve
with finite stabilizer, it counts the number of translates of the curve which contain
8 given general points. For a nonsingular curve, this is the invariant mentioned
above. In this sense, therefore, this problem is an isotrivial version of the problem
of computing Gromov-Witten invariants.

The computation in this paper relies on our previous work on the subject, where
we have dealt with special curves: nonsingular curves were in fact already treated
in [A-F2]; plane curves whose orbit has dimension less than dim PGL(3) = 8 are
classified and studied in [A-F3], [A-F4]. We have also determined in [A-F5| the
limits of an arbitrary plane curve; these are the curves appearing in the boundary
of the orbit, that is, the complement of the orbit in its closure. In the terminology of
[H-M] (p. 138) this solves the ‘isotrivial flat completion problem’ for plane curves.

Our previous enumerative computations relied on the explicit construction (by
means of a sequence of blow-ups over the P® of 3 x 3 matrices) of smooth varieties
dominating the orbit closures. The case of an arbitrary curve appears to be too
complex for that approach, and we turn in this paper to a more direct study of the
projective normal cone of the base locus (scheme) of the rational map

]P)S N ]Pd(d—i—S)/Q

extending the map PGL(3) — PH+3)/2 which surjects onto the orbit of a given
curve. Our study of limits of curves in [A-F5] allows us to express the degree of
the orbit closure of a curve in terms of enumerative information concerning curves
in the boundary of the orbit, also available from our previous computations.

For an arbitrary curve, this provides us implicitly with an algorithm computing
the degree of the orbit closure. We illustrate this algorithm in §4 and §5 on specific
classes of curves. For example, a surprisingly simple formula can be obtained to
compute the effect on the degree due to an irreducible singularity p of a curve (see
Theorem 5.1) in terms of the multiplicity of the curve at p, the order of contact with
the tangent line to the branch at p, and the Puiseux pairs describing the singularity.

Of course many questions remain concerning orbit closures, for example regard-
ing their singularities (which curves have smooth orbit closure? smooth orbit clo-
sures of configurations of points in P! are classified in [A-F1]), or other invariants
such as Euler characteristic, Poincaré polynomials, behavior in positive character-
istic, etc.

Acknowledgement. It is a pleasure to dedicate this paper to Bill Fulton. His
encouragement over the years for our collaboration was vital to its success. Much
of the work on this project was done during several joint visits at the University of
Chicago, at his invitation.

§1. THE PROBLEM, AND THE APPROACH

Let C be a curve of degree d in the projective plane P? over an algebraically
closed field of characteristic 0; we may think of C' as a point in the projective space
PN = P(H°(P2,0(d))), where N = d(d + 3)/2. The standard action of PGL(3) on
P2 induces a right action on P¥; specifically, for ¢ € PGL(3) we can consider the
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translate of C by : if C has equation F(x¢ : x1 : 3) = 0, then its translate C o ¢
has equation

F(o(xg:x1:22)) =0

The action ¢ — C o ¢ defines a map
c: PGL(3) — PV

whose image is what we call the linear orbit of C'. Our aim is the computation of
the degree of the closure of this orbit, for an arbitrary plane curve C', in terms of a
description of the irreducible components and the singularities of C.

Our general approach is based on compactifying PGL(3) to the space P® of 3 x 3
matrices, and considering the rational map

P® -5 PN

determined by c. If ¢ : V - PVisa map resolving the indeterminacies of this
rational map, so that the diagram

V\
]P>8__C>]P>N

commutes, then the orbit closure of C' is the image of ¢. In special but important
cases one can in fact construct and study a nonsingular such variety V', by a suitable
sequence of blow-ups along smooth centers over P¥; this is carried out in [A-F2],
[A-F3], [A-F4]. The work involved in the construction of an explicit resolution of
the orbit closure pays off in terms of a simpler intersection-theoretic set-up, and
opens the door to a more thorough study of the orbit closure.

Such a construction is however not available for an arbitrary plane curve C'. This
is an indication of the fact that singularities of a plane curve can be extremely com-
plicated, and that the orbit closure is highly sensitive to the local features of a curve.
To treat the general case, we resort then essentially to using the most simple-minded
(but highly singular) variety V as above—we will let V be the blow-up of P8 along
the base scheme S of the rational map c—and pay the price of a more complicated
intersection-theoretic set-up and of a careful local study of degenerations of C'. In
the end we will be able to express the degree of the orbit closure of C' in terms of
enumerative information concerning its limits, that is, the curves obtained as limits
of translates C' o ¢ as  approaches the base locus of c. This enumerative informa-
tion has been obtained in our previous work; it relies on the explicit resolution of
the orbit closure of the limits.

In this section we describe our degeneration technique, and the intersection the-
ory formula we will use in the main computation. The degree of the orbit closure
is the intersection number

RV eV

where h denotes the hyperplane class in PYV. Pulling back to ‘7, we are then led to
consider the class o _
hdlm (V) N [V]
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(following common practice, we omit evident pull-back notations); in fact, in order
not to fix from the start the dimension of the orbit of C, we consider the class

%:(1+h+h2+h3+.--)ﬂ[v] :

and its push-forward to P8:
W*i =(1+aH+aH*+...)n [P
c(O(=h))
where H is the hyperplane class in P8, and a; is the degree of m, (hi N [V]). Tt is
clear that

a; =0 fori>dimé(V)

and that a, (V) equals the degree of the orbit closure times the degree of the

closure of the stabilizer of C' in P8. We call this number the ‘predegree’ of the orbit
closure of (', and the whole class written above, which we think of as a polynomial
in H, the predegree polynomial of (the orbit closure of) C.

Note. The ‘polynomials’ appearing in this paper are therefore nothing but classes in
the Chow ring of P®. It will in fact be convenient to take rational coefficients, so that
our polynomials will live in the ring Q[H]/(H?Y). When manipulating polynomials
we will implicitly work in this ring; in particular, all operations are truncated to
HS8. This allows us some convenient abuse of language; for example,

(@H)?  (dH)* | (dH)"

exp(dH) =1+ dH + 5 i S

with our conventions.

Our objective then becomes the following: compute the predegree polynomial
of an arbitrary plane curve C. The degree of the orbit closure of a curve C is
recovered from its predegree polynomial by dividing the top nonzero coefficient by
the degree of the closure of the stabilizer of C. Predegree polynomials are a more
natural object of study, since they carry enumerative information independently of
the dimension of the orbit closure. The information in the predegree polynomial
is equivalent to the information in what we call the adjusted predegree polynomial
(a.p.p.)

. 2 H3

H
T (ch(O(R)N[V]) =1+ a1 H + G27 + Clgy + ...

Computing adjusted predegree polynomials often leads to simpler formulas, so we
focus on them in this paper. Adjusted predegree polynomials for curves with small
orbits (i.e., of dimension < 8) are computed in [A-F3|, [A-F4].

We can analyze the situation in a more general context. Let V be any variety,
L a line bundle on V, and & C H%(V, L) a nonzero linear system. These choices
determine a rational map

a:V - PN =P(EY)

Let S be the scheme-theoretic intersection of the sections in £, so that the base locus
of «v is the support of S, and (the closure of) the graph I' of « can be identified with
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the blow-up Vof V along S. We let E be the exceptional divisor of the blow-up,
that is, the part of the graph over S:

E=r18——T=V V x PN

SN TN

In other words, E is a realization of the projective normal cone of S in V. Let
now £ denote the pull-back to I' of the hyperplane class in PV, and notice that
if £ is base-point-free to begin with (so S = (), then L = £ and the quantity
corresponding to the adjusted predegree polynomial is simply

(*) T (ch(L) N [V]) = ch(L) N [V] in (A, V)g.

The following proposition shows how to modify the fundamental class of [V] in this
formula to account for the base locus S of a. The correction term will be obtained
from the cycle of E:

[E] = mi[Er] + -+ me[Er]

as follows. We denote by h the hyperplane class in PV and its pull-backs (for
example, h = ¢1(L) on I'); write £ = ¢; (L), and let

Zk+1z O B

k>0 '])

(so a priori the L; might have nonzero terms in all dimensions from 0 to dim V' —1).
Here is the main observation in this section:

Proposition 1.1.

7 (ch(£) N [V]) = ch(£) N ([V] = (m1Ly + -+ +mpLy))  in (AV)g.

Proof. Note that h = cl(Z) = { — e, where e is the class of E and as usual we omit
obvious pull-back notations. Therefore

7. (ch(L£) N [V]) = ma(exp(€ — €) N [V]) = exp(£) N, (exp(—e) N [V])
=exp({) N ([V] — m(1 —exp(—e)) N [‘7])

giving the correction term to the fundamental class as

(1= exp(-e)) N [F] = -m. 3

N[E] , that is

— T, Z ((?4:1?: N (mi[Er] + - -+ m,[Er])

The statement follows by expanding this expression. [J
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In our situation V =P8 £ = O(dH) (where d is the degree of the curve C), and
£ is the linear system corresponding to the rational map ¢ = a. We note that the
support |E| of E < P8 x PV is described set-theoretically by

|E| = {(0,X) € P® x PV .

X is a limit of a(o(t)) for some curve germ o(t) C P® centered at o € S}

so that it records the behavior of a as one approaches its base locus S. Since F
is identified with the projective normal cone of S in P®, it is a scheme of pure
dimension 7; invariably this will turn out to be reducible and nonreduced. Often
challenging is the computation of the multiplicities m; of the various components
E; of E; for our specific problem all this information can be found in [A-F5], and
it will be recalled in the next section. In §3 we will compute explicit expressions

Ei=(ethVH + -+ ehVNTTHY) N [P® x PN] |

yielding
k o
L= (Y (=) Tejr | HM!
= \= gk —j)! k+1

According to Proposition 1.1, the a.p.p. can be computed by expanding
exp(dH) - (1 — (miLy + -+ +myLy))

This will be our main tool in §4 and §5.

Example 1.1. As an illustration, we describe the components of F for C' a smooth
curve of degree d > 2, with only ordinary flexes. Recall ([A-F2]) that in this case
the base locus S consists of the set of rank-1 matrices whose image is a point of C.
We will see (§2) that E consists of one component dominating .S, and components
dominating the set of matrices whose image is an inflection point of C.

More precisely, the first component is supported on the locus G C P® x PN

G ={(0,Cs)|imo € C, and Cy is the union £U c of a (d — 2)-fold line ¢

supported on ker o and a nonsingular conic ¢ tangent to £}.

Computing the class of this locus is a standard exercise in the enumerative geometry
of conics, and we obtain

[G] = 6d HAN =4 4 4d(5d — 9) H°RN=° + 6d(d — 2)(5d — 8) H'RN ¢ |
and the corresponding class

[ dH®  d(5d + 18)H® N d(9d+8)H" d*HS
¢~ 90 360 420 60

in P®. The multiplicity of this component in the projective normal cone turns out
to be 2 (Fact 2(ii) in §2).
For each flex p on C we will also find a component of E supported on F' C P8 xPN:

F = {(0,Cs)|imo = p, and Cs is the union of a (d — 3)-fold line £ supported on ker o

and a cuspidal cubic ¢ with cuspidal tangent £}.
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Again the computation of the class of this locus in P x PV is not hard, and yields
_HS H(me
C 144 70 13440
in P8; the multiplicity of F in the projective normal cone will be found to be 3
(Fact 4(ii) in §2). Since a smooth curve of degree d > 2 (and only ordinary flexes)

has 3d(d—2) flexes, the adjusted predegree polynomial of such a curve is, according
to Proposition 1.1,

Lr

exp(dH)-(1—-2-Lg —3d(d—2)3- Lp)

H? H3 H* H? HS
=1+dH+d* — +d® — +d* — + (d° — 12d) — + (d® — 97d? + 162d) —
2 3! 4! 5! 6!

HT HB

+ (d7 — 427d3 + 1566d* — 1488d) -+ (d® —1372d* + 7992d> — 15879d* 4 10638d) =

The coefficient of Ié—f reproduces the result of the computation in [A-F2] for d > 3.
Also note that, for d = 2, this expression reduces to
4H? 8H3® 16H* 8H°®
14+2H
B T TR R

the adjusted predegree polynomial for a smooth conic, in agreement with [A-F3],
§4.2. We note in passing that the expression does not yield the a.p.p. of a line for
d = 1; this is not surprising, since a line is not a curve with ordinary flexes.

§2. LIMITS OF PLANE CURVES—SUMMARY OF RESULTS

In this section we recall the results from [A-F5] which we need for the enumerative
computations in this paper.

As we saw in §1, we are interested in the structure of the projective normal cone
FE of the base scheme S of the rational map

c:P® s PN

extending the action of PGL(3) on a given plane curve C of degree d. Now S C P8
consists of all matrices whose image is contained in C; in particular, S has exactly
one component for each component of C'. More precisely, if no component of C' is

a line, then
S| =2 P? x |C| C P? x P2 C P®

S consists of rank-1 matrices with arbitrary kernel, and image a point of C'. Every
linear component ¢ of C' contributes a 5-dimensional component to S, consisting of
the P5 of rank-< 2 matrices whose image is contained in /.

We have realized F set-theoretically as a subset of pure dimension 7 of P8 x PV:

|E|={(0,X) € P® x PV :
X is a limit of ¢(o(t)) for some curve germ o(t) C P® centered at o € S}

We are interested in a description of the components of this locus, as well as the
multiplicities with which they appear in E. A given component may arise in several
ways according to the procedure described in this section; its multiplicity in £ will
be understood to be the sum of all multiplicities listed in each case.

A first rough description of the components of £ can be given in terms of the
locus on S they dominate:
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Fact 1. There is one component of E dominating each component of S (hence,
one for each component of C), and components dominating loci = P2:

{0 € P® |0 is a rank-1 matriz with image p € C'}

where p s either a flex or a singular point of C.

We call the first kind of components ‘global’, and the second kind ‘local’.

Components are usually best described as orbit closures of specific elements
(0,C,) of P& x PY under the induced (right) action of PGL(3). In each case C,
will be the limit obtained along a germ centered at o; thus it will be clear a priori
that the given locus is a component of E. The content of the results listed below is
that they provide an exhaustive list of all components of E for a given curve, and
compute the multiplicity with which each component appears. Also, of course in
each case C, will be a curve with small linear orbit; these curves have been studied
in [A-F3] and [A-F4], and we use the terminology employed there.

Global components are easy to describe precisely:

Fact 2. (i) Let ¢ be a line appearing with multiplicity m in C, and let X be the
(d — m)-tuple of points cut out on £ by the other components of C. Then the
component of E corresponding to £ is the orbit closure of

(0,Cs), where o is a rank-2 matrix with image £, and C, is a fan consisting of a star

centered at ker o and reproducing projectively the tuple A, and of a residual m-fold line

with multiplicity m.
(ii) Let C" be a non-linear component appearing with multiplicity m in C. Then
the component of E corresponding to C' is the closure of the locus

{(0,Cy) € P® x PV | ¢ is a rank-1 matrix with image a point of C’, and C, consists of a

(d — 2m)-fold line supported on ker o, and of an m-fold smooth conic tangent to kero}

with multiplicity 2m.

We call components as in part (i) components of type I, and components as in
part (ii) components of type I1.

Local components of E are substantially harder to describe, since the germs of
curves o(t) in P® giving rise to such components have to be carefully tailored to the
local features of C. As shown in [A-F5], only two kinds of germs must be considered,
requiring separate discussions: one kind (1-parameter subgroups, or 1-PS for short)
accounts for limits with multiplicative stabilizer; the other will be responsible for
limits with additive stabilizer.

We start with the (simpler) case of 1-PS limits. Again, we first give a rough
description of the situation.

Fact 3. Let p be either a flex or a singular point of C'. For each line in the tangent
cone to C at p, there is a corresponding Newton polygon. The possible components
of E due to 1-PS centered at p are indexed by sides of these Newton polygons;
further, an additional component is present if the tangent cone is supported on at
least three distinct lines.

To be more precise, suppose p has multiplicity m, and denote by A the tangent
cone to C' at p (hence X\ determines an m-tuple in the pencil of lines through p).
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Fact 4(i). The component present exactly when X\ is supported on three or more
distinct lines is the orbit closure of

(0,Cs), where o is a rank-1 matrix whose image is p, and Cy is a fan consisting of a

star projectively equivalent to A, and of a residual (d — m)-fold line supported on kero

with multiplicity mA, where A is the number of automorphisms of A as a tuple in
the pencil of lines through p.

(The reason why this locus is not a component of E if A is supported on < 2 lines
is simply that it is not big enough to be one: it is immediately checked that this
locus has dimension 7 if and only if A\ is supported on > 3 lines.) We call such
components components of type III.

To determine the components corresponding to a line ¢ in the tangent cone,
choose coordinates (z : y : 2z) in P? so that p = (1 : 0 : 0) and £ is the line z = 0;
then consider the Newton polygon for the curve, that is, the boundary of the convex
hull of the union of the positive quadrants with origin at the points (j, k) for which
the coefficient of z°y72* in the equation for C is nonzero (see [B-K], p. 380). Note
that the part of the Newton polygon consisting of line segments with slope strictly
between —1 and 0 does not depend on the choice of coordinates. Consider the 1-PS

1 0 0
ot)=10 t* 0 :
0 0 ¢t

with 1 < b < ¢ relatively prime integers, and —b/c a slope of a side of the Newton
polygon for C.

Fact 4(ii). For each line ¢ in the tangent cone of C, and for each 1-PS selected by
the above procedure, there is a component E' of E supported on the orbit closure of

(0,Cs), where Cy is the limit as ¢ — 0 of C along the selected 1-PS o(t), and 0 = ¢(0) ,

provided this locus has dimension 7. If x7y" 24 Hle (yc + Ozjxcszb) 15 the limit
obtained along the 1-PS o(t), then the contribution to the multiplicity of E’ is

A
(Sbc + b+ qe) 5
where A is the number of components of the stabilizer of the limit, and § is the
degree of the map from E' to its image in PV .

The limits appearing in this statement are among the curves with small orbit
studied in [A-F3]|. The number ¢ is 1 unless ¢ = 2 and ¢ = @, in which case it is 2
(see [A-F5]). The number A/ can be computed directly in terms of the tuple {c;}
(see [A-F3], Lemma 3.1). We will see in §3 that this factor is absorbed by other
terms in the computation of the contribution of such components.

We call components arising as in Fact 4(ii) components of type IV.

In order to visualize part of this somewhat complicated recipe, note that if
(Jo, ko), (Jis k1), jo < j1, are vertices of a side of the Newton polygon of C of slope
strictly between —1 and 0, then the corresponding multiplicity (provided the locus
specified in the statement has dimension 7) is

Jiko — jok1 A

S 5
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where S + 1 is the number of lattice points on the selected side. Also, note that
q=d—j1 — ki, r = jg, and ¢ = k; with these notations; and § = 2 exactly
when (jo, ko), (Ji, k1), and (d,0) lie on a line with slope —1/2. The tuple {«;} is
determined by the specific coefficients appearing along the side.

Example 2.1. Suppose that C has a general multiple point at p, by which we mean
an ordinary multiple point such that the tangent line to each branch intersects that
branch with multiplicity 2 at p. Let m be the multiplicity of C' at p. For each
line in the tangent cone, the Newton polygon contains exactly one side as in the
prescription given above, from (m — 1,1) to (m + 1,0); each line then contributes
a multiplicity of (m + 1)A/é to the component consisting of the orbit closure of

1 0 O
(0,Cs), where o = (0 0 0) , and Cy is the curve ocd_m_lym_l(y2 +xz2)=0
0 0 O

This component therefore appears in E with multiplicity m(m+1)A/d. Note that
here § = 2 exactly when the curve has degree m + 1. Also, if m > 3 we find one
component supported on the orbit closure of

(0,Cs), where o is a rank-1 matrix whose image is p, and C, is a fan consisting of a

translate of the tangent cone at p, and of a residual (d — m)-fold line supported on kero

with multiplicity m.

The real subtleties in the discussion occur in the next and last case, dealing
with limits with additive stabilizer. The components of F detect an interaction
between different (formal) branches of C' sharing a tangent at a singular point.
This phenomenon does not occur for e.g., ordinary multiple points.

Consider a line in the tangent cone to C' at p, and as above choose coordinates
so that p = (1 : 0 : 0), and the line is z = 0. Let m be the multiplicity of C at
p. It is well-known (cf. [B-K]) that there are m formal branches of C at p, where
nonreduced branches are counted according to their multiplicity. For a general
choice of y, these can be written

Z:f(y)zz’y)\zy)\l )

where f(y) is a power series with fractional exponents A\; € Q, A\g < A\ < ....

Let B be the collection of all m branches of the curve at p. We then have a finite
sequence of rational numbers ¢ > 1, determined as those numbers ¢ for which at
least two of the branches tangent to z = 0 agree modulo y°, differ at y©, and satisfy
Ao < c. Call B, the collection of those branches.

Each ¢ determines a finite number of truncations f(y): these are the truncations

at y¢ (excluding y¢) of the branches in B.. These truncations determine germs

1 0 0

f(ta> f’(ta)tab toc

where b = C_Q)‘O +1, and a is the least positive integer clearing all denominators in the

exponents. We identify truncations if the corresponding germs are equivalent after
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1 0 0
reparameterization, that is, after multiplication on the right by | 0 n%® 0 |,
0 O 77CLC

with 7 a primitive a-th root of unity.

To each such germ we associate two numbers £ and W. The number /¢ is defined
as the least positive integer p such that f(y*) has integer exponents. The weight
W is defined as follows. For each branch 3 in B, let vg be the first exponent at
which 8 and f(y) differ, and let wg be the minimum of ¢ and vg. Then W is the

sum y  wg .

Fact 5. Each germ o(t) contributes a component to E: the orbit closure of

(0,Cs), where Cy is the limit of C' along the germ o(t), and o0 = o(0)

with multiplicity ¢ W A, where A is the number of components of the stabilizer

of Cy,.

The limits C, appearing in this statement consist of unions of quadritangent
conics, plus possibly a multiple of the distinguished tangent; these curves have
been studied in [A-F3], §4.1. For enumerative purposes, they can be described
in terms of the multiplicities s; of the different conics, and of the number A of
components of their stabilizer. As in the case of 1-PS limits, this number A will be
absorbed by other terms in the computation of the contribution to the predegree
of C.

We call the components identified in Fact 5 components of type V.

An example will clarify the procedure described above.

Example 2.2. Consider the quartic given in affine coordinates by

(v~ 22)? =2

Expanding at the origin gives two formal branches
z:yzj:y5/2+... ;

with the notations used above: ¢ = g, b= 5/22_2 +1= 2, and f(y) = y?; hence the

weight W is % + g =5, ¢ =1, and the germ determined by the truncation is

1 0 0O
ct)y=[t* 5 0
t8 2t 10

The corresponding component of E is the orbit closure of

(0,Cs), where o = (

S O =
o O O
o O O

) , and Cy is the curve (y? — xz + 22)(y? — 2 — 2?)

one checks A = 4, and concludes that the multiplicity of this component in F is
1-5-4=20.

To close the section, we remark that not all singular points of (the support of)
a curve contribute components to the projective normal cone:
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Example 2.3. If /1, {5 are lines contained in C' (with any multiplicity), and p =
¢1 N £y is not a point of the remainder of the curve, then p does not contribute a
component to F.

Indeed, the tangent cone to C at p consists of only two lines, so there are no
components of type III; next, the Newton polygon at p with respect to either line
has no sides of slope between —1 and 0, so there are no components of type 1V;
finally, the branches of C' at p only consist of lines, so they do not interact in the
sense of providing a ‘truncation’ as in Fact 5.

§3. CONTRIBUTIONS TO THE ADJUSTED PREDEGREE POLYNOMIAL

The task in this section is to apply the results of [A-F3], [A-F4] and obtain
explicit expressions for the contributions to the adjusted predegree polynomials of
a curve C' due to the various possible components of the corresponding projective
normal cone E. Together with the description of the projective normal cone re-
called in §2, the results of this section yield a procedure computing the predegree
polynomial of any given plane curve, in terms of the multiplicities of its components
and a description of its flexes and singular points.

Recall from §1 that we have expressed the adjusted predegree polynomial (a.p.p.)
of a curve as

exp(dH) - (1 — (m1L1+---+miLy)) ;

our objective here is to obtain explicit expressions for the different ‘correction’ terms
—m;L;

due to the various components of the projective normal cone described in §2. The
results will be used in §4 and §5 to obtain explicit expressions for contributions to
the a.p.p. due to various features of a plane curve. A correction term —m,;L; yields
an additive contribution

exp(dH) - (—m;L;)

to the a.p.p. of a curve of degree d. All expressions —m;L; will only have terms
of degree 3 or higher in H; those corresponding to local components will only have
terms of degree 6 or higher. Hence, the effect of a local correction term on the
a.p.p. of a curve can also be expressed as a multiplicative contribution by

(1 — msz) )

we will often prefer this alternative, since it does not involve the degree of the curve.
Also, sometimes we may list the effect of a component as a correction term to the
predegree of a curve, taking account of other effects such as the number of flexes
absorbed by a given singularity.

In Propositions 3.1-3.5 below we will compute the correction terms —m;L; . As
in §2, we start with the global components.

§3.1. Type I contributions.

Proposition 3.1. Let ¢ be a line appearing with multiplicity m in C, and let r;
denote the multiplicities of the intersections of £ with the rest of C. Then the
correction term due to £ is the antiderivative (w.r.t. H) with 0 constant term of

3 2H2
_% exp(—dH) H? H (1 o H 4+ )

2



LINEAR ORBITS OF ARBITRARY PLANE CURVES 13

Explicitly:
B (m3H3 B m*H* n md H5 B m3(m3 + > r3)HS N m3(m* +4m > r3 + 33 rHH"
6 8 20 72 336
_m3(m5 +10m2 Y rd +15m > ri + 62T?)H8>
1920

Proof. According to Fact 2(i) in §2, the component E, of E corresponding to ¢
is the orbit closure in P® x PV of (¢,C,), where o has image ¢ and C, is a fan
consisting of an m-fold line and a star C! of lines with multiplicities r1, 72, etc.,
centered at ker . Denote by

(Bl = (et HRYN + -+ s HSRN7) N [P® x PV

the class of this component, so that ¢; = H37*hi=1 . [E,].

Claim. Let 3y + 31H + -+ + B5H® be the adjusted predegree polynomial of C..

Then
0 1< 3
€ = m2

T(i_lﬂﬁi—i& 1>3

To see this, consider the embedding

PN « P2 — PN

Y

where PV’ parameterizes plane curves of degree d — m, P? parameterizes lines, and
the embedding attaches to a given curve of degree d —m an m-fold line. We get an
embedding

(P® x PN') x P2 & P8 x PN

Y

and it is readily understood that Ey = «(E}, x P?), where E} is the orbit closure of
(0,C"). Pulling back to (P® x PN') x P2, we see that ¢; = 0 for i < 3, and

1\ g
ei:m2<22 )ngh' 3-[E2]

for i > 3, where A’ is the hyperplane in PV ". Now note that E, is the part of the
closure of the graph of the map

P8 ——» PV

(extending the action of PGL(3) on the star C’) over the P° of matrices whose
image is C ¢. By Remark 2.4 in [A-F4]

H 2 B = (i -3)! Bis

and the claim follows.
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The a.p.p. for a star is computed in Theorem 2.5 in [A-F4]:

27172
ﬁ0+ﬁlH+"'+ﬁ5H5:{H(1+riH+ri§I )}
5

i

({}5 denotes truncation to H®). Also, the multiplicity of this component of E is
m, according to Fact 2(i) in §2. By the claim and Proposition 1.1, the correction
term is therefore

k : k .
(=d)* e | HYY m (—=d)"~
PP j!(k—j)!+ k+1“7z Z(k—j)!ﬁj_2 k+1

k>0 \ j=0

yielding the expressions given in the statement. [J

Example 3.1. The a.p.p. of a curve consisting of a union of lines, with multiplicity
m,; and no three meeting at a point, is

2?2
H(Hm’ﬂ+ = )

i

(by our notational convention, this expression stands for its truncation at H®).

Indeed, by Example 2.3 there are no components of E due to the points of
intersection of such a configuration of lines; the only components are therefore those
corresponding to the lines themselves. Using Proposition 3.1, the total correction
term evaluates to

B (Zm?HS _EmiAt RmiHY  (SmdPHC (S md)(Cmi) =6 mD)HT

6 8 20 72 336

(15( md)? + 16(3 m?) (S mP) — 30 3 mb) H®
- 1920 >

Applying Proposition 1.1 yields the expression given in the statement.

This computation reproduces results from §2 of [A-F4], where a more general
‘multiplicativity’ of adjusted predegree polynomials for configurations of lines meet-
ing transversally is discussed.

§3.2. Type II contributions. Next, we consider nonlinear components of C'

Proposition 3.2. Let C’ be a component of C of degree e > 1, appearing with
multiplicity m in C. Then the correction term due to C' is

H®>  (5d+18m)HS  (9d+8m)mH" dm?H?®
—2em” | — — + —
20 360 420 60

Proof. According to Fact 2(ii), the corresponding component of F is the locus E¢-
of (0,Cy), where the image of o is a point of C' and C, consists of a (d — 2m)-fold
line supported on ker o, and of an m-fold conic tangent to kero. Let

[Ec/] = (et HhY + -+ + e H3RN ") N [P® x PV;

then ¢; = H3 'hi~1.[Ec/]. To evaluate this, note that E¢ is contained in B x PN C
P8 x PV, where B = P2 x C' is the set of rank-1 matrices o with image on C’.
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Denoting by k the pull-back to B of the hyperplane class from the P? factor, and
by ¢ the pull-back of the restriction of the hyperplane class from the other factor,
we have

e =(k+0% "R [Ec)] = (8 — i)k Uh"™ - [Ecr]

in particular ¢; = 0 unless ¢ = 5, 6, or 7. The class £ splits F¢/ into e components,
each of which consists of points (o, C,) with o constrained to have a fixed image.
Also note that intersecting by k£ amounts to imposing a linear condition on the
distinguished tangent line in C,; therefore, ¢; = (8 —i)e times the number (counted
with multiplicity) of curves C, through i — 1 general points, with tangent line
constrained to contain 7 — 7 general points, where ¢ = 5, 6, or 7.

For these values of i, the corresponding number of configurations (in case d > 2m)
is computed by arguing as in [A-F3|, Proposition 4.1:

(i—1) o7
6! og

€ = (8 — ’L) e P(q)‘§=d72m )

where P(gq) is the polynomial giving the degree for a curve such as C,, with dis-
tinguished tangent taken with multiplicity g. This is the coefficient of t°/6! in the
a.p.p. for C, (computed in §4.2 of [A-F3]: set n =2, m=m=1; S = 51 = m;
r = ¢ = 0 in the formulas given there), divided by 4, the degree of the stabilizer:

P(q) = 12m°g + 30m*g?
The same formula holds in the case d = 2m. This yields
[Ec] = em®* (6H RN ~* + 4(5d — 9m)HOhN =3 + 6(5d — 8m)(d — 2m)H h"~?)

According to Fact 2(ii) in §2 this locus appears in E with multiplicity 2m. From
this we obtain the stated correction term. [J

Example 3.2. If C is reduced and irreducible, then the only component of type 11
considered in Proposition 3.2 is the one dominating the whole curve. Setting e = d,
m = 1 we get a correction term of

20 360 420 60

H° d+ 18)HS® d H” dHS
_Qd( (54 +18)H° | (9d+8) )

agreeing with the class —2 L used in Example 1.1

§3.3. Type III contributions. Moving on to the correction terms due to local
features of the curve, we first establish a technical lemma, which will be used in
the proofs of the statements that follow, and which explains a recurrent feature of
the correction terms we will compute.

The components of type III, IV, and V, arising from local features of the curve,
consist of orbit closures of points (o, C,) € P® x PV, where o is a rank-one matrix
with a given image point and C, is a curve with a distinguished line, that is sup-
ported on ker o and has multiplicity § = d — p (where p changes from case to case).
Let P(q) denote the coefficient of H7 in the predegree polynomial for such a curve;
this is always a polynomial of degree at most two in §. Also, let § be the degree
of the map from the component to its image in PV. As pointed out already in §2,
this number is 1 in almost all cases.
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Lemma 3.3.1. The corresponding contribution to the correction term is

s (P =p)H" | P(=p)HT | P(-p)H"
426! 771 8l

Proof. Let E’ denote a component of F arising from a point p of the curve, and let
[E'] = (et HMN + - + g HSWY ™7) N [P® x PV]

be its class. Since E’ is the orbit closure of a point (o,C,) € P® x PV with o a
rank-1 matrix with image p, E’ is in fact contained in P? x P¥ c P® x PV, where
P? consists of all rank-1 matrices with image p. If k denotes the hyperplane class
in P2, pulling back to P? x PV shows that

€; = kS—ihi—l . [El] :

this gives immediately ¢; = 0 unless ¢ = 6, 7, or 8. Also, note that under the
identification of P? with rank-1 matrices o with fixed image, the class k imposes a
linear condition on the line ker 0. Now, (', consists in each case of a curve with a
distinguished line supported on ker o, appearing with multiplicity § = d — p in our
notations. Let P(q) = ag?® + 3G+ be the polynomial in § giving the coefficient of
H" in the predegree polynomial for such a curve. Using Proposition 4.1 in [A-F3]

we get
P'(d—p) . _
5 1=26

% = P'(c;*p) i — 7 and therefore
Pld—p) i=8
2 2a(d —
[E'] = 4—ZH6hN—5 1 2o 7p> 8 o 4 (a(d—p)? + B(d —p) +7)HRN .

Computing the corresponding correction term as prescribed in §1 gives the stated
expression. [

This observation explains why the degree d of C' does not appear explicitly in
the correction terms we will list. Note that a similar phenomenon also occurs in
the second formula in Proposition 3.1.

Let p be a singular point of C. As recalled in §2, Fact 4(i), a component of
type III of the projective normal cone is present if the tangent cone to C' at p is
supported on > 3 distinct lines.

Proposition 3.3. Let e; denote the elementary symmetric functions in the multi-
plicities of the distinct lines in the tangent cone to C' at p (so ey = the multiplicity
of C at p). Then the correction term corresponding to this component is

H® e H" e2HS®
ryi +
24 28 64

—€1 (6263 — €164 — 65) (

Note that the expression given in this statement vanishes automatically if the
tangent cone is supported on < 2 lines.
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Proof. Using Fact 4(i) and Lemma 3.3.1, the main ingredient in the computation
is the polynomial P(q) expressing the degree for a fan C, with star projectively
equivalent to the tangent cone to C' at p, and residual g-fold line. From [A-F4],
Theorem 2.5(ii), this polynomial is

~630¢°
A

where A is the number of automorphisms of the tuple determined by the lines in
the tangent cone as elements of the pencil of lines through p. By Lemma 3.3.1,
with § = d — eq, the correction term is

_ (e2e3 —ereq —es) (H_G B etH” N e%Hs)
24

P(q)

(ege3 —e1e4 —e5)

A 28 64

times the multiplicity with which the component appears in the projective normal
cone. By Fact 4(i) this multiplicity is e; A, and the statement follows. [

Example 3.3. If the tangent cone consists of m distinct reduced lines, then Propo-
sition 3.3 evaluates its corresponding correction term as

o () (5) () - () (5 -+ 50)

HS mH" n m2H8
720 840 1920

As an illustration, consider a star of d reduced lines through a point. The point
will contribute as above, with m = d; also, according to Proposition 3.1 each line
contributes
H? H* H5 (1+4+(d-1)3H% (1+4(d—-1)>+3d-1)HH"
B (? 8 20 72 + 336
(1+10(d —1)3 +15(d — 1)* + 6(d — 1)5)H®
B 1920 )

that is

—m?(m — 1)(m — 2)(m* + 3m — 3) (

From the discussion of §2, we know that there are no other correction terms.
Putting everything together and using Proposition 1.1, the a.p.p. of this curve is

dH® dH* dH® d?(d—3)(d®+ 3d? — 11d + 12)HS
exp(dH)(l— 5 + - _dd=3)(d +3 +12)

8 20 720
+d3(2d4 —35d% +70d —42)H"  d*(d* —16d> + 30d — 16)H8>
1680 1920
that is
d?H? d(d-1(d+1)H?> dd—-1(d>+d—-3)H* d(d—-1)(d—-2)(d?+3d—3)H>
Vpapr D MDA DIl D+ d - did - (d =D+ 3d 3

Note that the polynomial detects that the orbit closure of this curve has dimension
< 5; of course the stated expression is the truncation

0on-5)),

as prescribed by [A-F4], Theorem 2.5(i). In fact, Propositions 3.1 and 3.3 suffice to
compute the a.p.p. for an arbitrary configuration of lines in the plane, recovering
Theorem 2.8 in [A-F4].
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§3.4. Type IV contributions. Next, let p be a singular or an inflection point
of (the support of) C, and consider a line ¢ of the tangent cone to C' at p. We
have recalled in Fact 4(ii) that these choices determine a Newton polygon, and that
there are components (of type IV) of the projective normal cone corresponding to
the sides of this polygon of slope strictly between —1 and 0.

Consider then such a side X, from (jo, ko) to (j1,k1) (Jo < j1); and let S + 1 be
the number of lattice points on 3. Let 7g, ..., 75 be the coefficients on X of the
equation for C, and consider the S-tuple in P! determined by the polynomial

Y0¥ + &I+ s

let s; be the multiplicities of the points of this S-tuple (so for example S = )" s;).
The side ¥ determines then the following expressions:
e R(X) = (jiko — jok1), that is, twice the area of the triangle with vertices at

(070)7 (j07k0)7 and (jlakl).
:%<4Z Sz 6' 362 Sz 7' +1922 Sl 8');
)

given by

e a polynomial G(X)
e and a polynomial L(3

H6
(GJoko + 3]0]1k0 +]1k0 + 3]0k0k1 + 4joj1kok1 + 3]1k0k1 +Jok1 + 3]0]1k1 + 631k2) ol

— (3055 k3 + 1858 41k5 + 9joiTks + 351 kG + 3075k + 12j041k5 + 357ki + 1255 kok1 + 1853 j1kok1
+ 18jostkok1 + 1253 kok + 18;j3k3 k1 + 18501k k1 + 957k k1 + 335 k3 + 9581 k7 + 185057 k3

H7
+3057 k3 + 945 kok? + 185051 kok? + 1857 kok? + 3j5kT + 124051 k7 + 3057k3) — -

+ (9045 k3 + 60531 k5 + 365571k + 185057 ks + 651 kg + 18045 ki + 9058 j1 k5 + 365057 ko
+ 957 k§ + 9033 kG + 30joj1kG + 657 kG + 3055 kok1 + 4858 j1kok1 + 5453 57 kok1 + 485053 kok:
+ 3031 kok1 + 903 k0k1 + 108]0]1k0k1 + 81]03 k0k1 + 36] k0k1 + 60] k0k1 + 48]0]1k0k1
+ 18] k0k1 + 6] k + 18]0]1k1 + 36j0j1k + 60]()] k + 90] k +36] kok +81]0j1k0k1
+ 1085072 kok? + 9053 kok? + 3652k kT + 54joj1ka kT 4+ 3657 k2K + 955k + 3652 j1K3 + 905072k

HS
+18053 k3 + 1853 koks + 485051kok} + 6057 koks + 6j5kT + 30joj1kT + 9057k1) — T

This polynomial is symmetric in the vertices of 3; unfortunately, we do not have

a more intrinsic interpretation for it.

Proposition 3.4. The correction term due to the selected line ¢ in the tangent
cone to C at p is

—) R(E)(LE)-G(E)

Proof. This follows from Lemma 3.3.1 and Fact 4(ii). Using the notations of
Fact 4(ii), for each side ¥ we need the coefficient of the term of degree 7 in the
predegree polynomial for limit curves C, with equation

S
xdy" 21 H (yc + ozjxc_bzb) ,

where
Y085+ 4+ ysn® = [ [ (€ - am)
j
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These are precisely the curves studied in [A-F3]; the predegree polynomial for such
curves is computed in Theorem 1.1 of [A-F3]. In our situation, we have

r=jo, q=ki, g=d— (j1+ki)
(hence we use p = j; + k1 when applying Lemma 3.3.1), and

_ ko —Fk C:jl—jo _

S ’ S ’
applying Lemma 3.3.1 to the polynomial in § obtained from Theorem 1.1 in [A-F3|
gives the expression

b

So
A
where A denotes the number of components of the stabilizer of C,,, and § is as in
Lemma 3.3.1.
According to Fact 4(ii), the contribution to the multiplicity of this component
due to X is

(L) -G(E)

A jlkO_jOklA A
b b _—= — - = E —_— N
(Sbe+r —f—qc)(S 5 5 R( )8(5 :

the correction term is therefore as stated. [

Example 3.4. Suppose p is a k-flex of C, that is, a nonsingular point of C' at
which C and its tangent line ¢ meet with multiplicity k. (For example, an ordinary
inflection point of C' is a 3-flex in this terminology). The Newton polygon at ¢ has
only one side ¥ with slope between —1 and 0, with vertices (0,1) and (k,0). We
have S = 1, and the expressions given above evaluate to

4HS 36H7 192H®

RE)=k , G(X) = o T R
K2HS  (3k2+3k3)HT  (6k% + 9k + 6k*)H®
LE) ==~ 7 * 8l :

giving a correction term of

Kk —2) (X 2H (K +3k+6)HT | (2k° + 7k + 16k +32) H*
720 1680 13440

For k = 3, this recovers the term Lp used in Example 1.1.

The analysis presented up to this point suffices already to compute the predegree
of an arbitrary plane curve with ordinary multiple points; this case is analyzed in §4.

§3.5. Type V contributions. We are left with the case of components of the
projective normal cone F of type V, arising from the interaction of different formal
branches with the same tangent line at a point p of C. As pointed out in §2,
contributions corresponding to these components arise from truncations of power
series with fractional exponents representing the different branches: roughly, a
contribution arises when two branches agree up to a certain exponent ¢, but differ
at that exponent. Truncating there determines a germ o(t), centered at o = o(0),
and a limit Cy; the corresponding component consists of the orbit closure of (o, Cy).
Further, the germ determines two numbers ¢, W (see Fact 5 in §2).

Limits C, obtained by this procedure consist of unions of 4-tangent conics, and
a multiple of the distinguished tangent, which is supported on kero. We let s;
denote the multiplicities with which the conics appear in C,, and write S = >_ s;.
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Proposition 3.5. With notations as above, the corresponding correction term is

4(S5 —>7,s9)HS  36(S° — > s HT  192(ST — Y. sT)H®
—EW 6'2 _ 7' [ + 8' [

Proof. This is obtained from Lemma 3.3.1 and Fact 5 in §2, by the procedure
applied in Propositions 3.3 and 3.4. The main ingredient is the predegree of the
curves C,,, which is given in §4.1 of [A-F3]. O

Example 3.5. As an illustration, we take the origin (1:0:0) in the curve

(v — 22" = o
As seen in Example 2.2, only one truncation needs to be considered for this point;
the corresponding limit is a pair of distinct conics; further, £ = 1 and W = 5.
With notations as above we have s; = so = 1, so according to Proposition 3.5 the
corresponding correction term is

HS 31H7 3HS®
_5 - + -
6 70 5

Applying Proposition 1.1, this yields a contribution to the a.p.p. of

5H6+47H7+17H8 .
6 42 21 ’
in particular, the contribution due to this limit to the predegree of the curve is

17
—8! — = —5-6528
21

This example belongs to a class of singular points which can be realized on a quartic
curve, and are analytically isomorphic to the singularity 22 = y*, k = 5 (as in this
example), 6, 7, or 8. The corresponding contribution to the predegree of the quartic
turns out to be —k - 6528 in all cases (cf. Example 5.4).

Remark. As an immediate application of the results obtained above, we can mea-
sure the effect on the contribution of a point p due to taking a ‘multiple’ of the
curve on which p lies.

If C has ideal (F(x : y : z)) and m is a positive integer, we let mC' denote the
curve with ideal (F™). Let p € C, and assume the contribution of p to the a.p.p. of
Cis K(H).

Claim. Then the contribution of p to mC' is K(mH).

Proof. This follows from the homogeneity of the various correction terms. The
effect of replacing C by mC is that of replacing e; by m'e; in correction terms
of type II; (j;, ki) by (mj;, mk;), W by mW, and S, >"s2, 558 5" s7 by mS,
m5 > 2, mb8 > s% m7 > s7 respectively in correction terms of type IV and V. The
claim follows. [

A similar homogeneity holds for global correction terms as well, so that if P(H)
is the a.p.p. of a curve C, then P(mH) is the a.p.p. of its multiple mC. This
can also be deduced by considering the map PHd+3)/2 _, pmd(md+3)/2 defined by
C — mC, a projection of the m-th Veronese embedding.
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§3.6. Summary. The results obtained in this section, together with the discus-
sion in §2, give an algorithm to compute the adjusted predegree polynomial of an
arbitrary plane curve. This will be illustrated in §4 and §5 by applying it to several
classes of curves.

For reference we list here the contributions to the predegree of a curve (with orbit
of dimension 8) due to its features. Each of these is obtained by applying Propo-
sition 1.1 to the results obtained in Propositions 3.1-3.5, obtaining corresponding
additive contributions to the a.p.p., then reading the coefficient of Ié—f.

Assume C' has degree d. The predegree of its orbit closure is obtained then
by subtracting various contributions from d®, indexed here according to the corre-
sponding type:

(I) A line appearing in C' with multiplicity m, meeting the rest of the curve along
a (d — m)-tuple of points with multiplicities r;, gives a contribution of

# (¢ (102 — 15dm + 6m?) + 10 (284 — 48dm + 21m?) ((d - m)* = 3" 1?)

—45 (84— 7m) ((d—m)* = rt) +126 ((d—m)* = 3" r7))

(IT) A component of C' of degree e > 1 and appearing with multiplicity m
contributes
16dem® (7d* — 18dm + 12m?)

Points p € C' may contribute different terms:

(ITI) Let e; be the elementary symmetric functions in the multiplicities of the
distinct lines in the tangent cone to C' at p. Then the corresponding contribution
is

30e1 (eae3 — e1e4 — €5) (28d° — 48de; + 21e7)
(In particular, no such contribution is present if the tangent cone consist of < 3
distinct lines.)

(IV) Let ¢ be a line of the tangent cone of C' at p, and let 3 denote the sides
of slope strictly between —1 and 0 of the corresponding Newton polygon. With
notations as in Proposition 3.4, the contribution due to each ¥ is obtained by

adding )
1601 ko) (72 5180300+ 127" 7)

and

(j1ko — jok1) (905 k3 + 18043 kg + 9055 kg + 605 k51 + 9055 kg1 + 30jokgin + 3653 kg it
+ 3650k577 + 6kg 52 + 18jok3 3 + 9k 53 + 6k2 5T — 24053 k3d — 24052 k3d — 14452k251d
— 96jok5j1d — T2jokij2d — 24k3 jid — 24Kk2 j3d + 16852 kEd? + 84jokEj1d? + 28Kk2j2d? + 3054 kok1
+ 9055 kg k1 + 6055 kgk1 + 4855 kojik1 + 1085 kg j1k1 + 48j0ky jik1 + 5453 kojtk1 + 81j0kg stk
+ 18k3 52 k1 + 48j0koj k1 + 36k3 53 k1 + 30kojtk1 — 9655 kodkr — 14452 k3dky — 14452 ko j1 dk1
— 144jok2j1dk1 — 144jokoj2dky — T2k2j2dk; — 96koj3dky + 8452 kod? k1 + 112j0koj1d? k1
+ 84kojid?ky + 6j3k? 4 365 kok? + 36§25 k2k3 + 1853 j1k3 + 812 koj1k? + bdjokaji k3 + 365252k
+108jokojik? + 36k3j7k3 + 605055 k3 + 90koji kT + 9051k — 2455 dk3 — 72528 kodk? — 7258 j1 dk?
— 144jokoj1dk? — 1445073 dk? — 144kojidk? — 24053 dk? + 2852d k3 + 84joj1d? k3 + 16852 d>k?
+ 953k3 + 1852 kok3 + 365241 K3 + 48jokoj1 kS + 905052k} + 60koj2kS + 18055k — 2452 dk3
—96joj1dk} — 24057dkS + 635kt + 30joj1kT + 9051 k1)
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(V) Finally there are contributions from truncations, as explained in Fact 5 of §2
and Proposition 3.5. A truncation determines two numbers ¢, W, and germs whose
limits C,, consist of unions of 4-tangent conics and a multiple of the distinguished
tangent line; let s; denote the multiplicities of the conics in C,, and write S = ) s;.
Then the contribution of the germ is

ow (192(57 =507y 28d(SC — Y88y 1124%(5° - Y s?))

§4. ORDINARY MULTIPLE POINTS, AND MULTIPLICATIVITY
OF ADJUSTED PREDEGREE POLYNOMIALS

In this section we give an illustration of the results of §3 by obtaining explicit
expressions for contributions accounting for ordinary multiple points. We say that
p is an ordinary multiple point for C' if C' has nonsingular branches with distinct
tangent directions at p; in particular, we allow branches to have flexes of arbitrary
order at p, or to be (reduced) lines. We also discuss to what extent adjusted
predegree polynomials are multiplicative with respect to union of transversal curves.

§4.1. Ordinary multiple points. It is clear that ordinary multiple points do not
contribute components of type V, since there is only one branch along any direction
of the tangent cone. The contribution of an ordinary multiple point is therefore
due to 1-PS germs, that is, components of type III and IV.

Proposition 4.1. Let p be an ordinary multiple point of C, of multiplicity m, and
for all lines ¢ tangent to a non-linear branch of C' at p let ry be the intersection
multiplicity of £ and C' at p. Then the multiplicative contribution to the adjusted
predegree polynomaial of C' due to p is given by

(1= m2(m = 1)(m = 2)m? + 3 ) (B - 2+ D)

720 840 | 1920

Hb6
2 2 2, .3
H (1 —710(2—3rg +r; —12m + 3rym + 6m )7 + 3re(—1242rp — 217 + 1}
; !

H7
+ 10m — 8rym + 3r7m — 20m? + 6rym? + 10m3)? — 3ro(—64 + 2r7 — 3y + 2r)

HS
+10rpm — 12r2m + 6rgm + 30m? — 30rym? + 12rim? — 60m> + 20r,m> + 30m4)§>

where the [] is over all lines ¢ tangent to non-linear branches of C at p.

Note that linear branches do not appear directly in this formula, although they
have impact on the contribution by affecting m and the intersection multiplicities.

Proof. The first factor is the contribution of type III, as in Example 3.3. According
to Fact 4(ii) in §2, the other contributions from p are due to the individual tangent
lines to the branches. Let ¢ be a line in the tangent cone to C at p, and consider
the branch of C' tangent to ¢ at p. We note that

—if the branch is a line, ¢ does not contribute to the a.p.p.; indeed, the corre-
sponding Newton polygon has no sides of slope strictly between —1 and 0;

—if the branch is not a line, and has intersection multiplicity & with ¢, then the
corresponding Newton polygon has exactly one side of slope strictly between —1
and 0; this side has vertices (m — 1,1) and (r¢,0), where r, = m — 1 + k is the
intersection multiplicity of £ and C' at p.
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Applying Proposition 3.4 gives the contribution of type IV due to £ in terms of
m and ry: this is the factor corresponding to ¢ in the statement. [J
To state the result differently, let e; be the elementary symmetric functions in

the intersection multiplicities of C' with the tangent lines to the non-linear branches
to C at p. Then the multiplicative contribution of p to the a.p.p. of C is

(1 + (—2e1 + 36% — e? — 6e2 + 3e1e2 — 3e3 + 12e1m — 3e%m + 6eam + 6m?2 — 661m2 — 15m3

HG
+10m* —m5) o (—36e1 +6e3 —6e3 +3e] —12ex +18e1 e — 12e7eg + 6e3 — 18e3 + 12e1e3 — 12e4
+ 30e1m — 24e%m + Qe?m + 48eam — 2Te1eam + 27egm — 60e3m? + 186%7712 — 36eam? — 36m>
H7
+30e1m?> +90m* —60m° +6m”) — (192e1 — 6€3 + 9ef — 6 + 18e1e2 — 36e3ea + 30e3 o + 18e3
—30e1 €2 —18e3+36€1 e3 —30e7 e3 +30eze3 — 36e4 +30e1 e4 —30e5 —30e2 m~+36e3m —18eim+60eam
— 108e1eam + 726%62’”1 — 36e§m + 108e3m — 72e1es3m + 7T2e4m — 9061m2 + 90(3%m2 — 36e?m2
— 180e2m? + 108e1 eam? — 108e3m? 4 180e;m?> — 60e3m?> 4 120eam? + 126m* — 90e;m* — 315m°

HS
+210mS8 — 21m8)?>

Example 4.1. Suppose p is an ordinary node such that both branches of C' at
p intersect the respective tangent lines with multiplicity exactly 2 at p. Then p

contributes
HS 101H" 25H%
1——+ —
6 280 64

to the a.p.p. (set m =2, e; =3+ 3, e3 =33, e3 = e4 = e5 = 0 in the previous
formula). Since p ‘absorbs’ 6 ordinary inflection points, the adjusted predegree
polynomial for a curve of degree d > 3 with n such nodes and only ordinary flexes
is

H5 d+ 18)HS d H” dH®
exp(dH) - (1 —2d (— _ (6d+18) + (9d+8) - >>
20 360 420 60

(1 H6+3H7 197H8>3d<d‘2)‘6” (1 H6+101H7 25H8>”
48 70 4480 6 280 64

(The term following the exponential is the contribution as in Example 3.2; the
next term accounts for the flexes, obtained by setting & = 3 in Example 3.4.) The
predegree of such a curve is therefore

d® — 1372d* + 7992d® — 15879d” + 10638d — 24n (35d* — 174d + 213)

For instance, the degree of the orbit closure of a quartic of this kind is 14280—1848n;
the predegree of the orbit closure of a rational plane curve of this kind is

d® —1792d* + 11340d3 — 2553942 + 22482d — 5112

Example 4.2. An ordinary multiple point p of multiplicity m, and such that each
branch is smooth, non-linear, and does not have an inflection point at p contributes

6! 7!
21(mS +m® +m* + 21m? + 13m? + 17m + 9)H8>m(m—1>
8!

(1 m(m3 +m? +m + 16)HS N 3(2m® +2m? 4+ 2m3 +3tTm? + 16m + 11)H”
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Using that such a point absorbs 3m(m — 1) flexes, one then sees that the contri-
bution to the predegree of a curve of degree d due to such a point is
—m(m — 1)(21m® — 48dm5 + 21m® + 28d%m* — 48dm™* + 21m* + 28d*m3 — 48dm>
+ 441m3 + 28d%m? — 888dm? + 273m? + 448d*m — 384dm + 357m — 1260d? + 4920d — 5130).

For instance, a general quartic curve with a triple point has predegree 14280 — 3 -
2 - 1890 = 2940.

Example 4.3. A biflecnode is an ordinary node at which both branches have an
ordinary inflection point; its contribution is

HS% 88H" 15H®

1——+ —

3 105 14
(set m=2,e1 =4+4, e =4-4, e3 = e4 = e5 = 0 in the formula given above).
Using that such a point absorbs 8 flexes, we get that a biflecnode corrects the
predegree for a curve of degree d by

—24(140d* — 832d + 1209)

For instance, the quartic with equation
22?4 2222 4222 =0

has three biflecnodes and 24 automorphisms, hence its orbit closure has predegree
W = 232. As it happens, this orbit closure is isomorphic to the moduli
space of semistable vector bundles on P? of rank 2 with Chern classes ¢; = —1 and
¢o = 3, as Hulek proved [H|. It follows that the corresponding Donaldson invariant
of P2 equals 232, in agreement with [K-L].
Example 4.4. Suppose p is an ordinary node for which one branch is a line, and
the other intersects its tangent line with multiplicity £ at p. Then p contributes
(kD) (k+2)(k+3)H® N 3(k+ 1)(k3 + 7k + 21k + 23)H”

6! 7!

1

3(k+ 1)(k + 3)%(2k% + 5k + 17)HS
a 8!
(use m =2,e; =k+1, ea = e3 =e4 = e5 = 0 in the formula given above). For
k = 2, the contribution is

) H° N 1001H”  25H®
12 560 128 7
of course this is the square root (modulo H?) of the contribution for a node given

in Example 4.1.

§4.2. Multiplicativity of adjusted predegree polynomials. It is natural
to ask whether the predegree information behaves well with respect to unions of
curves. This is another advantage of adjusted predegree polynomials over other
ways to assemble this enumerative information: adjusted predegree polynomials
are multiplicative under unions of curves, up to correction terms independent of
the degree(!), accounting for the ways in which the curves meet. No such structure
is visible at the level of degrees or predegrees alone.

As a representative example, we let C1, C5 be arbitrary reduced curves, meeting
transversally at nonsingular points, and we further assume that such points are not
inflection points for either curve. Let C! resp. L; be the union of the non-linear
resp. linear components of C;. Let I = #(C1NCY), J = #((C; N L) U (C4N Ly)).
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Proposition 4.2. Let Po,(H), Pc,(H) be the adjusted predegree polynomials of
Cy, Cy. Then the adjusted predegree polynomial of their union C = Cy; U Cy is

Po(H) = Pc,(H) - Pc,(H)

. H6+11H7 311H3\ ' HS 7H7 13H3\’
9 40 960

o1 T 60 80

Proof. The main remark is that the components of the projective normal cone for
C1 Uy arise from features of C'1, (s and from the points of intersection of the two
curves; an analysis of the components leads to the formula of the statement. We
go through this analysis here as a template for similar computations.

As pointed out in Example 2.3, the intersection of two lines does not contribute
components. Using the formulas given in Examples 4.1-4.4 to evaluate the contri-
bution of the transversal intersections of two curves at non-flex point, and of a line
and a curve at a non-flex point, we can write

Po(H) = exp((di + da)H) (14 Ly (C) 4+ L, (C) + Ly (C) + L, (0))

HS 101H7 25H8)2’ +

(1 + Liocar(C1)) (1 + Liocar (C2)) (1 "2 " The0 T 128

where d; = degC;, and L . denote the various correction terms, with hopefully
evident notations: for example, Lioca1(C1) stands for the term arising from all local
features of Cy. It is crucial here to recall (cf. Lemma 3.3.1) that such local terms
do not depend on other features of the curve; so the contribution of a local term is
the same whether viewed in C; or in C. (This is not the case for ‘global’ terms!)
With the same notations we can write

Pe,(H) = exp(d;H) (1 + Lo (Ci) + L, (C)) (14 Lioeal(Ci))

and therefore the ratio % is expressed by

(1+ Ler (C) + L, (C) + Ly (O) + L, (C)) ( H® | 101HT 25H8)2’+J
(14 Ler (C1) + L, (C1)) (1 + Ly (Co) + L, (C2)) 12 560 128

Lastly, we note that in evaluating this term we may assume that each line meets
the rest of C' transversally at non-inflection points: indeed, the terms arising from
special positions of the lines can be evaluated locally, so they can be incorporated
in the Ljoca terms. All the terms in this expression can then be evaluated very
simply by Propositions 3.1 and 3.2, giving the stated result. [

Example 4.5. If both C7, C5 are unions of lines, then multiplicativity holds ‘on the
nose’, since I = J = 0 in that case. This in fact holds for non-reduced configurations
of lines as well, cf. Corollary 2.11 in [A-F4].

Example 4.6. The union of a general curve C' of degree d > 2 and a general
transversal line has adjusted predegree polynomial

02 S  7HT  13H®\“
Po(H) - (1+H+ ) (11— 5 7
C()(++2)( 24 " 60 80) ’
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where Po(H) is the adjusted predegree polynomial of a general curve (computed
in Example 1.1). For d = 2, this yields

9H? 13H3 TH5 19HS H7
1+3H + " 3H* + —— i
+3H t—=+ it

detecting that the union of a conic and a transversal line has orbit closure of di-
7!

mension 7 and degree g5 = 21. This agrees of course with the naive combinatorial
count, since the orbit of the union of a conic and a transversal line is in fact the
set of all such curves; the degree is then the number of curves through 7 general
points, that is (;) = 21 (the line must contain two of the points, and the conic is
then determined by the other five).

Combinatorics would not suffice to compute e.g. the degree for the union of a
general cubic and a general transversal line; according to the formula given above,
this is 8568. Note that these computations do depend on whether the intersection
points are or are not inflection points for the branches. Using the formula given in
Example 4.4, one obtains that the predegree of the union of a general cubic and a

general transversal line through a flex of the cubic is 8040.

Example 4.7. The union of two transversal conics has a.p.p. given by

H3 2H* H5)2 (1 HS 11H7 311H8)4

4
1+2H +2H? + — + — + —
(+ + +3+3+15 9+4o 960
32H? 32H* 122H® 64H® 41H" 41HS®
—1+4H + 8H?
+++3+3+15+15+30+240’

hence predegree 6888.

The reader will have no difficulties adapting the argument in the proof of Propo-
sition 4.2 to compute terms accounting for other kinds of intersections. For example,
a point of simple tangency of a line with a curve gives a correction term

HS 7H" 13H®

1—— 4= _
6 i 15 20

to the polynomial of the union of the curve and the line (note that this is the 4-th
power (modulo H?) of the contribution for a point of transversal intersection of a
line with a curve. We don’t have a conceptual explanation for this phenomenon).

Thus, the adjusted predegree polynomial for the union of a smooth conic and a
tangent line is

4H3 2H* HS H? HS 7H" 13H®
<1+2H+2H2+T+—+—>-(1+H+7>-(1——+7—— > )

3 15 6 15 20
9H? 13H3 TH5 THS
=1+3H+ — 3H* + —/— 4+ —
+3H + —— + +H 4
the orbit closure has dimension 6 and degree 360—!,74 = 42, as expected.

§5. IRREDUCIBLE SINGULARITIES

Our last and most substantial example illustrating the algorithm implicitly de-
scribed in §§2-3 will be the computation of the contribution to the adjusted prede-
gree polynomial due to an arbitrary irreducible singularity p on a curve C.
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It is well-known that C' can be described at such a point by its Puiseux expansion

P (ant” +...+> aeltel _|_..._|_aert€r
y=1t"

where: m = the multiplicity of C at p; n = the intersection multiplicity of C' and
the tangent line z = 0 at p; all exponents are positive integers, and m < n < e; <
.-+ < ep; and the coefficients a., of the ‘essential’ terms are nonzero. An exponent
(or the corresponding term in the expansion) is ‘essential’ if it is not a multiple
of the greatest common divisor of m and the exponents preceding it; the () in the
expansion collects all non-essential terms. The term a,t"™ will be essential if and
only if n is not a multiple of m; note that e; = n in that case.
We also need the numbers

di:ng(maela'--uei) ;

thus dy = m, and d,, = 1. Note that we allow for the possibility m = 1, r = 0; that
is, there may be no essential terms in the expansion.

We will see that the contribution of p to the a.p.p. for C' depends only on m, n,
and the essential exponents eq, ... , e,.

An alternative terminology to describe the same information is that of Puiseux
pairs: the singularity is described by the pair (m,n), and by r Puiseux pairs
(my,n1), ..., (my,n,.), where

di = mjy1--my
€, = nzdz
Thus for example a non-singular inflection point of order k is described by

(1, k)

and has no Puiseux pairs (r = 0, no essential exponents, dy = 1 = m); an ordinary
cusp y"™ = z™ (m, n coprime) is described by

(m,n) ; (m7 n)

and has one Puiseux pair (r = 1, e; = n, dg = m, dy = 1). The formula given
below implies that the correction due to p only depends on m, n, and the Puiseux
pairs of C at p.
This result is most easily stated in terms of the numbers d;, e;. We let
a’b? 4

Pla,b) = (14 ak)3(1+0k)3  (1+k)3(1+2k)3

where k is an indeterminate, and set ey = n, e,.1 = 0 for convenience.

Theorem 5.1. With notations as above, the contribution of p to the adjusted pre-
degree polynomial of C' is

. k?H® kH" H®
1— (mnP(m, n) + Z(ej+1 — €j>djp(dj, de)) . ( ol + N + ﬁ)
J=0 9
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where {}o denotes the coefficient of k? in the expansion of the term within {}.

Before proving this formula, we illustrate it with a few explicit examples. For
these we will need the number of flexes absorbed by the singularity; remarkably,
this number can be expressed by a formula somewhat analogous to the one given
in Theorem 5.1:

(3mn —2m — 2n) + 3 Z(ej+1 —e;)(d; — 1)
5=0
(cf. [B-K], §9.1, Thm. 2 and [Okal, §2, Proposition 5 and Theorem 7). The correc-

tion term that would be due to the flexes absorbed by p if p were not present is,
according to Theorem 5.1,

r k2HS kH" HS®
1-— { ((Smn —2m — 2n) +3jz:%(ej+1 —e;)(dj — 1)>3P(1,3) - ( o T T g) }2

Example 5.1. A nonsingular point has no Puiseux pairs, and (m,n) = (1,k),
where k£ = the order of contact with the tangent line. By Theorem 5.1, its contri-
bution is

K2HS kHT HS
= {er (B2 1 )
k(k—2)(k+2)HS k(k—2)(k2+3k+6)H” k(k—2)(2k3 + 7k? + 16k + 32)H®
720 1680 - 13440
in agreement with Example 3.4. Note that this contribution is automatically trivial
if k = 2, that is if the point is not an inflection point for C.

=1—

Assume next that p has exactly one Puiseux pair (mq,n;). With notations as
above, necessarily m; = m; and dg9 = m, di = 1; eg = n, e = ny, eo = 0.
According to Theorem 5.1, the contribution of p is
m(dm*(ny —n) +m2n3 —4n1)HS  3m(12m®(n1 — n) + m3n® + m2n — 12n1)H”

6! + 7!
3m(64mS(n1 — n) + 2m*n3 + 3m3n* + 2m?2n® — 64n,)H®
8!

1—

Example 5.2. For an ordinary (m,n)-cusp (see above) we find

mn(m?n? —4)HS  3mn(m3n? + m?n3 — 12)H”  3mn(2m*n? + 3m3n3 + 2m?n?* — 64)H8
- 6! * 7! a 8!
For instance, an ordinary (2, 3) cusp contributes

4HS 3H" 19H®
1— + — :
15 5 28

using that such a cusp absorbs 8 flexes, we get that an ordinary cusp corrects the
predegree of a curve of degree d > 3 by

—72(28d* — 144d + 183)

Thus a generic cuspidal quartic has predegree 14280 — 3960 = 10320, etc. Note that
for a cuspidal cubic this gives a ‘predegree’ of 216 —216 = 0; this is because cuspidal
cubics have small orbits. According to the formulas given above, the a.p.p. of a
cuspidal cubic is

1

H? n 9H3 n 27TH* n 69H° n 3HS n H
2 2 8 40 8 70
= 24, as expected.

9
1+ 3H +

7!
70-3

yielding a degree of
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Example 5.3. Characteristic numbers. An enumerative problem that has received
a good deal of attention both in the 19th century and in the recent past is that
of computing the characteristic numbers of various families of plane curves, that
is, the number of curves belonging to the family, containing a collection of general
points, and tangent to a collection of general lines. This problem is in general
surprisingly challenging, even for curves of very low degree.

We note here that the top characteristic number of the (family of curves param-
eterized by the) orbit closure of C' is the degree of the orbit closure of the dual
curve C'V: hence the results of this paper allow us in principle to compute the top
characteristic number of the orbit closure of an arbitrary curve, i.e., the number of
translates of the curve which are tangent to a maximal number of general lines.

For example, consider the orbit closure of a nonsingular cubic curve C, that is,
the closure of the set of cubic curves with a given j-invariant. Its top characteristic
number is the degree of the orbit closure of a sextic with 9 cusps; now Example 5.2
lets us compute the predegree of this orbit closure:

predegree of a general sextic — contributions from 9 cusps
= 1119960 — 9 - 23544 = 908064

For j # 0,1728, the stabilizer of C consists of 18 elements; thus there are % =
50,448 cubics with fixed j invariant # 0,1728 and tangent to 8 lines in general
position. For j = 0, resp. j = 1728 the extra automorphisms of C' correct this
number to %348 = 16,8160, L;“ = 25,224, respectively. These results agree with
the more direct computations in [A].

Similarly, the number of nodal cubics tangent to 8 lines in general position is
the degree of the orbit closure of the dual of a nodal cubic, that is, a quartic with

three cusps:
14280 — 3 - 3960

6

Of course this also agrees with the classical result (cf. for example [S]).

It is curious to observe that the dual of a nodal cubic can also be interpreted
as a sextic consisting of a quartic with three cusps and a double bitangent line, in
the sense that this is what the dual of a nonsingular cubic C' degenerates to as C
degenerates to a nodal cubic. Arguing as in §4 to account for the contribution of
the double line, we compute that the predegree of the orbit closure of such a sextic
is 302668; as the stabilizer of a nodal cubic has 6 elements, this gives 50,448 as
the top characteristic number of a nodal cubic. This number counts the 400 curves
tangent to 8 lines as well as contributions from curves whose node is on one of the
lines; the fact that this number agrees with the characteristic number for cubics
with j < oo was already observed in [A], end of §3.

Apart from these and a few other instances (for example conics, or cuspidal
cubics), the characteristic numbers that can be obtained by applying the results in
this paper are, to our knowledge, new. For example, so is the number 406,758,744
of nonsingular quartics with fixed general modulus and tangent to 8 lines in general
position.

= 400

Example 5.4. The quartic curves

2 2

(¥ —z2)? =92 ; (y*—2)* =y2?
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have a singularity at (1 : 0 : 0) described by (m,n) = (2,4), and Puiseux pair
(2,k) for k = 5, 7 respectively. Using the formula given above, and that these
points absorb 3k flexes, we find that these singularities correct the predegree of the
quartics on which they lie by —1785k.

These singularities are analytically isomorphic to 22 = y* (cf. Example 3.5).
Remarkably, the same correction term applies for quartics with a point analytically
isomorphic to 22 = y* also in the non-irreducible cases k = 4, 6, 8 (as may be
computed explicitly using Propositions 3.4 and 3.5). For k = 8 the corresponding
quartic is (y? — z2)? = 2%, that is the union of two quadritangent conics (cf. §4.1
in [A-F3]); the formula gives 14280 — 1785 - 8 = 0, as expected since unions of
quadritangent conics have small orbits.

The case k = 4 can also be analyzed by the same method, and gives a correction
of —1785-4 = —7140. Thus a general tacnodal quartic has predegree 14280 —7140 =
7140, that is, precisely half of the predegree of a general quartic. This latter fact
can also be explained conceptually by studying the behavior of the predegree along
families of curves, but we will not pursue this approach here.

Proof of Theorem 5.1. The formula given in the theorem is obtained by evaluat-
ing explicitly the contributions of type IV and V, using Proposition 3.4 and 3.5.
The main subtlety lies in the fact that both these contributions are affected by
whether n is an essential exponent or not; as we will see, the amounts by which
they are affected precisely compensate each other, so that both cases lead to the
same formula.

We consider contributions of type IV first. If d’ = ged(m,n), and m’ = m/d’,
n’ =n/d, then the only 1-PS germ giving a contribution is

1 0 0
0ot 0
0o 0

yielding a limit

corresponding to the side in the Newton polygon joining vertices (0, m) and (n,0).
Using Proposition 3.4, this gives a contribution of

L (m2n2 —4d’YYH®  3(m3n2 + m2n3 — 12d’5)H"
o 6! - 7

+3(2m4n2 +3m3n3 + 2m?2n?t — 64d’6)H8>
8!

which is checked to equal

T (D )Y

<(m4 . d/4)H6 (m5 o d/5)H7 (m6 o d/6)H8>
—mn — +

180 140 210

Here d' = m if n is a multiple of m (in which case the last summand vanishes),
while d' = dy = ged(m, ey) if n = ey is essential.
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Moving on to the component of type V, the data describing the singularity
determines the structure of the formal branches of the curve at p. Schematically,
here is how they group:

|
S

—_—
_N‘D% [ X X ]

If n is not essential, m = dy branches will run parallel from the beginning of the
expansion up to the first essential exponent eq; if n is essential, the branching starts
immediately at n = e;. In both cases, at e; the branches divide into dy/d; groups
of dy parallel branches each; at eq, each set of d; branches splits into dy /ds groups
of dy parallel branches, and so on. At the last essential exponent e,., the splitting
produces m distinct simple branches.

This gives us the data needed to apply Proposition 3.5. Note that e; yields a
‘truncation’ in the sense of Fact 5 of §2 only if n is not an essential exponent: if
n = eq is essential, then the expansion starts at e; and in particular e; is not greater
than the first exponent. If n is not essential, the truncation at e; contributes in the
terminology of Proposition 3.5 a term with £ =1, W = e, S = m, and s; = dq,
giving

180 140 210

if n is essential, there is no such contribution. Adding this to the contribution of
type IV computed above, we obtain in both cases

K*H® kHT H®
1—{mwmmmw%Wm%”'(6'+—Wﬁ"§)}_Kl
! ! : 2

e ((m4 —dDH®  (m® - d)HT | (m° - d?)Hs) .

where

Ky = me, (m* —dj)H® B (m® —d})H" . (m® — d$)H®
180 140 210
The contribution due to truncation at e;, j > 2, is given by Proposition 3.5,

setting ¢ = d,il (the least integer such that £2%, ..., Eej—n:l are integers),
.

7j—1

€L €
W = dp_1 —dip)— +d;_1-2
];(k 1 k)m+ -1
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(keeping track of the exponents at which formal branches start differing), and S =
dj_1, s; = d;. If K; denotes this (additive) contribution, one checks by induction
that if there are r Puiseux pairs (so that d, = 1)

J J kK2H® kH" HS
ZK]' = Zej (dj—lp(dj—172dj—1> — d]P(dj,de» (T + T + ﬁ)
7j=2

Jj=2 2

(note: this equality does not hold if d, is not assumed to equal 1!). The whole
contribution is therefore given by

k2H® LKHT HS -
1—{mn(P(m,n)—P(m,2m))- ( Gl +T+?)} - E K;
[ [ V), =

and the formula given in the statement is obtained by rearranging this sum. [

Formulas for reducible singularities can be obtained by using Propositions 3.3,
3.4, and 3.5. Unfortunately, we haven’t been able to find a simple statement in the
style of Theorem 5.1 and encompassing the most general case.

As a final comment, we note that a formula in the style of Theorem 5.1 can be
concocted to account for some ‘global’ terms as well. For example, the predegree of
the orbit closure of a reduced curve of degree d and (for simplicity) including only
points ‘of type (¢, ™)’ (that is, points described by the pair (m,n) as above, with
no further Puiseux pairs) is in fact given by

Ad?
1+ k)3(1 + 2k)3

d® — {(1+dk)8{

n > mn ((1 +mg§?f+nk>s (1 +k)3?1 +2k)3> } }2 ’

p€eC of type (t™,t™)

provided that the orbit closure has dimension 8. This formula should be compared
with the formula for the predegree of the orbit closure of a d-tuple of points in P!
(cf. [A-F1]), which can be written

dS—{(1+dk)3{ﬁ+ 2 m<(1+ﬂ;k)2_(1+1k>2)]}1

p€eC of type (t™)

(if the orbit closure has dimension 3), where a point ‘of type (t™)’ is simply a point
of multiplicity m in the d-tuple.

It is tempting to view these two formulas as shadows of a very general, but as
yet mysterious, theorem on degrees of orbit closures of hypersurfaces in projective
space.
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