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§1. INTRODUCTION

Consider a general codimension-8 linear subspace of the P'* parametrizing plane
quartic curves. There is a generically finite dominant rational map from this P° to
the moduli space of curves of genus 3; what is the degree of this map?

To approach this kind of questions, we embark in this paper on the study of the
natural action of PGL(3), the group of automorphisms of P2, on the projective space
PN parametrizing plane curves of degree d (thus N = d(d+3)/2). We are concerned
here with the orbits of (points corresponding to) smooth plane curves C' of degree
d > 3. These orbits O¢ are 8-dimensional quasi-projective (in fact, affine) varieties.
Their closures O¢ (in PY) are 8-dimensional projective varieties, and one easily
understands that the answer to the above question is nothing but the degree of O¢
for the general plane quartic curve C. In §2 we explicitly construct a resolution of
these varieties, which we use in §3 to compute their degree (for every smooth plane
curve C' of degree d > 3). In fact the construction gives more naturally the so-called
predegree of the orbit closure O¢: that is, the degree of O¢ multiplied by the order
of the PGL(3)-stabilizer of C. It turns out that, for a smooth curve C' of degree d,
the predegree depends only on d and the nature of the flexes of C'. As is illustrated
in §3.6, this has nice consequences related to the automorphism groups of smooth
plane curves.

We now describe the contents of this paper more precisely. Associated with each
plane curve C' is a natural map PGL(3) — PV with image O¢; we view this as a
rational map ¢¢ from the P8 of 3 x 3 matrices to PV. In §2 our object is to resolve
this map by a sequence of blow-ups over P®, in fact constructing a non-singular
compactification of PGL(3) that dominates O¢. For a smooth C, the base locus
of ¢c is a subvariety of P® isomorphic to P? x C, thus smooth; after blowing up
this support, we find that the support of the base locus of the induced rational
map from the blow-up to PV is again smooth: and we choose it as the center of
a second blow-up. Just continuing this process (which requires a fair amount of
bookkeeping) gives a good resolution of the map. We find that the number of blow-
ups needed equals the maximum order of contact of C' with a line: so, for example,
three blow-ups suffice for the general curve.

Having resolved the map ¢¢, we compute in §3 the predegree of the closure of
the orbit of C' as the 8-fold self-intersection of the pull-back of the class of a ‘point-
condition’, i.e., a hyperplane in PV parametrizing the curves passing through a given
point of P2, The main tool is an intersection formula for blow-ups from [Aluffil];
to apply this formula, we extract from the geometry of the blow-ups detailed in §2
the relevant intersection-theoretic information, and particularly the normal bundles
and intersection rings of the centers of the various blow-ups. This leads to explicit
formulas for the predegree of O¢ in terms of the degree of C' and of four numbers
encoding the number and type of the flexes of C. For example, the answer to the




question posed in the beginning (that is, the degree for a general quartic) is 14,280
(d = 4 in the Corollary in §3.5).

Besides the applications to automorphism groups of plane curves already alluded
to, and more examples given in §3.6 (e.g., we compute the degree of the trisecant
variety to the d-uple embedding of P? in P¥), the computation of the degree of
O¢ also has some enumerative significance: it gives the number of translates of C
that pass through 8 points in general position. On a more global level, the degree
of the orbit closure of a general plane curve of degree d equals the degree of the
natural map from a general codimension-8 linear subspace of P¥ to the moduli
space of smooth plane curves of degree d. A study of the boundaries of orbits and
of 1-dimensional families of orbits reveals where this map is proper: these matters
will be treated in a sequel to this paper. Also, we hope to be able to unify some
scattered results we have concerning orbits of singular curves; and we plan to study
the singular locus of orbit closures.

Excellent practice to become familiar with the techniques of the paper is to ap-
ply them to the easier case of the action of the group PGL(2) on the spaces P¢
parametrizing d-tuples of points on a line. Only one blow-up of the P3 of 2 x 2
matrices is needed in this case, and one finds the following: if the d-tuple consists
of points p1,...,ps, with multiplicities m; (so that Y ;_, m; = d), and one puts
m®2 = Som?2, m® = S>> m?2, then the predegree of its orbit-closure equals

d® — 3dm® + 2m(3),

so it depends only on d and on m®, m®) (one should compare this result with
the degree of the orbit-closure of a smooth plane curve as computed in Theorem
III(B)). Details of this computation, together with a discussion of the boundary and
of 1-dimensional families of orbits, and multiplicity results, can be found in [Aluffi-
Faber|. We should point out that in this case the degree can also be computed by
using simple combinatorics.

Finally, to attract the attention of people working in representation theory, we
remark that we deal here with the orbits of general vectors in one of the standard
representations of one of the classical algebraic groups. Can these questions be
approached in a more general context? From this point of view, a whole lot of work
remains to be done.
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§2. A BLOW-UP CONSTRUCTION

In this section we construct a smooth projective variety surjecting onto the orbit
d(d+3) .
closure O¢ of a smooth plane curve C € PN = P e , where d > 3. As we will
see, the construction depends essentially on the number and type of flexes of C.

Fix coordinates (z : 1 : x2) of P2, and assume the degree-d curve C has equation

F(.Z‘(),.’El,xg) =0
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Consider the projective space P& = PHom(C3, C?) of (homogeneous) 3 x 3 matrices
@ = (@ij)ij=o12. S0 P®is a compactification of PGL(3) = {« € P® : deg v # 0}.
To ease notations, in this section we will refer to a point in P® and to any 3 x 3
matrix representing it by the same term; in the same vein, for @ € P® we will call
‘ker @’ the linear subspace of P2 on which the map determined by « is not defined,
‘ima’ will be the image of this map, and the rank ‘rka’ of @ will be 1+ dim(im «).
So:
a € PGL(3) <= kera=0 <= ima=P? < rka=3.

The curve C' determines a rational map
c:P8- - 5PN

as follows: for o € P®, let c(a) be the curve defined by the degree-d polynomial
equation F'(a(xg,x1,z2)) = 0. So ¢(«) is defined as long as F'(a(zg, z1,x2)) doesn’t
vanish identically; i.e., precisely if ima ¢ C.

If & € PGL(3), then c(«) is the translate of C' by «; therefore, ¢(PGL(3)) is just
the orbit O¢ of C in PV for the natural action of PGL(3).

As an alternative description for the map ¢, consider for any point p € P? the
equation

F(a(p)) =0

As an equation ‘in p’, this defines the translate c(a); as an equation ‘in o’ this
defines the hypersurface of P® consisting of all o that map p to a point of C. We
will call these hypersurfaces, that will play an important role in our discussion,
‘point-conditions’. The rational map defined above is clearly the map defined by
the linear system generated by the point-conditions on P8.

Our task here is to resolve the indeterminacies of the map ¢ : P®- - ->PV by a
sequence of blow-ups at smooth centers: we will get a smooth projective variety 1%
filling a commutative diagram

PGL(3) < V —%— PV

oL

PGL(3) < P8 --Z-» PN

The image of V in PV by ¢ will then be the orbit closure O¢. In §3 we will use ¢ to
pull-back questions about O¢ to ‘7; the explicit description of V obtained in this
section will enable us to answer these questions.

The plan is to blow-up the support of the base locus of ¢; we will get a variety
Vi and a rational map c¢; : Vi- - ->PY¥. We will then blow-up the support of the
base locus of ¢y, getting a variety V5 and a rational map co : Vo - - -> P in the case
we are considering here (i.e., the curve C' is smooth to start with), repeating this
process yields eventually a variety V as above. The support of the first base locus
is in fact a copy of P2 x C in P® (see §2.1); if (k,q) € P2 x C, and ¢; denotes the
map obtained at the i-th stage, we will find that ¢; still has indeterminacies over
(k,q) if and only if the tangent line to C' at q intersects C' at ¢ with multiplicity > i.

3



So, for example, if C' has only simple flexes then the map c3 is regular (Proposition
2.9); and in general the number of blow-ups needed equals the highest possible
multiplicity of intersection of a line with C'.

We should point out that (even for smooth C') this is not the only way to construct
a variety V as above: in fact, a different sequence of blow-ups is the one that seems
to generalize naturally to approach the same problem for singular C.

§2.1. The first blow-up. The set of rank-1 matrices in P® is the image of the
Segre embedding 5
P? x P? — P®

given in coordinates by

kogqo  k1qo k290
((ko:ky:ko),(qo:q1:q2) = | kor kiqr koq
koga  kiga  kago

where koxo + k1z1 + kaze = 0 is the kernel of the matrix, and (go : g1 : g2) is its
image. Intrinsically, this is just the map induced from the map

C* o C® - C*®C® =Hom(C3?,C3)
(fiw) = f®u

We have already observed that the map ¢ : P&- - ->P¥ is not defined at o € P8
precisely when ima C C if C' is smooth (therefore irreducible), this means that the
image of « is a point of C. Therefore:

the support of the base locus of ¢ is the image of P? x C' in P® via the Segre
embedding identifying P? x P? with the set of rank-1 matrices.

In particular, the support of the base locus of ¢ is smooth, since C is. We let then
B =P?2xC, and we let V; = P® be the blow-up of P® along B. Since BNPGL(3) =
(), V1 contains a dense open set which we can identify with PGL(3). Also, the linear
system generated by the proper transforms in V; of the point-conditions (which we
will call ‘point-conditions in V;’), defines a rational map c¢; : Vi- - ->PY making
the diagram

PGL(3) < V;--2->PN

o=l

PGL(3) c P8--Z5PN

commutative. The exceptional divisor E; in Vj is the projectivized normal bundle
of BinP®: E; = P(NpP®). We will show now that the base locus of ¢; is supported
on a P'-subbundle of E; over B.

Let (k,q) be a point of B = P? x C: ie., a rank-1 a € P® with kera = £,
ima = ¢ € C. Also, let £ be the line tangent to C' at ¢, let p be a point of P?, and
denote by P the point-condition in P® corresponding to p.

LEMMA 2.1. (i) The tangent space to B at (k,q) consists of all ¢ € P® such that
ime C ¢ and p(k) C q.



(ii) P is non-singular at (k,q), and the tangent space to P at (k,q) consists of all
¢ € P& such that (p) C £.

We are using our notations rather freely here. For example, in (i) a = (k,¢) is in
the tangent space since a(k) = 0 (as « is not defined along k).

PROOF: (i) The tangent space to B at (k,q) is spanned by the plane {(¥,q) €
B:k €P?} = {pecP:imp = ¢} and by the line {(k,q¢') € B : ¢ € £} =
{p € P® : kerp = k,imp € £}. Both these subspaces of P® are contained in
{p € PP :imy C £,p(k) C q}; since this latter has clearly dimension 3, we are
done.

(ii) For a = (k,q) and ¢ € P® consider the line o + ¢ t. Restricting the equation
for P to this line gives the polynomial equation in ¢

F((a+¢t)(p) =0 |, ie.

P+ Y (g)  ate =0

(where ¢;(p) denotes the i-th coordinate of ¢(p)).

F(a(p)) = 0 since ima = g € Cj the line is tangent to P at a when the linear
term also vanishes, i.e. if ) .(0F/0x;)qpi(p) = 0. This says precisely ¢(p) C £, as
claimed.

P is non-singular at « because any ¢ not satisfying the condition ¢(p) C £ gives
a line a4 @t intersecting P with multiplicity 1 at «, by the above computation. i

With the same notations, the tangent space to P2 x P2 at « consists of all ¢
with p(ker ) C im « (intrinsically, all transformations ¢ inducing a map coim o —
coker ).

The set of all ¢ such that ime C £ forms (for any «) a 5-dimensional space
containing the tangent space to B at «, and therefore determines a 2-dimensional
subspace of the fiber of NgP® over . As o moves in B we get a rank-2 subbundle
of NpP®, and hence a P!-subbundle of E; = P(NgP?), which we denote B;. Notice
that B is non-singular, as a P!-bundle over the non-singular B.

PROPOSITION 2.2. The base locus of the map c; : Vi - - ->PY is supported on B;.

PROOF: Since c; is defined by the linear system generated by all point-conditions
in V7, we simply need to show that the intersection of all point-conditions in Vj is
set-theoretically B;. This assertion can be checked fiberwise over oo = (k,q) € B;
so all we need to observe is that the intersection of the tangent spaces to all point-
conditions at « consists (by Lemma 2.1 (ii)) of the ¢ € P® such that ¢(p) C £ for
all p; i.e., the 5-dimensional space used above to define B;. i

If Pl(p ) denotes the point-condition in Vi corresponding to p € P2, we have just
shown an]P’z Pl(p) is supported on By. The proof says a little more:

REMARK 2.3. ) Pl(p) N E1 = By (scheme-theoretically).

p€EP?
Indeed on each fiber of E; (say over a € B) the fiber of By, a linear subspace, is

cut out by the fibers of the Pl(p ) N Eq, linear subspaces themselves; and the situation
clearly globalizes as « moves in B.



§2.2. The second blow-up. Let V, =% V; be the blow-up of V; along B;. The
new exceptional divisor is Fy = P(Npg, V1); call ‘point-conditions in V5’ the proper
transforms of the point-conditions of V;. The linear system generated by the point-
conditions defines a rational map ¢y : Vo - - ->P; again, we obtain a diagram

PGL(3) C Va--Z->PN

PGL(3) < P8--S->PN

and we proceed to determine the support of the base locus of ca.
Let E1 be the proper transform of £y in V5. Then

LEMMA 2.4. The base locus of ¢y is disjoint from El.

Proor: This is basically a reformulation of Remark 2.3: El is the blow-up of E4
along Bi, and Bj is cut out scheme-theoretically by the intersections of E; with
the point-conditions of V;. So the intersection of the point-conditions in V5 must
be empty along El, which is the claim.

Lemma 2.4 reduces the determination of the support of the base locus of ¢ to
a computation in P®. Denote by B the scheme-theoretic intersection of the point-
conditions in P®, so the support of B is B. For a € B, let th,(B) be the maximum
length of the intersection with B of the germ of a smooth curve centered at o and
transversal to B (the ‘thickness’ of B at «, in the terminology of [Aluffi2]).

LEMMA 2.5. The base locus of ¢y is disjoint from (w3 0 m1) Yo if the (B) < 2.

Proor: The base locus of cy is the intersection of all point-conditions in V3, i.e.
the set of all directions normal to B; and tangent to all point-conditions in V;. Let
then ~(¢) be a smooth curve germ centered at a point of By above «, transversal to
B, and tangent to all point-conditions in V;. By Lemma 2.4, vy is transversal to E;
therefore 71 (y(t)) is a smooth curve germ centered at o and transversal to B. Since
v(t) intersects all point-conditions in V3 with multiplicity 2 or more, 71 (y(¢)) must
intersect all point-conditions in P® with multiplicity 3 or more; B is the intersection
of all point-conditions in P®, so this forces thy(B) > 3. I

Now the key computation is

LEMMA 2.6. If a = (k,q) € B, and £ is the line tangent to C' at q, then thy(B)
equals the intersection multiplicity of £ and C' at q.

PROOF: Let m be the intersection multiplicity of £ and C at q. To show thy(B) > m,
we just have to produce a curve normal to B and intersecting all point-conditions
with multiplicity at least m at a; such is the line o + ¢, with ¢ € P® such that
imp = £ and p(k) # ¢. Indeed, the last condition guarantees normality (Lemma
2.1 (i)); and, for general p, ¢ = a(p) and ¢(p) span £: so F((a+ ¢t)(p)) is just the
restriction of F' to a parametrization of £, and it must vanish exactly m times at
t = 0. Notice that these directions are precisely those defining B;.

To show the(B) < m, let y(t) be any smooth curve germ normal to B and centered
at «; we have to show that ~ intersects some point-condition with multiplicity < m
at . In an affine open of P® containing «, write

Yt)=a+pt+...
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The equation for the point-condition corresponding to p restricts on vy to

oF
8xi

F(la+et+...)p) = Flap) + ) (

) pip)t+--- =0,

i a(p)

where @;(p) denotes the i-th coordinate of ¢(p). The coefficient of ¢" in this ex-
pansion is

®) % Z (%)a(p)%(p)m%m(p)

21,--tm

+ terms involving derivatives of lower order,

and to conclude the proof we have to show that for some p this term doesn’t vanish.
To see this, observe that since £ and C' intersect with multiplicity exactly m at

q, then the form
3 ( omF ) .
- - - i T

21,y--3tm

doesn’t vanish identically on /; since p(ker ) ¢ ¢ (7 is normal to B), this implies
that the summand

1 O™F
ml > (W) ©i, (P) -+ @i, (P)
S " im / a(p)

21,y--3tm

vanishes exactly d —m times along the line £ = ker o (as a function of p). But since
all the other summands in (*) involve derivatives of order < m, they vanish with
order > d — m along k. Therefore the order of vanishing of (*) along k& must be
exactly d — m, and in particular (*) can’t be identically 0, as we claimed. |

We adopt the following convention:

DEFINITION. A point q of C is a ‘flex of order r’ if the line tangent to C' at ¢
intersects C at q with multiplicity r 4+ 2. We will say that q is a ‘flex’ of C if r > 1,
and that q is a ‘simple flex’ if r = 1.

Now we observe that there is a section s : By — FEj: for @y € By, let a = my(ay) €
B, say a = (k,q), and let £ be the line tangent to C' at ¢q. By the construction of
By, there is a matrix ¢ € P® with im ¢ C £ such that «; is the intersection of E;
and the proper transform of the line «+ ¢ ¢ in Vi; now let s(«y) be the intersection
of E5 and the proper transform of the line oo+ ¢ ¢ in V2 (it is clear that s(«y) does
not depend on the specific ¢ chosen to represent a;).

Let B be the image via s of the set {a; € By : ¢gisa flex of C}. Thus B,
consists of a number of smooth three-dimensional components, one for each flex
of C: each component maps isomorphically to a P'-bundle over one of the planes
{(k,q) € B:qis a flex of C'}.

PROPOSITION 2.7. The base locus of the map ¢y : Vo - - ->PN is supported on Bs.

ProOOF: Let oy € By, and a = (k, ¢) the image of a; in B, as above. Consider the
intersection of the base locus of ¢y with the fiber 75 *(c;) = P2, By Lemma 2.5
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and 2.6 this is empty if q is not a flex of C'; even if ¢ is a flex of C, the intersection
is a linear subspace of P? missing a P? (by Lemma 2.4), thus it consists of at most
one point. Thus all we have to show is that s(a;) is in the base locus of ¢y if ¢ is
a flex of C' (of order r > 1). But, as observed in the proof of Lemma 2.6, the line
a+pt determining o intersects each point-condition in P® with multiplicity at least
r+2 > 3; therefore the proper transform of a4 ¢ ¢ is tangent to all point-conditions
in V7, and it follows that s(ay) € all point-conditions in V5, as needed. 1

62.3. The third blow-up. Let V3 55 V4, be the blow-up of V5 along Bs. The
new exceptional divisor is F3; the ‘point-conditions of V3’ are the proper transforms
of the point-conditions of V5. The linear system generated by the point-conditions
defines a rational map c3 : V3 - - ->P¥ | making the diagram

PGL(3) C Vz--Z->PN

H 71'3071'2071'1J( H

PGL(3) c P3--Z5PN

commute. We will show now that c3 is a regular map if all the flexes of C are
simple, so that in this case V3 is the variety we are looking for. For each flex of
order > 1, we will find a four-dimensional component in the base locus of ¢3, and
more blow-ups will be needed.

Call By the scheme-theoretic intersection of the point-conditions in V5, so By is
supported on Bs. For as € B, define the thickness thy,(B2) of By at as as we
did above for th,(B). Also, let a = (k,q) be the image of ay in B. With these
notations:

LeEMMA 2.8. If q is an flex of order r of C, then th,,(B2) = r.

PROOF: We have to show that if y(¢) is a smooth curve germ in V3, centered at as
and transversal to By, then the maximum length of the intersection of By and ~ at
t = 0 is precisely 7.

Suppose first that v is transversal to Fs: then, as argued in the proof of Lemma
2.5, the image of v in P® is a smooth curve germ centered at o and transversal to
B: by Lemma 2.6, the length of the intersection of B and this curve is at most r +2;
it follows that the maximum length of the intersection of By and such 7’s is indeed
r (attained for example by the proper transform of o + ¢ ¢, with ¢ as in the proof
of Lemma 2.6).

Thus we may assume that « is tangent to E3, and we have to show that

CLAIM. By N~(t) vanishes at most r times at t = 0.

This is a lengthy but straightforward coordinate computation, which we leave to
the reader. The outcome is that the maximum length is r, and it is attained in the
direction normal to By in the section s(By) C Fy defined in §2.2. |}

The next results are now easy consequences.

PROPOSITION 2.9. If all flexes of C are simple, then the map c3 : V- - ->PV is
regular.



ProOOF: We have to show that c3 has no base locus, i.e. that the intersection of
all point-conditions in V3 is empty. But a point in the intersection of all point-
conditions in V3 would determine a direction normal to Be and tangent to all point-
conditions in V5; the thickness of By would then be > 2 at some point. By Lemma
2.8, if all flexes of C' are simple (i.e., of order 1) the thickness of B is precisely 1
everywhere on Bj, so this can’t happen. i

By Proposition 2.9, we are done in the case when C has only simple flexes: V3
is the variety V we meant to construct. We will show now that for each flex of
C of order r > 1, the base locus of ¢3 has a smooth four-dimensional connected
component.

Let ap € By, mapping to a = (k,q) in B, and assume ¢ is a flex of C of order
r > 1. By is 3-dimensional, so the fiber 73 () of E3 = P(Np,V3) over as is a P*.
We have two special points in this P4, namely the point determined by the proper
transform of the line o + ¢t used in §2.2 to define s, and the direction normal to
Bs in the section s(Bjp). We have seen in the proof of Lemma 2.8 that the length
of the intersection of these directions with Bs is exactly r; also, these points are
distinct for all a (since one of them corresponds to a direction contained in Fo,
while the other comes from a direction transversal to Es), so they determine a P!
in the fiber 7r3_1(a2). As ap moves in the component of By over g, this P! traces a

P!-bundle over that component, a smooth four-dimensional subvariety Béq) of Ej3.
Call B3 the union of all these (disjoint) subvarieties of Fs, arising from non-simple
flexes of C.

PROPOSITION 2.10. The base locus of the map c3 : Vs - - ->PV is supported on Bs.

ProoF: The argument here is somewhat analogous to the argument in the proof
of 2.7. We have to show that in each fiber 73 *(ap) = P* as above, the intersection
of all point-conditions is supported on the specified P'. Observe that each point-
condition determines a hyperplane in this P*, so that the intersection of the base
locus of c3 with w3 !(a2) must be a linear subspace of this P*. Secondly, for the
same reason, no directions tangent to the fiber of E5 containing «s can be tangent
to all point-conditions in V5. The fibers of F5 are three-dimensional and transversal
to Ba, thus this shows that the base locus of c3 must miss a P? in the fiber 73 ' (az).
Thus, the intersection of the base locus of c3 with 73 '(az) can consist of at most a
P!

Therefore, we just have to show that the two points of 73 () used in the
construction of Bs are contained in all point-conditions of V3; or, equivalently, the
two directions in V5 used to define these points are tangent to all point-conditions
in V5. But this is precisely the result of the computation in the proof of Lemma 2.8:
the length of the intersection of these curves with all point-conditions is » > 2. §

§2.4 Further blow-ups. As we have seen in §2.3, each non-simple flex q of C gives
rise to a smooth four-dimensional component of the support B3 of the base locus
of c¢3; and Bj is the union of all such components. The plan is still to blow-up the
support of the base-locus; since the components are disjoint, we can concentrate on

a specific one: say Béq), corresponding to a flex ¢ of C' of order r > 2.
Let Vg(q) be the complement of all components of B3 other than B:,Eq) in V3. Let
V4(q) — V3(q) be the blow-up of V3(q) along Béq); again, the proper transforms in
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V4(q) of the point-conditions define a map cflq) : V4(q) - - ->PN. The base locus of cflq)
might have components over Bé‘n, whose union we denote B£Q); in this case, we will

let V5(Q) be the blow-up of V4(q) along B£Q). Iterating this process we get a tower of
varieties and maps:

ol

B, < v ttps

Lol

BO ¢ Vi(q)_fif’_> PN
| | |

c3

B?()(I) C V3(‘1) o2 s PN

where, inductively for ¢ > 4: Vi(Q) — Vz(_qi is the blow-up of V%(_q% along Bi@ﬁ D

7
Vi(q) - - ->P¥ is defined by the proper transforms in ‘Q(q) of the point-conditions
(i.e., the ‘point-conditions in Vi(q)’); and (for ¢ > 3) Bi(Q) is the support of the
intersection BZ(Q) of the point-conditions in ‘Q(q) (i.e., the base locus of CEQ)). Also,
for ¢ > 3 let EZ-(Q) be the exceptional divisor in VZ-(Q), and let EZ-(Q) be the proper

transform of EZ-(Q) in Vz(ﬂ

LeEmMmA 2.11. If q is a flex of order r > 2, then for 3 < i <r 4+ 1:
(1);: Vi(q) is non-singular
(2);: the composition map Bi(q) — Béq) is an isomorphism
(3)i: the thickness of Bi(q) is r+ 2 — i at each point of Bi(q)

(4)i: BO NEY =9

ProoOF: We have (1)3, (2)3 trivially, and (3)2 by Lemma 2.8. Also, since Bs is cut
out by linear spaces in each fiber of Fs5, we have (4)5. Now we will show that:

CramMm. For4 S 7 S r—+ 1, (l)i—b (2)1_1, (3)i—2 and (4)i—1 1mp]y (1)“ (2)“ (3)1_1,
and (4);.

Also, we will show that (3),, (4),4+1 imply (3),41: this will prove the statement.

PROOF OF THE CLAIM: In this proof we will drop the (9 notation, to ease the
exposition. V; is then the blow-up of V;_; along B;_1, and these are both non-
singular by (1);_1, (2);—1: so V; must also be non-singular, giving (1);.

Next, compute the thickness of B;_1: let v(¢) be any smooth curve germ transver-
sal to B;_1 and centered at any a;_1 € B;_1. If vy is tangent to E;_1, then by (4);_;
its proper transform will miss the general point-condition in V;: i.e., the length of
the intersection of (t) with B;—; at t = 0 is 1. If « is transversal to E;_; (and
B;_1), then v maps down to a smooth curve germ +, centered at a point of B;_o
and transversal to B;_3. By (3);_2, the intersection of -y, with the point-conditions
in V;_o has length at most r — ¢ + 4: it follows that the intersection of v with the
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point-conditions in V;_; has length at most r —i43 > 2 (since ¢ < r+1). Therefore
the thickness of B;_; at a;_1 is 7 — i + 3, which gives (3);_1.

For (2);, look at the intersection of B; with the fiber of E; over an arbitrary a;_; €
B;_1. First we argue this can’t be empty: indeed, th,, ,(Bi—1) =7 —i+3 > 2, so
through every «;_1 in B;_;1 there are directions tangent to all point-conditions in
Vi—1. To get (2);, we need to show that the fiber of B; over a;_; consists (scheme-
theoretically) of a simple point. But this is the intersection of B; with the fiber of
E; (=2 P3) over «;_1, thus a nonempty intersection of linear subspaces in P? missing
a hyperplane (by (4);_1): precisely a point, as needed for (2);.

Finally, we need (4);. Once more observe that B; intersects each fiber of E; in
an intersection of linear spaces: thus there are no directions in the fibers of E; and
tangent to all point-conditions in V;. This says that B;; must avoid the proper
transforms in Vj,; of all fibers of E;, and therefore E;, giving (4);.

This proves the Claim. The only case not covered yet is (3),41: to obtain this
and conclude the proof of 2.11, apply the same argument as above to (3),, (4),4+1- I

Lemma 2.11 describes the sequence of blow-ups over V3 that takes care of a

specific flex ¢ on C' of order » > 2. The case ¢ = r+ 1 of the statement says that the
variety VT(i)l is non-singular, and the base locus of the map c,(ffgl : Vr(i)l -->PVN is

supported on a variety BT(fi)l isomorphic to Béq); moreover, for all a1 € BT(fi)l, we
got the, ., (Br41) = 1. Let then Vr(i)Q — Vr(i)l be the blow-up of Vﬁ)l along B,(i)l,
and denote by cffi)z the rational map VT(_?_)z - - ->P¥ defined by the point-conditions
in Vr(:f)Q. Then VT(JZ)Z is clearly non-singular, and

COROLLARY 2.12. 07(22 is a regular map.

PrOOF: Indeed, the point-conditions in Vr(i)Q cannot intersect anywhere along E,EZL)Q:
if they did, any intersection point would correspond to a direction normal to Bff_?l

and tangent to all point-conditions in ‘/}(1)1, and the thickness of B,(fi)l would be
> 2, in contradiction with Lemma 2.11. i

By this last result, the sequence of » — 1 blow-ups over V3 just described resolves
the indeterminacies of c3 : V3- - ->PY over the component B:gQ) of Bs. To resolve
all indeterminacies of c3, we just have to apply the construction simultaneously to
all components of Bj3: build the sequence

Ci+1

Biy1 C Vigr---->PN
B, c V, --ZpN
By C V3 --2>PN



where, for ¢ > 4, V; — V;_1 is the blow-up of V;_; along B;_1, ¢; : V;- - ->PV is
defined by the proper transforms in V; of the point-conditions, and B; is the support
of the base locus of ¢;. By Lemma 2.11 and Corollary 2.12 all V;’s are non-singular,
and, for each flex ¢ of C' of order r, B; has either exactly one component mapping
isomorphically to Béq) if  <r 4 1, or no component over Béq) if o >r+ 2.

In particular, this construction will stop! If r is the maximum among the order
of the flexes of C, let V= Vit2, € = ¢p42, and let m be the composition of the r + 2
blow-up maps; then we have shown

THEOREM II. ¢:V — PN jsa regular map, and the diagram

PGL(3) ¢ V —%— pN

ol

PGL(3) < P® --Z PN

commutes.

which was our objective.

§3. THE DEGREE OF THE ORBIT CLOSURE

In this section we employ the blow-up construction of §2 to compute the degree
d(d+2)

of the orbit closure O¢ of a smooth plane curve C € PN =P with at most
finitely many automorphisms (if d = 3, we should specify ‘induced from PGL(3)’.
This will be understood in the following). The degree will depend on just six natural
numbers: the order of the group of automorphisms of C, the degree d of C, and
four numbers encoding information about the number and order of the flexes of C.
In fact, the blow-up construction of §2 yields most naturally the ‘predegree’ of O¢:

DEFINITION. The ‘predegree’ of O¢ is the 8-fold self-intersection PB8 of the class P
of a point-condition in V.

LeEMMA 3.1. The predegree of O¢ equals the product of the degree of the orbit

closure of C' by the order oc of the group of automorphisms of C' induced from
PGL(3).

PROOF: The map cis defined by the linear system generated by the point-conditions
on V so P is the pull-back of the hyperplane class from PV . Therefore P8 computes
the pull-back of the intersection of C(V) Oc¢ with 8 hyperplanes of PV: i.e., the
product of deg(O¢) by the degree of the map ¢. This latter equals o¢ since, given
a general ¢(a) € O¢ (a € P?), the fiber of ¢(«) consists of all products ¢, where
@ fixes C. 1

Observe that for the general C' of degree > 4, the predegree of O¢ equals the
degree of the orbit closure. Our aim here is to compute the predegree of O¢, by
using the construction of V described in 62: we will show that this number depends
only on d and on the type of the flexes of C.

Our tool will be a formula relating intersection degrees under blow-ups:
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PROPOSITION 3.2. Let B ‘i> V' be non-singular projective varieties, and let X C V/
be a codimension-1 subvariety, smooth along B. Let V' be the blow-up of V' along
B, and let X be the proper transform of X. Then

F1dimV _ amv [ ([B]+ X))V
Jpmy = [y - [

where > ete. denote the degree of a class in X7, etc., cf. [Fulton]|, Def. 1.4. Note: we
will omit the [ sign and the class brackets [-] when this doesn’t create ambiguities.

Proor: This follows from [Aluffil], §2, Theorem II and Lemma (2), (3). B

We will compute the predegree of O¢ (i.e. 138) by applying Proposition 3.2 to
each blow-up in the sequence giving V: the missing ingredients to be obtained at
this point are the Chern classes of the normal bundles of the centers of the blow-ups,
and calculations in their intersection rings.

In the following, P, P;, P will denote resp. (the class of) point-conditions in
V., Vi, V. The embedding of Bj in Vj is denoted ¢j, and pj; will be used for the
map B; — By, (p; will be pj;_; for short). As a general convention, we will omit
pull-back notations unless we fear ambiguity.

§3.1. The first blow-up. The center of the first blow-up is the variety B = P2x ('
the embedding 7 : B < P® is given by composition with the Segre embedding:

B=P2xCcP’xP> P8

Call h, k resp. the hyperplane class in P2, P2. Our convention on pull-backs allows us
to write k, h for the pull-backs of k, h from the factors to P2 x P2, and to B ¢ P2 xP2.
Also, since the Segre embedding is linear on each factor, the hyperplane class of P®
pulls-back to k + h on B.

LeMmMA 3.3. If C has degree d:
(i) In B: k* =0,k*h =d,kh* =0,h> =0
. 1+ k+h)°(1+dh)
N ]P>8 — (
(1) (NBE) = = s (1 1 e
(iii) P® = d®; and P pulls-back to dk + dh.

ProOF: (i) is immediate.

(ii) ¢(NpP?) = c¢(NpP? x P?)c(Nps, p2P®) by the Whitney formula and the exact
sequence of normal bundles. Now, since B = P2 x C, ¢(NgP? x P?) = ¢(NgP?) =
1+ dh. The formula for ¢(Npz, p2P®) is standard.

(iii) Recall from §2 that if p € P2, P is the point-condition corresponding to p,
and F(xzg : 1 : x2) is the (degree-d) polynomial defining C, then « € P <=
F(a(p)) = 0: so P is defined by a degree-d equation in P%.

We have already observed that the point-conditions are non-singular (Lemma 2.1
(ii)), so we are ready for the key computation needed to apply Proposition 3.2 to
the first blow-up:
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LEMMA 3.4.

(B+i*P)® >
~ = d(10d — 14d” — 33d + 21
/B e = (104 -9)( 334+ 21)

Proor: By Lemma 3.3, this is

/ (14 dk + dh)®(1+ k)3(1 + h)3
P2y (1+k+h)°(1+dh)

the statement follows by computing the coefficient of k2h (the only term with non-
zero degree, by Lemma 3.3(i)). B

§3.2. The second blow-up. The center of the second blow-up is a P'-bundle By
over B .
By —— W

S

B —— P8
so classes on By are combinations of (the pull-backs of) &, h and ¢1(Op,(—1)); we
call this latter e, and observe it is the pull-back from V7 of the class of the exceptional
divisor F.

LEMMA 3.5.
0 1=0
_1 'L:
(i) p1,e* = —3k + 2dh — 6h i=

—6k” + 9dkh — 2Tkh i =
| 24dk*h — T2K*h =4
(ii) ¢(Np, V1) = (1 4+ e)(1 + k + dh — e)?
(iii) i Py = dk + dh — e
PROOF: (iii) is immediate, as P is non-singular and pulls-back on B to dk + dh
(Lemma 3.3 (iii)).
For (i) and (ii) we need to produce B; C E; more explicitly as the projectivization
of a rank-2 subbundle of NgP8.
First define for any p € P? a rank-8 subbundle H,, of the trivial bundle B x C?
over B: if F is a polynomial defining C, and (k,q) € B, A € C° = Hom(C3?,C?),
say

(ko). A) € H, < Z(ﬁf) A)i =0

where A(p); is the i-th coordinate of A(p). So the fiber of H), over ¢ is the hyperplane
of matrices A € C? such that A(p) € line tangent to C' at q. Notice that the above
equation has degree d — 1 in the coordinates of ¢: thus (denoting by C° the trivial

bundle B x C°, for short)
C®
—_— = — ]_
“ (Hp> (@=1)h
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Now restrict the Euler sequence for P8 to B via B ‘i> P®: H, C C° determines
a subbundle H, of i*TP® and we have the following diagram of bundles over B
(suppressing pull-back as usual)

0 0 0
0 > O » Hy,® Ops(l) —— H, —— 0
0 > O y O ®O0ps(l) —— TP® —— 0
9 TPS
0 —— — Q0O0ps(l) —m—— —— ——— 0
Hp® ps(1) H,

e_
S —

from which it follows

TP C?
C<,H—p> _C<Fp®0P8(1)> =1+k+dh

Also, observe that each H, contains T'B.

Now let p1, p2, p3 be non-collinear points. A matrix has image contained in a line
if and only if it sends three non-collinear points to that line, thus the intersection
H,, N Hy, N H,, is the rank-6 bundle over B = P? x C' whose fiber over (k,q) € B
consists of all matrices whose image is contained in the line tangent to C' at q. This
is the space we used to define By: if we set Q = H,, NH,, NH,,, then

B=p(=2 C P(NgP®) = E d e (1 +k + dh)?
= E— — a —_— =
1 TB B 1 n c Q
Finally, the Euler sequences for E; and B; give the diagram
0 0 0
Q
0 > O > Th ® O0p, (1) —— TB1|B —— 0
0 > O > NBP8®031(1) _— TE1|B — 0
TP
0O —— 3(8)031(1) —— Np,BEi1 —— 0
0 0
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(here T'B1|B, TE;1|B denote the relative tangent bundles of By, Fy over B) from
which
TP ,
C(NBlEl):C E@OBl(l) :(1‘|‘k+dh—€)

From this discussion, it’s easy to obtain (i) and (ii):

_ o 9\ ! .
(1) p1, g (—=1)'e' =c <ﬁ> by [Fulton], Proposition 3.1 (a)
TP8 8\ —1 )
=clg c¢(NpP*®) by Whitney’s formula

(1+k+dh)3(1 + k)3(1 + h)3 ..
= (U5 k+ h)O(1 + dh) by the above and Lemma 3.3 (ii)
= 1— 3k + 2dh — 6h + 6k* — 9dkh + 27kh + 24dk*h — T2k*h
(ii) ¢(Np, V1) = ¢(Ng,V1)e(Np, E1) = (1 +e)(1 + k+dh—e)®> . 1
Lemma 3.5 allows us to compute the term needed to apply Proposition 3.2 to the
second blow-up:

LEMMA 3.6.

/ (B +i1P1)®
B,

= d(2d — 22d% — 1257d + 12
Ny Vi) ( 3)(3 57d + 1233)

PRrRooOF: This is

/ (1+dk + dh —e)®
B, (1+e)(l+k+dh—e)

by Lemma 3.5 (ii) and (iii). Since the degree doesn’t change after push-forwards,

this is also
(1+dk + dh — e)®
/Bpl*(1+e)(1+k+dh—e)3
Computing the degree-4 term in the expansion of the fraction and applying Lemma
3.5 (i) and the projection formula, this is computed as a sum of degree-3 terms in
k,h over B. Lemma 3.3 (i) is used then to obtain the stated expression. I

63.3. The third blow-up. At this point we have to start taking flexes into
account. For any ¢ € C, let f¢(q) be the order of ¢ as a flex of C, in the sense of
§2.2: so fl(q) =0 if ¢ is not a flex of C, f€(q) =1 if q is a simple flex of C, and so
on.

The center Bo & V5 of the third blow-up is the disjoint union

B,= |J BY |
fe(g)>0
where each Béq) maps isomorphically to the restriction B%q) of the P!-bundle B,
to P2 x {q} € B. Moreover, B, N E; = () (Lemma 2.4). As h restricts to 0
on each P? x {¢}, the intersection ring of Bé‘n is generated by k,e (defined as in
§3.2). Also, we denote by e’ the pull-back of Es to Béq), and by psg the map
B — P2 x {¢} = P2,
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LEMMA 3.7.

(i)e' =e

0 i=0
. -1 i=1
i 1
(i) pzo.c 3k =2
—6k%> i=3
(iii) ¢(N g Va) = (1 + €) (1 + k — 2¢)®

(iv) i5Py = dk — 2e

ProoF: (ii) follows from Lemma 3.5 (i), since the restriction of h to Béq) is 0.
The key observation for the other points is that Béq) N E; = 0. Realize Béq) C
P(Np, V1) as P(L), where £ is a sub-line bundle of N, V4. EyNEs is the exceptional
divisor of the blow-up of E; along B, i.e. the projectivization of N, F; in Ng, V.
That P(L£) and P(Np, E;) are disjoint says that £ N Np, E; is the zero-section of
Np, Vi, and therefore
N31 \ %1
Np, E;
(i) With the same notations, £ is tautologically the universal line bundle over
P(L); it must then equal the restriction to Béq) of the universal line bundle Og, (—1)
=~ Ng,Va. In other words

L= Ng,V, as bundles on BSJ).

L=

= Ng, V1 as bundles on ng).

Since the projection from Béq) to Biq) is an isomorphism, it follows that
€ = Cl(NElvl) = Cl(ﬁ) = Cl(NE2V2) = 6/
(iii) Call ESJ) the restriction of Ey = P(Np, V1) to B£Q). We have Euler sequences

0 y O y Lo0(1) —— TBWBY — ¢
0 y O y Np,Vi ® O(1) —— TE®|BY — ¢

and we just argued £ = O(—1): so
N <
C(NB(q)Eéq)) =c <BTIV1 X E) (restricted to Béq))
l+e—€)(1+k—e—¢)3
(1+e —¢)
= (1+k—2¢e)° by (i);

next, since N By is clearly trivial, we have ¢(N ) F2) = 1; so putting Ny Va
1 2 2

E
together:
(N V2) = (N, Va)e(N o Bo)e(N o By”) = (L) (1 + k= 2¢)°
as claimed.

(iv) Since P; is non-singular along Bj, P; restricts to dk — e — ¢/ = dk — 2e by
(i). m

We are ready for the term needed to apply Proposition 3.2 to the third blow-up:
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LEMMA 3.8.

B * P 8
/ % = ) (196d* — 960d + 1125)
B 272 fe(q)>0

PRrROOF: By Lemma 3.7 (iii) and (iv), this is

(1+ dk — 2¢)8 (1 + dk — 2¢)8
@ (1+e)(1+k— 2e)3 = 2 e P2 T ) (1 + k — 2¢)3
B, f£(a)>0

fe(q)>0

(pushing forward doesn’t change degrees) and one concludes with the projection
formula and Lemma 3.7 (ii). I

63.4. Further blow-ups. Further blow-ups are necessary if there are points ¢ on
C with fl(q) > 1. We first attack the initial step.

The center By <> V; of the fourth blow-up is the disjoint union

U B:)()q ) ,

fe(g)>1

where each Béq) is a P'-bundle over Béq). The intersection ring of Béq) is generated
by (the pull-back of) the classes k,e of Béq), and by the class of the universal line
bundle, i.e. the pull back f of E3 from V3. Denote by p3 the projection Béq) — Béq).

LEMMA 3.9.
(0 1=0
-1 =1
(i) p3s,.fi=< —e i=2
—e? i=3
—63 1 =4

(i) ( B<q>V3) 1+ +k—=2e—f)
(111)2P3—dk—2e—f

PROOF: (iii) is clear, as P, is non-singular along B:,(,q).

For the other items, we have to produce B:gQ) C E§Q) = P(N g V2) explicitly as
2
the projectivization of a rank-2 subbundle of N B@ V5. Recall that each fiber of Béq)

is spanned by two points corresponding respectively to (1) a direction transversal to
Es, and (2) a direction in Fs, transversal to the fiber of Es. Since these two points

are always distinct, B:gQ) =P(Ly & L), where PLy, PL, give the two distinguished
points on each fiber. Now, £; N N (q)E2 is the zero-section in NB(q)Vz (the first
2

direction is transversal to E2); so, Wlth L as in the proof of 3.7,
L1 = Ng,Vo=L
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Similarly, since the second direction is transversal to the fiber of E3, whose normal
bundle in Es is trivial, Lo = O; and therefore we have

B =P(L & O)

(i) As in the proof of 3.5 (i),
p3 Y (~Lif = c(Lo0) =Y (~1)ie

and (i) follows by matching dimensions.

(ii) Another pair of Euler sequences: on Bé‘n

0 . 0 » (L®0)©0(1) — TBY|BY —— 0
0 . 0 » Ny Ve ® O(1) —— TE?|BY —— 0

Since ¢1(O(1)) = —f and Fj is the disjoint union of the Eéq):

B B

=\ Zao @00

=(1+k—2e—f)3

C(N éq)EB) = C(N éq)E?()q))

the Chern roots of N Vs are e,k — 2e,k — 2e,k — 2e,0 by Lemma 3.7 (iii)).
B2
Finally:

¢(NpVs) = ¢(Nig, Vs)e(Npeo Bs) = (1+ f)(1+k — 2e — f)?

as stated. |

Lemma 3.9 describes the situation at the fourth blow-up. The next blow-ups are

built on this in the sequence described in §2.4: the center B; N Vj of the (j +1)-st
blow-up (5 > 3) is the disjoint union

Bi= |J BY |
fe(a)>j—2

where each BJ(-q) maps isomorphically down to Béq), and is disjoint from E‘i_l
(Lemma 2.11). The intersection ring of each BJ(-Q) = B§Q) is then generated by £, e, f,
and the relations stated in Lemma 3.9 (i) hold, for the projection pjs : BJ(-q) — Béq).

Denote by f; the pull-back of Ej; to B;q); Lemma 3.9 can be extended to all stages
in the sequence:
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LEMMA 3.9 (CONTINUED). For3 <j < fl(q) +1

(0); f; =7

(i6)j c(Npw Vi) = 1+ f)(L+k —2e — (j —2)f)°

(id); i Py = dk — 2 — (j — 2)f
Proor: For j = 3 this is given by Lemma 3.9. So it suffices to show that, for
3 < j < fq), (i);, (i), (idi); imply (i)j41, (i0)j11, (i60)j41. Consider then BIY, =

P(Lj11) € P(NgwVj). So fjy1 is the class of Oy (—1), ie. of L£;41. Since
J

(q)
B Bji

BJ(EL)I N E'j = () (Lemma 2.11 (iv)), we get by the usual argument
firr = c1(Ljr1) = er(Ng, Vy) = f;
and f; = f by (4)j; so fj+1 = f, giving (2)j41.

(444) j4+1 follows then from (é¢%); and (4);41, since P; is non-singular along B;.
Finally, we use the Euler sequences

0 ) y Lin®0(1) —— TBYBY —— 0
0 y O P NywV; @ 0(1) —— TED B —— 0

to get (since E;i; is the disjoint union of the Eg('(i)ﬂ

¢(Ngw Bji1) = c(Nyw ESY)
J+1 Jj+1
NBJ(Q) V] % O(l)
=c
Ljt

I R R e R UV Al A
) T+ 7-7) by (82

=(+k-2-(G-1f)° .

SO
C(NBQQ Vig1) = C(NEj+1‘/j+1)C(NB(gr> Ejiy) =0+ A +k=2e—-(G-1f)° ,
J+1 J+1

l.e. (ii)j+1. [ |
We get then the key term to apply Proposition 3.2 to the j-th blow up in the
sequence. In fact, we can cover Lemma 3.8 as well in one statement:

LEmmA 3.10. For j > 2

(Bj +1i;P;)® 4
/ I § 305* —96(d — 1)5°
 ¢(Ng.V;

+12(d — 1)(7d — 11)52 + 84(d — 1)%j — 7(2d — 3)(22d — 39).
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Proor: For j = 2, this is Lemma 3.8. For j > 3, by Lemma 3.9 this is

(1+dk—2e—(j—2)f)®
Z /B(q) I+ f)1+k—2e—(j—2)f)3

fea)>j—

If p;» denotes the projection BJ(-q) — Béq), (and pao is the map Béq) — P2x{q} = P2,
as in §3.3), this can be computed as

(14 dk—2e—(j—2)f)®
mg;g / PR T Dk 20 - (G- 27

which is evaluated by using the projection formula, 3.9 (i) and 3.7 (ii).

§3.5. The predegree of O¢. Computing the predegree of O¢ is now a straightfor-
ward application of Proposition 3.2 and Lemmas 3.4, 3.6 and 3.10: by Proposition

3.2
=P - Z/ NB V

720

(where By = B, etc.), and the terms in the summation have been computed in
sections 3.1-3.4. This gives

ProroOsITION 3.11. The predegree of O¢ is
d® — d(10d — 9)(14d? — 33d + 21) — d(2d — 3)(322d* — 1257d + 1233)
= > (305 = 96(d — 1)j% +12(d — 1)(7d — 11)?

7>2 qeC
flq)>5—2

+84(d — 1)%j — 7(2d — 3)(22d — 39)).
This result can be given in handier forms. For example:

THEOREM III(A). The predegree of O¢ is

d(d — 2)(d® + 2d° + 4d* + 8d° — 1356d” + 5280d — 5319) — > _ fL(q)(f£(g) — 1)
qeC
(6££(q)% + (75 — 24d) f£(q)* + (284* — 240d + 393) f£(q) + 196d> — 960d + 1125)

ProoOF: Invert the order of the summations in Proposition 3.11, then use the fact
that >° .o fl(g) = 3d(d — 2) (the number of flexes of C, counted with multiplic-

ity). i
Or, in another form:

THEOREM III(B). Denote by fg) the sum ) o fU(q)". Then the predegree of
Oc is
d® — 8d(98d° — 492d” + 843d — 486) — (168d> — 720d + 732) f)
— (28d2 — 216d + 318) £ — (69 — 24d) fY — 655,
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By Theorem III(B), if C' is smooth then the predegree of Oc depends only on the

degree d of C' and on the four numbers féz), g’), é4) and fé?).

If C only has simple flexes, then f£(q) = 0 or 1 for all ¢ € C, so Theorem III(A)
gives

COROLLARY. If all flexes of C' are simple, then the predegree of O¢ is

d(d — 2)(d® + 2d° + 4d* + 8d> — 1356d> + 5280d — 5319)
= d® — 1372d* + 7992d> — 15879d% + 10638d

Denoting this polynomial in d by P(d), we remark that it gives the degree of
the orbit closure of the general smooth plane curve of degree d > 4 (indeed, such
a curve C has no non-trivial automorphisms, so by Lemma 3.1 the degree of O¢
equals the predegree).

REMARK. Denoting by fi(d) the (negative) contribution to the predegree arising
from a flex of order £ on a curve of degree d, we have, as an immediate consequence

of Theorem III(A):
fe(d) = —k(k—1)((28%k+196)d? — (24k* 4240k +960)d+ (6% +75k* + 393k +1125)).

E.g., f2(d) = —6(84d? — 512d+ 753) and f3(d) = —6(280d? — 1896d + 3141). It is an
easy calculus exercise to show that fx(d) < 0 whenever d > k + 2 > 4. This proves
that the predegree is maximal for a curve with only simple flexes.

63.6. Examples. It is a consequence of Lemma 3.1 that the predegree of the
orbit of a smooth plane curve is divisible by the order of its PGL(3)-stabilizer.
This cuts both ways. On the one hand, each curve with non-trivial automorphisms
provides us with a non-trivial check of the formulas above. On the other hand,
these formulas might help in determining which automorphism groups of smooth
plane curves occur. We illustrate this below.

Consider, for d > 3, the Fermat curve 2% +y?% + 2z¢. Its 3d flexes have order d — 2,
so the predegree of its orbit is P(d) + 3d - f4—2(d). So for each d this number is
divisible by 6d?, the order of the stabilizer. This implies that in the ring Z[d] the
polynomial P(d) + 3d - fq_2(d) is divisible by d? and that the quotient polynomial
takes values divisible by 6. Indeed

P(d) +3d - fq_2(d) = d*(d — 2)(d® + 2d* — 26d> — 7d? + 192d — 192)

Dividing this by 6d?, we get the degree of the orbit closure of the Fermat curve,
i.e., of the trisecant variety to the d-uple embedding of P? in PV, as mentioned in
the introduction.

Here is a similar example for all d > 5: the curve 29ty + y?~1z + 29=1z. The
points (1:0:0), (0:1:0) and (0:0: 1) are flexes of order d — 3; counted with
multiplicity, 3(d? — 3d + 3) flexes remain. The group D of diagonal matrices with
entries (1,¢,¢%279), where ( is a (d? — 3d + 3)-rd root of unity, acts on the latter
flexes without fixed points; so either there is one orbit of flexes of order 3, or one
orbit of flexes of order 2 and one orbit of simple flexes, or, finally, three orbits of
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simple flexes. Now one uses the automorphism o: (z : y: z) — (y : 2z : ) to exclude
the first two possibilities; moreover, one verifies that the automorphism group G
of the curve is the semidirect product of D and < ¢ > (and that the simple flexes
form one G-orbit). So the degree of the orbit closure is

P(d) +3fa_3(d)
3(d% — 3d + 3)

1
= g(d6 + 3d° + 6d* — 21d> — 1354d? + 5463d — 5508)

Next we list, for some small values of d, the numbers (and their factorizations)
we get from the corollary to Theorem III:

d P(d) P(d) factored

3 216 23.33

4 14280 25.3.5.7-17
5 188340 22.3.5-43-73
6 1119960 23.3%.5.17-61
7 4508280 23.32.5.7-1789
8 14318256 24.3.317-941
9 38680740 22.3%.5.7.379
10 92790480 24.3.5.59-6553

So for d = 3 we get 216 for the predegree of the orbit of any smooth plane cubic
curve. This gives the well-known numbers 12, resp. 6, resp. 4 for the degree of the
orbit closure of a smooth plane cubic with j # 0,1728, resp. j = 1728, resp. j = 0.
Note that the group of projective automorphisms of a smooth cubic contains the
9 translations over points of order dividing 3 as a normal subgroup. The quotient
can be identified with the automorphisms that fix a given flex. Thus there exist
18, resp. 36, resp. 54 projective automorphisms when j # 0,1728, resp. 7 = 1728,
resp. 7 = 0.

For d = 4 we get 14280 for the predegree of the orbit of a smooth plane quartic
with only simple flexes. An example of such a curve is the Klein curve z3y+y3z+23x;
it has 168 automorphisms, so the degree of its orbit closure is 14280/168 = 85.

If a smooth quartic has n hyperflexes (i.e., flexes of order 2), the predegree of its
orbit equals 14280 —294n. E.g., the degree of the orbit closure of the Fermat quartic
is 112, as there are 12 hyperflexes and 96 automorphisms. As another example,
consider the curve z* + zy® + yz3. It has 1 hyperflex and 9 automorphisms, so
the degree of its orbit closure is (14280 — 294)/9 = 1554. In fact, in [Vermeulen]
there is a complete list of the automorphism groups that occur for a quartic with
a given number of hyperflexes. The implied congruence conditions are equivalent
to requiring that P(4) be divisible by 168 and that P(4) + 28 f3(4) be divisible by
2016. (This follows already from the existence of the 3 quartics above.)

In the other direction, these formulas give non-trivial information on the automor-
phism groups of plane curves. Consider smooth plane curves of degree d with only
simple flexes. The least common multiple of the orders of the stabilizers of these
curves divides P(d). Now it is well-known that a smooth curve of positive genus
g(= (dgl)) cannot have an automorphism of prime order p > 2g + 1(= d? — 3d + 3).
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Using the Hurwitz formula one also excludes the cases (d, g,p) = (4, 3,5), (6,10,17)
and (10, 36,59). Looking at the table above, we conclude then that said l.c.m. di-
vides 216, 168, 60, 1080, 2520, 48, 102060, 240 respectively for d equal to 3, 4, 5, 6,
7, 8,9, 10 respectively.

These bounds seem to be pretty good: by the above, the actual l.c.m. equals 108
(resp. 168) for d = 3 (resp. 4); it’s not unreasonable to expect that the bound is sharp
for d =5, 8 and 10 (perhaps there even exist curves with automorphism groups of
this order); the Valentiner sextic has only simple flexes and 360 automorphisms (cf.
[BHH]), so the bound for d = 6 is sharp if and only if there exists a sextic with
only simple flexes and with 27 dividing the order of its stabilizer. Finally, for d =9
the bound is probably not optimal.
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