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The Projective Sphere
Let
o S":= (R™"\{0})/(x ~ \x), A > 0.
e SL} {(R) = {A€ GLy;1(R) | det(A) = +1}

R? e

S™and SL; ; (R) double cover RP" and PGL+(R),
respectively.

We can do projective geometry with simply connected and
orientable model space.
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Properly Convex Geometry
Affine Patches

Let H be a hyperplane in R"*1. Then S™\H decomposes as
R? ST UR?

A component of S™\H is called an affine patch

Affine patches inherit a notion of convexity
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Properly Convex Geometry

Properly Convex Domains

A domain Q < S" is properly convex if ¢l(Q2) is a convex subset
of an affine patch.

Equivalent to Q not containing a complete affine line
If 0Q2 contains no line segments then Q is strictly convex

Aut(Q) = {Ae SLE (R) | A(Q) = Q}

n+1
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Properly Convex Geometry
Hilbert Metric

We define the Hilbert metric on Q by

dg(z,y):%log([a:x:y:b]) b

e Straight lines are geodesics (there can be others)
¢ This metric is usually not Riemannian (only Finsler)
e Aut(Q) < Isom(Q)
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Examples
Hyperbolic Geometry

o Let(X,¥) = X1¥1 + ... Xn¥n — Xnt1Yns1 be the standard
bilinear form of signature (n, 1) on R"*"

o Let C, = {x e R™|(x,x) <0, X,,1 > 0}
o C. = H"is the Klein model of hyperbolic space.
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Examples
Hyperbolic Geometry

e This Hilbert metric on H" is Riemannian and has constant
curvature -1

e Straight lines are the only geodesics
e Isom(H") ~ Aut(H") =~ O*(n,1).
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Properly Convex Manifolds

Let

e Q = S" be properly convex and

e [ < Aut(Q2) be a discrete and torsion free subgroup
then MN\Q is a properly convex n-manifold

Let

e M be an orientable n-manifold,

e N\Q be a properly convex manifold, and

e f: M — I'\Q be a diffeomorphism (called a marking)
then (f,I\Q) is a properly convex structure on M
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Properly Convex Manifolds

=

D
g

Jor
f

M——T\Q

MG

—

By lifting f we get a map Dev : M — Q called a developing map.

f also gives a representation

p:mM—TcSLy (R)

called a holonomy representation. Dev is p-equivariant.
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Equivalence of Structures

Let M be a manifold and consider the equivalence relation on
properly convex structures generated by

1. (F,I\Q) ~ (f,I\Q) if fand " are isotopic and
2. (F,I\Q) ~ (go f,T'\Q)

M D;V Q geil—i Q/
T MGJ J‘OF J{OI”
M—Lina—2.me

B(M) = {[(f,1\Q2)] | N\Q properly convex} is called the
deformation space of M
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Complete Hyperbolic Manifolds

H" is a properly convex domain in S”

Let I' be a discrete and torsion-free subgroup of
Isom(H") =~ Aut(H")

MNH" is a properly convex manifold.

(i.e. complete hyperbolic manifolds are properly convex
manifolds.)
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Dimension 2

Let > be a closed surface of genus g > 2
e B(Y) is a cell of dimension —8x(X) = 16g — 16
(Goldman)

e Contains Teichmuiller space as a —3x(X) = 6g — 6
dimensional subcell.

e Constructed by gluing properly convex structures on pairs
of pants.

e Analogous results for finite volume structures if ¥ is
non-compact (Marquis)

One of few cases where B (M) is understood globally!



Examples

Higher dimensions

e If M is hyperbolic contains a finite volume totally geodesic
surface then we can find non-hyperbolic structures by
“pending” (Johnson—Millson, Koszul, Marquis).



Examples

Higher dimensions

e If M is hyperbolic contains a finite volume totally geodesic
surface then we can find non-hyperbolic structures by
“pending” (Johnson—Millson, Koszul, Marquis).

e Most, but not all, closed 2-generator census manifolds are
locally rigid near their complete hyperbolic structure
(Cooper—Long—Thistlethwaite).



Examples

Higher dimensions

e If M is hyperbolic contains a finite volume totally geodesic
surface then we can find non-hyperbolic structures by
“pending” (Johnson—Millson, Koszul, Marquis).

e Most, but not all, closed 2-generator census manifolds are
locally rigid near their complete hyperbolic structure
(Cooper—Long—Thistlethwaite).

e A large class of cusped 3-manifolds admit properly convex
deformations near their hyperbolic structure
(B—Danciger—Lee)



Examples

Higher dimensions

e If M is hyperbolic contains a finite volume totally geodesic
surface then we can find non-hyperbolic structures by
“pending” (Johnson—Millson, Koszul, Marquis).

e Most, but not all, closed 2-generator census manifolds are
locally rigid near their complete hyperbolic structure
(Cooper—Long—Thistlethwaite).

e A large class of cusped 3-manifolds admit properly convex
deformations near their hyperbolic structure
(B—Danciger—Lee)

e There are strictly convex structures on some
non-hyperbolic manifolds in dimension > 4 (Kapovich)



Examples

Higher dimensions

e If M is hyperbolic contains a finite volume totally geodesic
surface then we can find non-hyperbolic structures by
“pending” (Johnson—Millson, Koszul, Marquis).

e Most, but not all, closed 2-generator census manifolds are
locally rigid near their complete hyperbolic structure
(Cooper—Long—Thistlethwaite).

e A large class of cusped 3-manifolds admit properly convex
deformations near their hyperbolic structure
(B—Danciger—Lee)

e There are strictly convex structures on some
non-hyperbolic manifolds in dimension > 4 (Kapovich)

e Several two-bridge knot and link complements do not
admit strictly convex structures other than the hyperbolic
structure (B).
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Deforming Structures

Instead of trying to understand (M) globally we will try to
understand it locally.

Need a basepoint to look near
Let M be a finite volume hyperbolic manifold of dimension > 3

(Mostow—Prasad rigidity): There is a unique complete
hyperbolic structure on M

This gives a canonical basepoint in B (M)
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Deforming Structures

Closed Case
Let M be an n-manifold
X (M) := Hom(my M, SLy;1(R))/ SLny1(R)
be the “character variety” of M.
Equivalent structures have conjugate holonomy, so we get
Hol : B(M) — X (M)

(Ehresmann—Thurston, Koszul) When M is closed Hol is a
local homeomorphism.

Deforming representations is a necessary and sufficient
condition for deforming structures
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Deforming Structures

Non-compact Case
When M is non-compact
Hol : B(M) — X (M)
is no longer a local homeomorphism!

For example the complete finite volume hyperbolic structure on
a non-compact 3-manifold admits nearby incomplete structures
with indiscrete holonomy.

(Cooper-Long—Tillmann) When M is non-compact Hol restricts
to a local homeomorphism

HOI : %(M)Ce g X(M)re/
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Hyperbolic Ends

Let M be a finite volume hyperbolic n-manifold, then
M = My L (LKL E)

Where Mj is compact and each E; is finitely covered by
T"=1 % [0, o0)

The E; are called cusps



Hyperbolic Ends

Parabolic Cusps
o LetC={(x,v)eRxR™ | x> 1|v[®} = H"

o Cisfoliated by C; = {(x,v)e C| x = } v+ t}
(horospheres)
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Hyperbolic Ends
Parabolic Cusps
o LetC={(x,v)eRxR™ | x> 1|v[®} = H"
o Cisfoliated by C; = {(x,v) € C | x = } |v[® + t}
(horospheres)

Then this cover can be realized as A\C where A is a lattice in
the Lie group (of parabolic translations)

1 u Jup
0 /I u |eGL1(R)|ueR™
00 1

A\C

o //
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Generalized Cusps

A properly convex manifold C = I'\Q is a generalized cusp
e C>~0C x [0,00), with 0C compact,
e 71 C is virtually nilpotent, and
e C has strictly convex boundary.

Ends of finite volume hyperbolic manifolds are examples
I virtually preserves a real flag (this property defines X,g/(M))

Having ends of this type defines B (M)
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Generalized Cusps

Quasi Hyperbolic Examples
eletC={(x,y)eRxR"| x> —log(y)}

e Cisfoliated by C; = {(x,y) e C | x = —log(y) + t}
(generalized horospheres)

Let A be a lattice in the Lie group

1 0 —log(u)
{(o,, ; )}
00 1

% | A\C
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Generalized Cusps

Hyperbolic Examples
° Let)\1,...,)\n > 0,
o Let C={(x1,...,Xn) € RT)"| X1, N\ilog(x;) = 0},
o Cisfoliated by Ct = {(x1,...,Xn) € C | X1 Ailog(x;) = t}
(generalized horospheres)

Let A be a lattice in the Lie group

)Z)\,Iog u;) 0}
\ j Totally Geode5|c

Boundary Torus
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Generalized Cusps

Let O = {(X1,...,Xn) e R" | x; > 0} and let S§ = O/(x ~ A\x),
A > 0.

Sg is a (n — 1)-simplex plus a non-Hausdorff point [0]

Each v € S gives rise to an (n — 1)-dimensional abelian Lie
group G, and a domain C, foliated by horospheres

 Hyperbolic examples come from v € int(Sg)
e Parabolic example comes from 0

» Points on faces of S{ are “products” of parabolic and quasi
hyperbolic examples



Generalized Cusps

3-dimensional Case

2-quasi hyperbolic
directions

[ ]
Hyperbolic

0 '1-parabolic

[.] 1-quasi hyperbolic
2-parabolic direction
directions



Generalized Cusps

Classification

Theorem 1 (B—Cooper—Leitner)

Let N = I'\Q be an n-dimensional generalized cusp. Then there
is a finite index subgroup Z"~' ~ " = T and a v € 8§ such that

o After applying a projective transformation C, < Q
e " is conjugate to a lattice in G,
e "\Cy, c I'\Q and is a deformation retract.
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Generalized Cusps

Classification

Theorem 1 (B—Cooper—Leitner)

Let N = I'\Q be an n-dimensional generalized cusp. Then there
is a finite index subgroup Z"~' ~ " = T and a v € 8§ such that

o After applying a projective transformation C, < Q
e " is conjugate to a lattice in G,
e "\Cy, c I'\Q and is a deformation retract.

Cy

Generalizes work of Leitner for n = 3
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Generalized Cusps

Realization Problem

Can we realize generalized cusps as ends of more complicated
manifolds?

Let v € Sf, is there a properly convex n-manifold N with 74N
not virtually nilpotent such that N has an end that is finitely
covered by A\C, where A c Gy is a lattice?

e If v =0, yes, let N be a finite volume hyperbolic manifold
e If n =2, yes (Goldman, Choi, Marquis)
e lfn=3

o If vis a “vertex”, yes, let M be complement of figure-eight

(B)
e If visin interior, yes (B—Danciger—Lee)
e If vin a “side”, probably yes.
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Transitions of Cusps

Pro: We have nice models that allow us to understand the
geometry of generalized cusps

Con: Models don’t account for how cusps can transition to each
other

Need a family of models that account for how the geometry of
one type of cusp degenerates to the geometry of another type
of cusp
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0
tsin6
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The Slice

Let (y1,72) = 72, let v = [1,1,1] € S . For t > 0 define

tcos 6
_ tcos(6 + 27 /3)
Xt = €Xp ( tcos(6 + 47/3) > € GV
0

tsino
Yio = exp ( tsin(6 + 27/3) rein(® + 4n/3) ) e GV
0
Define p(g.ap) : 72 — SLa(R) by
P(t.0.ab) (V1) = €XP(Xt0), p(1,0,ab)(V2) = €Xp(aXty + bYre)-

LetTipab = pt797a7b(Zz), then 't 5 5\Cy is a generalized cusp

Ast— 0, T94p\Cy collapse
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The Slice
Let Cy be a parabolic cusp domain and let
p* =[1:0:0:0]€0Cy.
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e Let M;y € SL4(R) be an element taking the vertices of the
standard simplex to p} , pZy, P34, and p*.

e Let C;y be image of C, under M; 4



The Transition

Transition

(O 4T <=

o



The Slice

1
Let p;‘,e,a,b = Mt,@ﬂ(t,e,a,b) Mtﬁ

1

. 0

Mr(‘) p,(t,e,a,b) (M) = 0

0
1 a b
. 010
ll‘m) P(t.0,a,b) (72) = 0 0 1
0 00O

OO = =

o=+ 00



The Slice

Let pt g ap = Miop(t6.a.b) M{;

110 %
. 01 0 1
tl‘l—rfg) P,(t,e,a,b) (71) = 0 0 1 0
0 0 0 1
1 a b }(&+b?
, 010 a
l!l—% p/(tﬂ,a,b) (72) = 0 0 1 b
0 0O 1

S = {pl10.ab) | a,b,0 e R, t e R*%} « Hom(Z?, SL4(R))



The Slice

1
Let p;‘,e,a,b = Mt,@ﬂ(t,e,a,b) Mtﬁ

110 %
. , 01 0 1
}[T(‘) Pito.ab) (1) = 001 0
0 0 0 1
1 a b }(&+b?
.y, 010 a
I!erg) p(t,@,a,b) (72) = 0 0 1 b
0 0O 1
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S are holonomies of hyperbolic generalized cusps that
converge to parabolic cuspsast — 0
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Let M be a finite volume hyperbolic 3-manifold with 1-cusp and
let ppyp the holonomy of its hyperbolic structure

Theorem 2 (B—Danciger—Lee)

Let M be as above. Suppose that M is infinitesimally rigid rel
0M Then the hyperbolic structure on M can be deformed to a
properly convex structure with hyperbolic generalized cusp end.

M is infinitesimally rigid rel oM if
H,, (M. sla) — H (0M, sl,)

induced by 0M — M is an injection

The cohomology groups are tangent spaces of “non-trivial”
deformations

Very common amongst known examples
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Deforming Hyperbolic Manifolds

There is a map

res : Hom(M, SL4(R)) — Hom(dM, SL4(R))

e Hom(oM, SL4(R)) is a smooth manifold near res(ppyp)

 Image of res has codimension 3 near res(ppy,) (Poincare
duality)

e If M is infinitesimally rigid rel oM then Hom(M, SL4(R)) is
smooth at ppyp.

e Sis a 4-dimensional submanifold of Hom(dM, SL4(R)) res

(generically) consisting of representations diagonalizable
over R.

e res is transverse to S near ppy, and so we can deform ppyp
to be diagonalizable when restricted to oM.
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Remaining Questions

1. Can we find a properly convex manifold with quasi
hyperbolic generalized cusp end of form A\C,, where v is
in a “side” of S3?

o Probably, by taking limits of examples with hyperbolic
generalized cusp ends

2. Can we solve the realization problem in higher
dimensions?

Theorem 3 (B—Marquis)

Foreach n > 3 and v € S§ be a vertex there is a finite volume
hyperbolic n-manifold whose hyperbolic structure can be
deformed to have a generalized cusp of the form A\C,
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