
Use the recursive definitions of ordinal arithemitic:

α + 0 = α, α · 0 = 0 α0 = 1

α + (β + 1) = (α + β) + 1 α · (β + 1) = α · β + α αβ+1 = αβ · α

And if β is a non-zero limit ordinal

α + β = ∪{α + γ : γ < β} α · β = ∪{α · γ : γ < β} αβ = ∪{αγ : γ < β}

to show the following:

1. For all ordinals α, β, γ, δ :

0 + α = α, and ω ≤ α ⇒ 1 + α = α

0 < β ⇒ α < α + β

α ≤ β & γ ≤ δ ⇒ α + γ ≤ β + δ

α ≤ β & γ < δ ⇒ α + γ < β + δ

Show also, that, in general

α < β does not imply α + δ < β + γ

2. For all ordinals α, β, γ, δ :
0 · α = 0

0 < α &1 < β ⇒ α < α · β

α ≤ β & γ ≤ δ ⇒ α · γ ≤ β · δ

0 < α ≤ β & γ < δ ⇒ α · γ < β · δ

Show also that even when γ > 0 in general,

α < β does not imply α · γ < βγ̇

3. (Cancellation laws) For all ordinals α, β, γ :

α + β < α + γ ⇒ β < γ

α + β = α + γ ⇒ β = γ

α · β < α · γ ⇒ β < γ

0 < α &α · β = α · γ ⇒ β = γ

Show also that, in general

0 < α &β · α = γ · α does not imply β = γ



4. For all α ≥ ω and n < ω :
n + α = α

(α + 1) · n = α · n + 1 (n > 0)

(α + 1) · ω = α · ω

Give an example:
(α + β) · γ 6= α · γ + β · γ

5. If α ≤ γ then there exists exactly one β such that γ = α + β.

6. For all ordinals α, β, γ with α > 1

β < γ ⇒ αβ < αγ

α(β+γ) = αβ · αγ(
αβ

)γ
= αβ·γ

7. If α > 0, then there is a largest β such that ωβ ≤ α and for that β,
α = ωβ + γ for some γ < α.

8. If β < γ, then ωβ +ωγ = ωγ . Every ordinal α > 0 can be uniquely written
as α = ωβ + γ with γ < α

9. Every ordinal α > 0 can be uniquely written

α = ωβ1 · n1 + ωβ2 · n2 · · ·+ ωβk · nk

(β1 > β2 > · · · > βk, 0 < ni < ω)

This is called the Cantor normal form.

10. Find the Cantor normal form of

ω · (ωω + 1) + (ωω + 1) · ω


