
Journal of Theoretical Biology 501 (2020) 110346
Contents lists available at ScienceDirect

Journal of Theoretical Biology

journal homepage: www.elsevier .com/locate /y j tb i
Phantom bursting may underlie electrical bursting in single pancreatic
b-cells
https://doi.org/10.1016/j.jtbi.2020.110346
0022-5193/� 2020 Elsevier Ltd. All rights reserved.

⇑ Corresponding author.
E-mail address: bertram@math.fsu.edu (R. Bertram).
Mehran Fazli a, Theodore Vo b, Richard Bertram c,⇑
a Florida State University, Department of Mathematics, Tallahassee, FL, United States
bMonash University, School of Mathematics, Clayton, Victoria, Australia
c Florida State University, Department of Mathematics and Programs in Neuroscience and Molecular Biophysics, Tallahassee, FL, United States

a r t i c l e i n f o
Article history:
Received 6 January 2020
Revised 18 May 2020
Accepted 23 May 2020
Available online 4 June 2020

Keywords:
Fast-slow analysis
Oscillations
Islet
Electrical activity
Glycolytic oscillations
a b s t r a c t

Insulin is secreted by pancreatic b-cells that are electrically coupled into micro-organs called islets of
Langerhans. The secretion is due to the influx of Ca2+ ions that accompany electrical impulses, which
are clustered into bursts. So-called ‘‘medium bursting” occurs in many b-cells in intact islets, while in
other islets the b-cells exhibit ‘‘slow bursting”, with a much longer period. Each burst brings in Ca2+ that,
through exocytosis, results in insulin secretion. When isolated from an islet, b-cells behave very differ-
ently. The electrical activity is much noisier, and consists primarily of trains of irregularly-timed spikes,
or fast or slow bursting. Medium bursting, so often seen in intact islets, is rarely if ever observed. In this
study, we examine what the isolated cell behavior can tell us about the mechanism for bursting in intact
islets. A previous mathematical study concluded that the slow bursting observed in isolated b-cells, and
therefore most likely in islets, must be due to intrinsic glycolytic oscillations, since this mechanism for
bursting is robust to noise. It was demonstrated that an alternate mechanism, phantom bursting, was
very sensitive to noise, and therefore could not account for the slow bursting in single cells. We re-
examine these conclusions, motivated by recent experimental and mathematical modeling evidence that
slow bursting in intact islets is, at least in many cases, driven by the phantom bursting mechanism and
not endogenous glycolytic oscillations. We employ two phantom bursting models, one minimal and the
other more biophysical, to determine the sensitivity of medium and slow bursting to electrical current
noise. In the minimal model, both forms of bursting are highly sensitive to noise. In the biophysical
model, while medium bursting is sensitive to noise, slow bursting is much less sensitive. This suggests
that the slow bursting seen in isolated b-cells may be due to a phantom bursting mechanism, and by
extension, slow bursting in intact islets may also be driven by this mechanism.

� 2020 Elsevier Ltd. All rights reserved.
1. Introduction

Insulin is responsible for glucose uptake and utilization by
muscle, liver, and adipose cells, and its secretion by pancreatic
b-cells is regulated by blood glucose and various hormones and
neurotransmitters (Rorsman and Ashcroft, 2018). The blood insulin
level is pulsatile in non-diabetic humans and animals, and this pul-
satility is an important factor in glucose homeostasis (Matthews
et al., 1983; Satin et al., 2015). The oscillatory insulin level is
known to reflect pulses of insulin secretion from islet b-cells, and
is due to bursting electrical activity (Barbosa et al., 1998;
Bergsten, 1995). Each burst of electrical impulses brings Ca2+ into
the cell through Ca2+ channels, evoking Ca2+-mediated exocytosis
of insulin-containing granules. Thus, bursting produces periodic
elevations in the intracellular Ca2+ concentration, resulting in
pulses of insulin secretion.

Many electrical and Ca2+ recordings from islets have been pub-
lished over several decades. In the vast majority of cases, islets
exposed to stimulatory levels of glucose exhibit either ‘‘medium
bursting” with period of roughly 15 s (Atwater et al., 1978; Cook
et al., 1980), or ‘‘slow bursting” with longer periods of up to
5 min (Valdeolmillos et al., 1989; Zhang et al., 2003). Interestingly,
islets from the same mouse tend to have similar burst periods,
either all medium or all slow (Nunemaker et al., 2005). The mech-
anism for these oscillations has been under investigation since the
1970’s, aided by mathematical modeling since the first-published
model in 1983 (Chay and Keizer, 1983). One mechanism for both
forms of bursting, ‘‘phantom bursting”, involves the actions of
two slow processes with very different time scales, acting together
on the cell’s membrane potential to package electrical impulses

http://crossmark.crossref.org/dialog/?doi=10.1016/j.jtbi.2020.110346&domain=pdf
https://doi.org/10.1016/j.jtbi.2020.110346
mailto:bertram@math.fsu.edu
https://doi.org/10.1016/j.jtbi.2020.110346
http://www.sciencedirect.com/science/journal/00225193
http://www.elsevier.com/locate/yjtbi


2 M. Fazli et al. / Journal of Theoretical Biology 501 (2020) 110346
into bursts. Bursting can be produced with a period that is close to
either time constant, or anything in between, depending on key
parameter values, and so there is a wide range of burst periods.
This provides a great deal of flexibility, and variation of a single
ion channel conductance can produce bursts with periods ranging
from tens of seconds to several minutes (Bertram et al., 2000).

For slow bursting, a second mechanism has been postulated by
Tornheim in 1997 (Tornheim, 1997), and is based on the ability of a
key allosteric enzyme in the glycolytic pathway to produce oscilla-
tions with a period similar to that of slow bursting and pulsatile
insulin secretion. This enzyme, phosphofructokinase (PFK), was
shown to produce oscillations in its substrate (fructose 6-
phosphate, F6P) and in its product (fructose 1,6-bisphosphate,
FBP) in muscle extracts (Tornheim and Lowenstein, 1973;
Tornheim and Lowenstein, 1974). The same M-type isoform is
prevalent in b-cells (Yaney et al., 1995). This ‘‘glycolytic mecha-
nism” for slow bursting was later incorporated into a biophysical
b-cell model, the Dual Oscillator Model (DOM) (Bertram et al.,
2004), as the basis for slow bursting as well as ‘‘compound burst-
ing”, which consists of episodes of fast bursts clustered together
into episodes (Cook, 1983; Henquin et al., 1982) by the glycolytic
oscillator.

With these two potential driving mechanisms for slow bursting,
a natural question is which, if either, is correct. This was addressed
in a novel way by examining how each of the mechanisms holds up
to noise (Pedersen, 2007). In vivo, the b-cells are coupled together
by gap junctions into pancreatic islets of Langerhans; because of
this electrical coupling the cells act as a syncytium, all cells sharing
their combined membrane and oscillating together. In this physio-
logical network, channel noise has little impact on the membrane
potential since the membrane (and number of channels) is so large
(Sherman et al., 1988). However, in single b-cells that are isolated
from an islet, the very small cells (� 10 lm in diameter) exhibit a
very noisy voltage time course, reflecting the much smaller mem-
brane area (Kinard et al., 1999; Zhang et al., 2003). Pedersen
showed that a simple model for phantom bursting was very vul-
nerable to noise, so that medium bursting in the deterministic
model was replaced by noisy ‘‘fast bursting” (with period of a
few seconds). Slow bursting with the phantom bursting model
was not examined, but slow bursting driven by glycolytic oscilla-
tions was shown to be robust to noise (Pedersen, 2007). These
results are important, since they show why medium bursting is
never observed in single cells, and they suggest that any slow
bursting or slow Ca2+ oscillations observed in single cells are due
to glycolytic oscillations (Pedersen, 2007). One can also extrapolate
from this that slow bursting and Ca2+ oscillations in intact islets is
likely due to glycolytic oscillations.

In this report we re-examine the question of whether phantom
bursting is sensitive to noise. This is motivated by a recent exper-
imental study that used a FRET (Föster Resonance Energy Transfer)
sensor along with Ca2+ imaging to show that the FBP time course in
islets that exhibit slow Ca2+ oscillations has the shape of a triangle
wave (Merrins et al., 2016). This is contrary to what would be
expected if intrinsic glycolytic oscillations were occurring, where
the FBP concentration would exhibit pulses (McKenna et al.,
2016). It is, however, consistent with a phantom bursting mecha-
nism (McKenna and Bertram, 2018). Given this, one would expect
that at least in some cases the slow Ca2+ oscillations and slow elec-
trical bursting observed in isolated b-cells should be driven by a
phantom mechanism, contrary to the conclusion of Pedersen
(2007).

We begin by examining a minimal model for phantom bursting
(Bertram et al., 2000), and demonstrate that both medium and
slow bursting produced by this model are sensitive to electrical
current noise (which reflects the stochastic gating of ion channels).
We then progress to a more recent, and more biophysical, model
called the Integrated Oscillator Model (IOM) (Marinelli et al.,
2018). As with the minimal model, medium bursting produced
by the IOM is sensitive to noise. However, slow bursting driven
by a phantom mechanism in the model is much less sensitive. To
understand these findings we employ fast-slow analysis and exam-
ine the fast-subsystem properties in the phase plane. We conclude
that the slow electrical bursting and Ca2+ oscillations observed in
single b-cells, where the environment is inherently noisy, could
be driven by either a phantom bursting mechanism or, as proposed
in Pedersen (2007), by intrinsic glycolytic oscillations.

2. Medium and slow bursting are sensitive to noise in a minimal
phantom bursting model

The minimal phantom bursting model was developed specifi-
cally to demonstrate how a model of cell electrical activity with
two slow processes operating on very different time scales can pro-
duce a wide range of burst periods (Bertram et al., 2000). It consists
of a differential equation for the membrane potential or voltage
(V), another for the fraction of activated delayed-rectifier-type K+ -
channels (n), and two slower activation variables (s1 and s2) for
two additional types of K+ channels. The differential equations are:

dV
dt

¼ �ðICa þ IK þ Is1 þ Is2 þ IL þ InoiseÞ=Cm ð1Þ

dn
dt

¼ n1ðVÞ � n
snðVÞ ð2Þ

ds1
dt

¼ s11ðVÞ � s1
ss1

ð3Þ

ds2
dt

¼ s21ðVÞ � s2
ss2

: ð4Þ

The three activation variables change on very different time
scales: snðVÞ < 10 ms, ss1 ¼ 1 s, and ss2 ¼ 2 min, so
sn � ss1 � ss2. The n variable dynamics are responsible for the
downstroke of action potentials, while s1 and s2 package action
potentials into bursts (Bertram et al., 2000). With the exception
of Inoise, expressions for the ionic currents and other functions are
identical to those given in Bertram et al. (2000), and the computer
code can be downloaded from www.math.fsu.edu/bertram/soft-
ware/islet. Brownian noise is added to the voltage through the
current

Inoise ¼ rw
ffiffiffiffiffi
dt

p
ð5Þ

where w is a Wiener variable and r is an amplitude parameter.
When noise is present, we set r ¼ 300 fA, and otherwise r ¼ 0.
The differential equations are solved numerically using the Euler
method with time step Dt ¼ 0:1 ms.

The s1 current is critical to setting the burst period, so we give it
here:

Is1 ¼ gs1s1ðV � VKÞ ð6Þ
where gs1 is the maximal conductance of the current and VK is the
K+ Nernst potential. When gs1 is large the s1 current is of sufficient
size to drive bursting, so the bursting is fast. When gs1 is small, the
s1 current is insufficient to terminate spiking and there must be a
substantial contribution from the s2 current (the size of the contri-
bution has an inverse relationship with the size of gs1 (Watts et al.,
2011)). Since s2 changes on a much slower time scale, bursting in
this case is much slower. Thus, by varying the parameter gs1 one
can readily vary the burst period over a wide range of values. The
flexibility of burst periods exhibited by the minimal model is illus-
trated in Fig. 1. In panel A, the burst period is a few seconds (fast
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Fig. 1. Bursting produced by the minimal phantom bursting model for b-cell activity. (A) Fast bursting, with gs1 ¼ 20 pS. (B) There is little change in the fast bursting when
noise is added. (C) Medium bursting, with gs1 ¼ 7 pS. (D) The burst period is substantially reduced when noise is added. (E) Slow bursting, with gs1 ¼ 3 pS. (F) The burst period
is again substantially reduced when noise is added.
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bursting), in panel C it is approximately 15 s (medium bursting),
and in panel E it is approximately 80 s (slow bursting).

The introduction of noise brings about significant changes. The
fast bursting remains fast (panel B), but the burst periods for med-
ium (panel D) and slow bursting (panel F) are significantly reduced.
Apparently, both of these forms of bursting are sensitive to noise.
This is quantified in Fig. 2. Panels A and B are histograms character-
izing 100 active phase durations (A) and silent phase durations (B)
computed using the model with noise. These durations are normal-
ized by the active (silent) phase duration of the burst attractors of
the deterministic model. The histograms for what would be med-
ium bursting in the deterministic case are shown in blue, while
those for slow bursting are in red. These illustrate that many noisy
bursts have active and silent phase durations less than half as long
as the deterministic bursts, for both medium and slow bursting.
These data are used to compute cumulative probability distribu-
tions that are shown in panels C and D. In panel C, for example,
the fraction of active phases in the noisy model simulation with
relative duration (i.e., relative to the deterministic case) less than
X is plotted for a sampling of X 6 1. For both medium and slow
bursting, roughly 80% of the active phases are less than half the
duration of the deterministic active phases. For the silent phases,
roughly 40% are less than half as long as the deterministic silent
phases for medium bursting, while the percentage is closer to
70% for slow bursting.

This analysis indicates that both medium and slow bursting are
sensitive to noise, though slow bursting appears to be somewhat
more sensitive (bars in Fig. 2B, D are more left shifted for slow
busting than for medium bursting). Since both forms of bursting
are produced through a phantom bursting mechanism, i.e., they
require significant changes in both s1 and s2 to achieve the burst-
ing pattern, this result is consistent with the prior study that used
a different minimal phantom bursting model (Pedersen, 2007).
3. Slow bursting is only moderately sensitive to noise in a
biophysical b-cell model

The Integrated Oscillator Model (IOM) was developed over a
period of many years based on a number of key experimental find-
ings (Bertram et al., 2018), and includes modules for electrical
activity, intracellular Ca2+ handling, and metabolism. In this model,
fast and medium bursting are driven by Ca2+ feedback onto Ca2+-
activated K+ channels; in the case of medium bursting significant
variation in the Ca2+ concentration in the endoplasmic reticulum
(ER) is also required, as described in Bertram and Sherman
(2004). Slow bursting can be produced in one of two ways. In
one case, there are active metabolic oscillations due to positive
feedback onto the allosteric enzyme phosphofructokinase in gly-
colysis. This substrate depletion mechanism for oscillations drives
the oscillations in electrical activity and Ca2+ through the action of
ATP-sensitive K+ channels (K(ATP) channels). These channels are
deactivated when the ratio of adenosine triphosphate (ATP) to ade-
nosine diphosphate (ADP) is increased; active oscillations in gly-
colysis lead to ATP/ADP oscillations, which cause slow bursting
oscillations via ionic current through the K(ATP) channels. This



Fig. 2. Quantification of the effects of noise on medium and slow bursting in the minimal phantom bursting model. (A) Histogram of 100 events showing the active phase
duration relative to that of the deterministic model. Medium bursting is shown in blue, while slow bursting is shown in red. The effects of noise on the active phase duration
are similar in both types of bursting. (B) Histogram of 100 events showing the silent phase duration relative to that of the deterministic model. The effects of noise on the
silent phase duration are similar in both types of bursting. (C-D) Data from panels A and B plotted as cumulative probability distributions.
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was the mechanism for slow bursting studied in a previous report,
and shown to be relatively insensitive to noise (Pedersen, 2007).

The other mechanism for slow bursting in the IOM occurs when
the flux out of glycolysis is sufficiently small (Marinelli et al.,
2018). This flux is set by the maximum catalytic rate of pyruvate
dehydrogenase (vPDH). With a small value of vPDH the metabolic
oscillations are purely passive, slaved to oscillations in the intracel-
lular Ca2+ concentration. These Ca2+ oscillations influence the ATP/
ADP ratio through positive feedback onto metabolism (increasing
ATP production) and negative feedback through the hydrolysis
needed to power Ca2+ pumps (increasing ATP consumption)
(Bertram et al., 2018; McKenna et al., 2016; Marinelli et al.,
2018). It has been shown that this form of slow bursting, with pas-
sive metabolic oscillations, is due to a phantom bursting mecha-
nism involving the ATP concentration and the Ca2+ concentration
in the ER (McKenna and Bertram, 2018).

As with the minimal phantom bursting model, changes in a sin-
gle conductance parameter are sufficient to convert the bursting
between fast, to medium, to slow. This is the conductance for
Ca2+-activated K+ channels, gKðCaÞ, in the ionic current equation

IKðCaÞ ¼ gKðCaÞq1ðcÞðV � VKÞ ð7Þ

where

q1ðcÞ ¼ c2

k2d þ c2
ð8Þ

and c is the free cytosolic Ca2+ concentration. The full model is
described in Marinelli et al. (2018) and computer code can be
downloaded from www.math.fsu.edu/bertram/software/islet.

Examples of fast, medium, and slow bursting generated by the
IOM are shown in Fig. 3. The fast bursting is generated using a large
value of gKðCaÞ, while slower forms of bursting use smaller values of
the parameter. The slow bursting does not involve an active gly-
colytic oscillator; metabolic oscillations are slaved to Ca2+ oscilla-
tions and are passive. With the addition of noise in the V
differential equation, the period of all forms of bursting is reduced.
However, the effect of noise on medium bursting appears to be
more extreme than that on slow bursting.

The effects of noise on medium and slow bursting in the IOM is
quantified in Fig. 4. Panels A and B indicate that the noise shortens
both active and silent phases of medium bursting to a substantially
greater degree than it does the active and silent phases of slow
bursting. There is a clear separation in the histograms for the
two types of bursting, unlike the case with the minimal model
(Fig. 2). In the cumulative probability panel C, we see that for med-
ium bursting approximately half of the noisy active phases have
duration less than 25% that of the deterministic model, while for
slow bursting all active phases are greater than 25% of that of the
deterministic model and most are greater than 50% that of the
deterministic model. The difference is even more striking for silent
phases. For medium bursting, approximately half of the noisy
silent phases are less than 40% that of the deterministic model,
while for slow bursting all noisy silent phase are greater than half
of that of the deterministic model, and most are greater than 75%
of the deterministic model. This quantification is consistent with
Fig. 3, indicating that medium bursting with the IOM is more sen-
sitive to the effects of noise than is slow bursting.
4. A phase plane explanation of the differential effects of noise
on bursting

In both b-cell models discussed above, the variables can be par-
titioned into those that evolve on a fast time scale and those that
evolve on a slower time scale. This partitioning is the first step in

http://www.math.fsu.edu/bertram/software/islet


Fig. 3. Bursting produced by the Integrated Oscillator Model for b-cell activity. (A) Fast bursting, with gKðCaÞ ¼ 800 pS. (B) Some bursts are converted to single spikes, and there
is a reduction in the burst silent phase. The burst active phase is less affected by the noise. (C) Medium bursting, with gKðCaÞ ¼ 500 pS. (D) The burst period is substantially
reduced when noise is added, yielding shorter silent and active phases. (E) Slow bursting, with gKðCaÞ ¼ 100 pS. (F) The noise has little effect on the burst period. In all cases, the
pyruvate dehydrogenase parameter is set at vPDH ¼ 0:002 lM/ms and noise is introduced by setting r ¼ 300 fA.
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a fast-slow analysis that is often used to understand multi-
timescale systems (Bertram and Rubin, 2017). The evolution of
the slow variables carries orbits through the asymptotic regimes
of the fast subsystem, and determines whether the system is in a
spiking state or at rest. Periodicity of the values of the slow vari-
ables produces bursting. Another key feature of both models is
bistability of the fast subsystem between a stable equilibrium
and a stable limit cycle for most values of the slow variables taken
on during bursting. This is illustrated in Fig. 5, which shows struc-
tures for the fast subsystem (the V and n variables) in the minimal
(deterministic) phantom bursting model. The values of the slow
variables, s1 and s2, are chosen as those taken on 20% through
the active phase of a medium burst. The V-nullcline (yellow) and
n-nullcline (green) intersect at three locations. The first of these,
E1, is a stable node, while E2 is a saddle point and E3 is an unstable
focus. Surrounding the focus is a stable limit cycle (red). Also
shown are the two branches of the stable manifold (dashed blue)
of the saddle that act as a separatrix between the two attractors.
The limit cycle reflects spiking solutions of the subsystem, while
the stable equilibrium reflects the state of the system during the
burst silent phase. Since noise enters through the V differential
equation, it directly affects the fast subsystem dynamics, causing
upward or downward deflections in the trajectory. If the phase
point is in the basin of attraction of the limit cycle, as it would
be during the burst active phase, then if noise kicks the trajectory
across the separatrix it will prematurally terminate the active
phase. If the phase point is in the basin of attraction of E1, as it
would be during the burst silent phase, then if noise kicks the tra-
jectory across the separatrix it will prematurally terminate the
silent phase. Thus, one can understand the effects of noise in terms
of the two stable structures and their distance from the separatrix.
Fig. 6 shows, for the minimal phantom bursting model, structures
of the fast subsystem phase plane for both medium (blue) and slow
(red) bursting. Panel A shows the separatrices and action potential
limit cycles with s1 and s2 values chosen 20% through a burst
active phase (these values are different for medium and slow
bursting). It is evident that, in both cases, the spiking limit cycle
is close to the separatrix. In fact, the vertical distance between
these structures during slow bursting is similar to that during
medium bursting. (It is the vertical distance that is important since
noise acts directly on the V variable.) It is for this reason that the
noise sensitivity of the active phase is similar in both forms of
bursting. Panel B shows nullclines, separatrices, and equilibria with
s1 and s2 values chosen 20% through a burst silent phase. In the
case of medium (blue) and slow (red) bursting, the phase point is
at or near equilibrium E1 during the silent phase and the silent
phase is prematurally terminated by noise if the noise displaces
the phase point above the separatrix. The distance between E1 and
the separatrix is very similar in medium and slow bursting, so
again the expectation is that sensitivity to noise of the silent phase
is similar in both forms of bursting.

The fast subsystem of the IOM model again consists of the vari-
ables V and n, and Fig. 7 shows fast subsystem structures with slow
variables set to their values 20% through the active phase of



Fig. 4. Quantification of the effects of noise on medium and slow bursting in the Integrated Oscillator Model. (A) Histogram of 100 events showing the active phase duration
relative to that of the deterministic model. Medium bursting is shown in blue, while slow bursting is shown in red. The effects of noise on the active phase duration of
medium bursting are greater than for slow bursting. (B) Histogram of 100 events showing the silent phase duration relative to that of the deterministic model. The effects of
noise on the silent phase duration of medium bursting are greater than for slow bursting. (C, D) Data from panels A and B plotted as cumulative probability distributions.

Fig. 5. Fast subsystem phase plane of the minimal model. The V-nullcline (yellow)
and n-nullcline (green) intersect to form three equilibria. Equilibrium E1 is a stable
node, E2 is a saddle point, and E3 is an unstable focus. The limit cycle (red) is stable.
The two branches of the stable manifold of E2 form the separatrix between the
basins of attraction of the two stable structures. The values of the slow variables
s1 and s2 are those taken on 20% of the way through the active phase of medium
bursting: s1 ¼ 0:63 and s2 ¼ 0:60, with gs1 ¼ 7 pS. (For interpretation of the
references to colour in this figure legend, the reader is referred to the web version
of this article.)
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medium bursting. (The slow variables that directly affect the fast
subsystem are cytosolic Ca2+ concentration, c, and ADP level,
ADP.) The fast variable nullclines are similar to those of the mini-
mal model, and again cross to form three labeled equilibria.The
single stable equilibrium, E1, coexists with a stable limit cycle
(solid blue), and the separatrix for the basins of attraction is
formed by the two branches of the stable manifold of E2 (dashed
blue). The similarity to Fig. 5 illustrates that the fast subsystem
structure for the two models is qualitatively similar.
The spiking orbit 20% through the active phase of medium
bursting (solid blue) is shown superimposed with that 20% through
slow bursting (solid red) in Fig. 8A. The separatrices are also
shown, as dashed curves. It is evident that the spiking orbit is clo-
ser to the separatrix during medium bursting than during slow
bursting. This suggests that noise will be more likely to prematu-
rally terminate an active phase during medium bursting than it
would during slow bursting. Indeed, Fig. 4 shows that approxi-
mately 30% of the noisy medium bursts had active phases that
were 20% or less of their deterministic duration, while few if any
of the noisy slow burst active phases were 20% or less of their
deterministic duration. Fig. 8B shows the nullclines and equilibria
20% through the silent phase of medium (blue) and slow (red)
bursting. In these cases, both E1 and E2 are nearly at the same val-
ues of n, so if noise perturbs the phase point to a V value greater
than that of E2 the silent phase will be prematurally terminated.
It is evident that E1 and E2 are much closer together for the case
of medium bursting than for the case of slow bursting. For this rea-
son, the silent phase of medium bursting is more sensitive to noise
than is that of slow bursting. In summary, Fig. 8 demonstrates why
in the IOMmedium bursting is more sensitive to noise than is slow
bursting, as shown by the histograms in Fig. 4.

At which point on the spiking limit cycle is it most likely that
noise will push the trajectory across the separatrix into the basin
of attraction of E1, terminating a burst active phase? From Fig. 7
it appears that this might be along the top portion of the limit
cycle, which is closest to the separatrix and is the peak of an action
potential. To investigate whether this is true, we superimpose a
noisy fast subsystem trajectory onto the fast subsystem phase
plane diagram in Fig. 9 (using parameter values and values of c
and ADP from Fig. 7). This noisy spiking trajectory (shown in black)
moves away from the limit cycle with each revolution, due to the
effects of the noise. It crosses the separatrix not at the top of the
limit cycle, but in the bottom portion, denoted by a green dot.



Fig. 6. Phase planes of the fast subsystem explain why medium and slow bursting
have similar sensitivities to noise in the minimal phantom bursting model. (A) Limit
cycles reflecting spiking orbits during the active phases of medium (solid blue) and
slow (solid red) bursting are superimposed, along with separatrices (i.e., stable
manifolds of E2) for each (dashed). The distance between the limit cycle and
separatix is similar for medium and slow bursting. Equilibria are not shown. In both
cases, s1 and s2 are chosen at values 20% through the burst active phase. Medium
bursting: s1 ¼ 0:63 and s2 ¼ 0:60, with gs1 ¼ 7 pS. Slow bursting: s1 ¼ 1 and
s2 ¼ 0:63, with gs1 ¼ 3 pS. (B) Nullclines, equilibria, and separatrices at values of
the slow variables 20% through a burst silent phase. The distance from E1 to the
separatrix is similar for medium and slow bursting. Medium bursting: s1 ¼ 0:26 and
s2 ¼ 0:63, with gs1 ¼ 7 pS. Slow bursting: s1 ¼ 0:01 and s2 ¼ 0:72, with gs1 ¼ 3 pS.
(For interpretation of the references to colour in this figure legend, the reader is
referred to the web version of this article.)

Fig. 7. Fast subsystem phase plane for the IOM. The V-nullcline (yellow) and n-
nullcline (green) intersect to form three equilibria. Equilibrium E1 is a stable node,
E2 is a saddle point, and E3 is an unstable focus. The limit cycle (solid blue) is stable.
The two branches of the stable manifold of E2 (dashed blue) form the separatrix
between the basins of attraction of the two stable structures. The values of the slow
variables are those taken on 20% of the way through the active phase of medium
bursting: c ¼ 0:11 lM and ADP ¼ 807 lM, with gKðCaÞ ¼ 500 pS. Here and in
subsequent phase plane figures the range of n extends to negative values. This is
for visualization purposes only; for appropriate initial conditions, n only takes on
values from 0 to 1. (For interpretation of the references to colour in this figure
legend, the reader is referred to the web version of this article.)
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Nineteen additional stochastic spiking trajectories were computed,
and the location at which each crosses the separatrix is indicated
with a orange dot in the figure. (Each dot is the location where a
stochastic spiking trajectory leaves the basin of attraction of the
limit cycle and does not return.) It is evident that in only one
instance did the trajectory escape the spiking basin of attraction
near the top of the limit cycle; in all other instances the escape
occurred near the bottom of the limit cycle, during the repolarized
phase of the action potential. In fact, the escape often occurred
close to the saddle point, E2.

Why does a noisy trajectory usually escape the spiking basin of
attraction near the bottom of the limit cycle rather than the top?
To answer this, we first consider the proximal effect of a noisy cur-
rent (in contrast to long-term effects which can cause the phase
point to switch basins of attraction) on the membrane potential.
The voltage time derivative is proportional to the sum of the ionic
currents, which we denote as Iion, plus the noisy current, Inoise. The
effect of noise on dV

dt is thus determined by the size of Inoise relative
to the total current, the sum of Iion and Inoise. We therefore define
the relative noise as

g ¼ Inoisej j
Iion þ Inoisej j ð9Þ

and examine how this varies throughout the fast subsystem phase
plane.

The current noise can either be depolarizing, causing an upward
deflection in V, or repolarizing, causing a negative deflection. We
consider each case separately. Fig. 10A shows a heat map of
log10ðgÞ applied at points throughout the V-n phase plane where
the noise is depolarizing (positive). At each point in the V-n plane,
we set Inoise to be the mean of the positive noise values calculated
over a stochastic spiking trajectory. The relative noise is greatest in
the green and blue regions of the diagram, which take on the cubic
shape of the V nullcline (where Iion ¼ 0), although this nullcline is
located slightly to the right in the green-yellow region. Although
the relative positive noise is large near the peak of the action
potential (largest value of V) and is of the correct sign to push
the trajectory across the separatrix, this only happens rarely (1 of
the 20 stochastic simulations performed, shown as a blue point
in upper portion of the diagram). At the bottom portion of the
action potential limit cycle the positive current noise pushes the
trajectory away from the separatrix, so will not contribute to the
resetting.

Fig. 10B shows a heat map of log10ðgÞ where the noise is repo-
larizing (negative). Most of the 20 points at which noisy spiking
trajectories crossed through the separatrix (blue points on the
dashed white separatrix) occur in a region where the relative noise
is large. This region is located primarily near the bottom of the
limit cycle, and it is in this region that repolarizing noise is most
effective at perturbing the trajectory down and away from the
limit cycle. From a biophysical perspective, this is not surprising,
since the repolarized phase of the action potential is when most
ion channels are deactivated, so noise (or any other input) will
have the largest effect on the membrane potential.



Fig. 8. Fast subsystem phase plane for the IOM. (A) Spiking limit cycles for medium
(solid blue) and slow (solid red) bursting are superimposed, along with separatrices
for each (dashed). The distance between the limit cycle and separatix is less for
medium bursting than for slow bursting. In both cases, the slow variables c and ADP
are chosen at values 20% through the burst active phase. Equilibria are not shown.
Medium bursting: c ¼ 0:11 lM and ADP ¼ 807 lM, with gKðCaÞ ¼ 500 pS. Slow
bursting: c ¼ 0:16 lM and ADP ¼ 842 lM, with gKðCaÞ ¼ 100 pS. (B) Nullclines and
equilibria at values of the slow variables 20% through a burst silent phase. The
distance from E1 to the threshold E2 is smaller for medium bursting than for slow
bursting. Medium bursting: c ¼ 0:08 lM and ADP ¼ 812 lM, with gKðCaÞ ¼ 500 pS.
Slow bursting: c ¼ 0:11 lM and ADP ¼ 872 lM, with gKðCaÞ ¼ 100 pS. (For interpre-
tation of the references to colour in this figure legend, the reader is referred to the
web version of this article.)

Fig. 9. Superposition of a fast subsystem stochastic spiking trajectory (black curve)
onto the fast subsystem phase plane for the IOM 20% through the active phase of
medium bursting (c ¼ 0:08 lM and ADP ¼ 812 lM, with gKðCaÞ ¼ 500 pS). After
several revolutions, the trajectory crosses the separatrix at the green dot. The
orange dots show crossing points for 19 other stochastic spiking trajectories that
leave the basin of attraction of the limit cycle and don’t return. (For interpretation of
the references to colour in this figure legend, the reader is referred to the web
version of this article.)
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Why were there so few resettings with depolarizing current
noise near the peak of the action potential? To answer this, the
limit cycle is depicted not as a solid curve in Fig. 10, but as points
plotted at equally spaced times. It is evident that the points accu-
mulate near the bottom of the limit cycle, indicating that the tra-
jectory is moving more slowly here. The slower the trajectory is
moving, the greater the opportunity for noise to push the trajectory
across the separatrix, so the explanation for the minimal effect of
depolarizing noise during the top portion of the action potential
is simply that the trajectory is moving quickly through this portion
of the limit cycle (and this is reflected by the fixed stepsize numer-
ical scheme that we use for the differential equations).

Taken together, these factors explain why the noisy spiking tra-
jectory typically crosses the separatrix near the bottom of the limit
cycle. From this, we can make a more precise statement regarding
noise sensitivity during the active phase of medium and slow
bursting: if the distance between the bottom portion of the spiking
limit cycle is closer to the separatrix in one form of bursting than
another, then the former is more sensitive to current noise. The
remainder of the limit cycle is much less important. We see from
Fig. 8A that, by this criterion, medium bursting is more sensitive
to noise than is slow bursting in the IOM, as was determined in
Fig. 4A, C.

5. Noise reduces the burst plateau fraction

Pancreatic b-cells respond to changes in the blood glucose level
by changing the burst plateau fraction, defined as the active phase
duration divided by the full burst period (sum of the active and
silent phase durations). In a bursting islet, increases in the glucose
level cause the plateau fraction to increase, eventually reaching a
value of 1 when the bursting is converted to tonic spiking
(Meissner and Schmelz, 1976; Nunemaker et al., 2006). Higher pla-
teau fractions result in higher mean Ca2+ levels and increased insu-
lin secretion (Barbosa et al., 1998). How does noise affect the
plateau fraction in the two b-cell models? Fig. 11A shows his-
tograms of the plateau fraction for the medium and slow bursting
in the minimal b-cell model. The dashed lines represent the pla-
teau fraction for the deterministic cases (blue for medium bursting
and red for slow bursting). It is evident that, with this model, the
addition of noise results in a significant reduction in the plateau
fraction for both forms of bursting. Fig. 11B shows plateau fraction
histograms for medium and slow bursting in the IOM, along with
deterministic values. Again, the addition of noise decreased the
plateau fraction in both forms of bursting. That noise induces a
reduction in the plateau fraction in all cases reflects the greater
sensitivity of the active phase of bursting to noise than the silent
phase in both models.

6. Slow bursting driven by an active metabolic oscillator is only
moderately sensitive to noise

Pedersen showed that slow bursting driven by active metabolic
oscillations produced in the Dual Oscillator Model is only moder-
ately sensitive to noise (Pedersen, 2007). A similar type of slow
bursting, driven by an active glycolytic oscillator, is produced by the
IOM in a large region of parameter space (Marinelli et al., 2018).
Indeed, by increasing the parameter vPDH from 0.002 lM/ms



Fig. 10. (A) Heat map of log10ðgÞ with depolarizing (positive) current noise, and
with superimposed phase plane structure of the fast subsystem for the IOM, 20% of
the way through the active phase of medium bursting (c ¼ 0:08 lM and
ADP ¼ 812 lM, with gKðCaÞ ¼ 500 pS). The blue dots show crossing points for the
20 stochastic spiking trajectories through the separatrix (dashed white). The limit
cycle is shown as white points, with equal spacing of Dt ¼ 2:5 ms. (B) Heat map of
log10ðgÞ with repolarizing (negative) current noise. Most resettings occur near the
lower portion of the limit cycle where the relative repolarizing noise is large and the
speed of passage is low. (For interpretation of the references to colour in this figure
legend, the reader is referred to the web version of this article.)

Fig. 11. Histograms of plateau fraction for noisy medium (blue) and slow (red)
bursts, along with values for the deterministic cases (dashed). The plateau fraction
is typically smaller for a noisy burst than for a deterministic one. (A) Histograms for
the minimal b-cell model with parameter values as in Fig. 1. (B) Histograms for the
IOM with parameter values as in Fig. 3. (For interpretation of the references to
colour in this figure legend, the reader is referred to the web version of this article.)
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(used in all previous IOM simulations) to 0.03 lM/ms, the system
produces intrinsic glycolytic oscillations and slow bursting with
gKðCaÞ ¼ 100 pS. This slow bursting is characterized by pulses of
the metabolite FBP (Fig. 12A), in contrast to the slow bursting ana-
lyzed above where the FBP timecourse has a triangle shape
(Fig. 12B). (See McKenna and Bertram, 2018 for a description of
the mechanisms driving these different types of oscillations.) This
allows us to compare the effects of noise on slow bursting in the
IOM driven by active metabolic oscillations to the effects in the
same model, but where the slow bursting is driven by Ca2+ feed-
back and metabolic oscillations are passive. The effects of noise
with passive metabolic oscillations have been shown earlier, in
Fig. 4. For comparison, the effects of the same level of noise on
the IOM with the larger vPDH value is shown in Fig. 13. We see that,
in both cases, active and silent phase durations are much less
affected by noise during slow bursting than medium bursting. This
is in spite of the fact that slow bursting is produced through a
phantom bursting mechanism in Fig. 4 and intrinsic glycolytic
oscillations in Fig. 13. (Medium bursting is driven by a phantom
bursting mechanism in both cases.) Thus, we conclude that the
existence of slow bursting in a noisy environment does not distin-
guish between slow burst mechanisms.
7. Discussion

We have demonstrated that slow bursting generated by the
Integrated Oscillator Model for pancreatic b-cells in phantom
bursting mode is much less sensitive to current noise than is med-
ium bursting generated by the same model. This is in contrast to a
much simpler phantom bursting model, where current noise
affects both types of bursting about equally. There are important
biological ramifications of this finding, since it tells us that the slow
bursting observed in single b-cells could be due to a phantom
bursting mechanism. It has been demonstrated previously that
the slow bursting in single b-cells could also be due to intrinsic
glycolytic oscillations; in such a case the bursting is very robust
to noise (Pedersen, 2007). Taken together, one can conclude that
there are at least two very different dynamical mechanisms that
are consistent with slow bursting in the presence of noise, and thus
consistent with the slow bursting of noisy single b-cells. Why is
this important, when single b-cells are only found in the labora-
tory? In vivo, b-cells are clustered together into islets of Langer-



Fig. 12. Two different types of FBP oscilllations reflect different oscillation
mechanisms (McKenna and Bertram, 2018). (A) FBP exhibits pulses when there is
an active glycolytic oscillator. Produced when vPDH ¼ 0:03 lM/ms and
gKðCaÞ ¼ 100 pS. (B) The FBP timecourse has a triangle shape when metabolic
oscillations are driven by Ca2+ feedback. Produced when vPDH ¼ 0:002 lM/ms and
gKðCaÞ ¼ 100 pS.
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hans, with b-cells coupled to neighbors by gap junctions that pro-
vide electrical coupling, and for this reason the islet acts as a syn-
cytium and the voltage trace of a b-cell in an islet is much less
noisy than that from a b-cell removed from an islet (Kinard et al.,
1999; Zhang et al., 2003). However, slow bursting in single b-
cells, as reported in Jonkers et al. (1999), Zhang et al. (2003),
Scarl et al. (2019), Smith et al. (1990), is still relevant because it
is likely that the biological mechanism for these oscillations is
the same in intact islets. Therefore, our work and that of
Pedersen (2007) together suggest that slow bursting in islets could
be due to either a phantom bursting mechanism or to intrinsic gly-
colytic oscillations. (They could of course also be due to a mecha-
nism not examined in either study.).

There is a great deal of heterogeneity among single b-cells, in
terms of gene expression (Dorrell et al., 2016), electrical activity
(Kinard et al., 1999), Ca2+ dynamics (Zhang et al., 2003), and insulin
secretion (Nasteska and Hodson, 2018). Coupling the cells together
with gap junctions reduces the functional heterogeneity (Smolen
et al., 1993), and a recent study showed that the glucose dose
response curve for an islet is sharper than that for dispersed cells
from an islet of the same mouse (Scarl et al., 2019). The same study
showed that the plateau fraction of single b-cells is smaller than
that of intact islets over the full range of glucose levels for which
oscillations are produced (Scarl et al., 2019). This agrees with the
prediction made with both the minimal phantom bursting model
and the IOM (Fig. 11).

Phantom bursting refers to bursting in which the period is influ-
enced by more than one slow variable, so that the burst period is
not set by the time constant of any one variable (Bertram et al.,
2000). In the minimal phantom bursting model used here the
two slow variables are activation variables of K+ channels whose
properties were specified so as to produce a wide range of burst
periods (Bertram et al., 2000). A more biophysical model was
developed later, which had three slow variables, the cytosolic
Ca2+ concentration, the Ca2+ concentration in the endoplasmic
reticulum (ER), and a phenomenological variable for the ratio of
the nucleotide adenosine diphosphate (ADP) to adenosine triphos-
phate (ATP) (Bertram and Sherman, 2004). We have examined the
effect of current noise on medium and slow bursting produced by
this model, and found that the noise dramatically shortens the
medium bursting and has a more moderate effect on slow bursting
(results not shown). The IOM builds on this model, and includes
more biophysical elements such as a module for ATP production
and consumption (Bertram et al., 2004), and we have shown here
that slow bursting produced by the IOM is much less sensitive to
noise than is medium bursting. Thus, a second result of our study
is that the way in which the phantom bursting mechanism is
implemented (i.e., the biophysical elements involved in the burst
production) has a significant effect on the sensitivity of slow burst-
ing to noise.

The IOM can produce slow bursting through two different
mechanisms, depending on the choice of parameter values
(Marinelli et al., 2018). In the first mode, analyzed in detail in
McKenna and Bertram (2018), the slow oscillations are due to
phantom bursting, with key roles played by the slow variation of
ADP and the ER Ca2+ concentration, both of which reflect
activity-dependent variation in the cytosolic Ca2+ concentration.
In this mode metabolic oscillations are passive, responding to the
rise and fall of cytosolic Ca2+ that occurs during bursting
(Bertram et al., 2018). This is the mode primarily examined in
the current study. In the second mode, there are intrinsic oscilla-
tions in glycolysis, which we refer to as active metabolic oscilla-
tions. This mode was the basis of slow oscillations in the Dual
Oscillator Model that was used in the earlier study of noise by
Pedersen (2007), which showed that noise had only a moderate
effect on slow bursting. We found similar results in the IOM with
parameters set to produce active metabolic oscillations; noise only
moderately shortens the slow burst active and silent phases
(Fig. 13), much like the effect of noise on slow bursting with pas-
sive metabolic oscillations (Fig. 4).

Given these two distinct mechanisms for slow bursting in b-
cells, how can one determine which is valid? This question is the
focus of ongoing investigations, and as of yet there is no definitive
answer. One experimental study used a sensor for an enzyme acti-
vated by the glycolytic metabolite fructose 1,6-bisphosphate, and
found that the sensor levels oscillated in a triangle-wave pattern
during slow bursting. This provides evidence for slow bursting dri-
ven by passive metabolic oscillations (McKenna et al., 2016;
Merrins et al., 2016). However, other experimental studies showed
that metabolic oscillations can occur even when the cell’s cytosolic
Ca2+ level is not oscillating (Dryselius et al., 1994; Merrins et al.,
2010), pointing to active metabolic oscillations that could be due



Fig. 13. Quantification of the effects of noise on medium and slow bursting in the Integrated Oscillator Model in which the slow bursting is due to intrinsic glycolytic
oscillations. (A) Histogram of 100 events showing the active phase duration relative to that of the deterministic model. Medium bursting is shown in blue, while slow bursting
is shown in red. (B) Histogram of 100 events showing the silent phase duration relative to that of the deterministic model. (C, D) Data from panels A and B plotted as
cumulative probability distributions. In both cases, vPDH ¼ 0:03 lM/ms and noise is introduced by setting r ¼ 300 fA. For medium bursting gKðCaÞ ¼ 500 pS and for slow
bursting gKðCaÞ ¼ 100 pS. (For interpretation of the references to colour in this figure legend, the reader is referred to the web version of this article.)
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to oscillations in glycolysis. Indeed, it may be naive to expect that
there is a unique mechanism for slow bursting in b-cells, given that
slow insulin oscillations are normally found in non-diabetic
humans as well as in dogs, rats, and mice. These oscillations
facilitate the function of the liver in maintaining glycemic control
(Matthews et al., 1983; Satin et al., 2015). Given the ubiquity and
importance of slow insulin oscillations, which are driven by slow
bursting oscillations, it should probably be expected that there
are redundant mechanisms for their generation. The current study,
together with Pedersen (2007), suggests that at least two mecha-
nisms for slow bursting are consistent with studies of bursting in
single b-cells.
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Appendix A. The minimal phantom bursting model

The minimal phantom model is described in detail in Bertram
et al. (2000). Here, we give equations and refer the reader to
Bertram et al. (2000) for a complete model description. The model
is composed of four differential equations:

dV
dt

¼ �ðICa þ IK þ Is1 þ Is2 þ IL þ InoiseÞ=Cm ð10Þ
dn
dt

¼ n1ðVÞ � n
snðVÞ ð11Þ

ds1
dt

¼ s11ðVÞ � s1
ss1

ð12Þ
ds2
dt

¼ s21ðVÞ � s2
ss2

: ð13Þ

The ionic currents driving the dynamics of V are:

ICa ¼ gCam1ðVÞðV � VCaÞ ð14Þ
IK ¼ gKnðV � VKÞ ð15Þ
Is1 ¼ gs1s1ðV � VKÞ ð16Þ
Is2 ¼ gs1s2ðV � VKÞ ð17Þ
IL ¼ gLðV � VLÞ : ð18Þ

The equilibrium activation and inactivation functions are:

m1ðVÞ ¼ 1
1þ expððmm � VÞ=SmÞ ð19Þ

n1ðVÞ ¼ 1
1þ expððmn � VÞ=SnÞ ð20Þ

s1;1ðVÞ ¼ 1
1þ expððms1 � VÞ=Ss1Þ ð21Þ

s2;1ðVÞ ¼ 1
1þ expððms2 � VÞ=Ss2Þ ð22Þ



Fig. 14. Time-dependent derivatives of the four model variables during one slow burst (with gs1 ¼ 3 pS). The derivatives for the V and n variables are much larger than those
for the s1 and s2 variables, consistent with the classification of V and n as fast variables and s1 and s2 as slow variables.

Table 1
Parameters in the minimal phantom model.

Parameter Value Parameter Value

Cm 4524 fF mm �22 mV
gCa 280 pS mn �9 mV
gK 1300 pS ms1 �40 mV
gL 25 pS ms2 �42 mV
gs1 varies pS Sm 7:5 mV
gs2 32 pS Sn 10 mV
VCa 100 mV Ss1 0:5 mV
VK �80 mV Ss2 0:4 mV
VL �40 mV sn;max 8:3 s
ss1 1 s msn 9 mV
ss2 2 min Ssn 10 mV

12 M. Fazli et al. / Journal of Theoretical Biology 501 (2020) 110346
and the V-dependent time constant for n is:

sn ¼ sn;max

1þ expððV þ msnÞ=SsnÞ : ð23Þ

In the body of the manuscript, we used a comparison of time
constants for the model variables to justify the classification of V
and n as fast variables and s1 and s2 as slow variables. Another
way to do this would be to plot the derivatives of the variables
and compare their magnitudes over a burst orbit. We do this in
Fig. 14 for the case of slow bursting. The maximum derivatives of
V and n are at least 10 times larger than those for s1 and s2, consis-
tent with the classification of V and n as fast variables and s1 and
s2 as slow variables (Table 1).
Appendix B. The Integrated Oscillator Model (IOM)

The IOM is described in detail in Marinelli et al. (2018). We give
the model equations here, but refer the reader to Marinelli et al.
(2018) for a full description. The model consists of eight differen-
tial equations:

dV
dt

¼ �ðICa þ IK þ IKðCaÞ þ IKðATPÞÞ=Cm ð24Þ

dn
dt

¼ n1ðVÞ � n
sn

ð25Þ

dc
dt

¼ f CaðJmem � Jm � JerÞ ð26Þ

dcm
dt

¼ f CarmJm ð27Þ

dcer
dt

¼ f CarerJer ð28Þ

dF6P
dt

¼ 0:3 JGK � JPFKð Þ ð29Þ

dFBP
dt

¼ JPFK �
1
2
JPDH ð30Þ

dADP
dt

¼
ATP� exp 1þ 2:2 JPDH

0:05þJPDH

� �
1� c

0:35

� �h i
ADP

n o
sa

: ð31Þ

Ionic currents are:
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ICa ¼ gCam1ðVÞðV � VCaÞ ð32Þ
IK ¼ gKnðV � VKÞ ð33Þ
IKðCaÞ ¼ gKðCaÞq1ðcÞðV � VKÞ ð34Þ
IKðATPÞ ¼ gKðATPÞo1ðADP;ATPÞðV � VKÞ: ð35Þ

The equilibrium activation and inactivation functions are:

m1ðVÞ ¼ 1
1þ exp½ðmm � VÞ=sm� ð36Þ

q1ðcÞ ¼ c2

k2d þ c2
ð37Þ

o1ðADP;ATPÞ ¼
0:08þ 0:89 MgADP

kdd

� �2
þ 0:16 MgADP

kdd

� �

1þ MgADP
kdd

� �2
1þ ATP4�

ktt
þ ADP3�

ktd

� � ð38Þ

s1ðcmÞ ¼ cm
KPDH þ cm

: ð39Þ

Here, MgADP ¼ 0:165ADP;ADP3� ¼ 0:135ADP, and

ATP4� ¼ 0:05ATP. The ADP and ATP concentrations are related by:

ATP ¼ 1
2

Atot þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�4ADP2 þ ðAtot � ADPÞ2

q
� ADP

� �
ð40Þ

and Atot is the total nucleotide concentration. Flux densities and
reaction equations are:

Jmem ¼ � a
Vcyt

ICa þ kPMCAc
� �

ð41Þ

Jer ¼ kSERCAc � pleakðcer � cÞ ð42Þ
Jm ¼ kunic � kNaCaðcm � cÞ ð43Þ

JPFK ¼ vPFK

w1110 þ kPFK
X

i;j;l2f0;1g
wij1l

X
i;j;k;l2f0;1g

wijkl

ð44Þ

JPDH ¼ vPDHs1ðcmÞ
ffiffiffiffiffiffiffiffiffi
FBP

p
ð45Þ

where the wijkl are weights, given by:

wijkl ¼ AMP=K1ð Þi FBP=K2ð Þj F6P=K3ð Þk ATP=K4ð Þl
f ik13f

jk
23f

il
41f

jl
42f

kl
43

ð46Þ

where AMP ¼ ADP2
ATP (Table 2).
Table 2
Parameters used in the IOM.

Parameter Value Parameter Value

Cm 5300 fF pleak 2� 10�4 ms�1

gCa 1000 pS kuni 0:4 ms�1

gK 2700 pS kNaCa 0:001 ms�1

gKðCaÞ varies pS rm 100
gKðATPÞ 25000 pS rer 31
VCa 25 mV JGK 0:001 lMms�1

VK �75 mV vPFK 0:01 lMms�1

mm �20 mV kPFK 0:06
sm 12 mV K1 30 lM
mn �16 mV K2 1 lM
sn 5 mV K3 5� 104 lM
sn 20 ms K4 103 lM
kd 0:5 lM f 13 0:02
kdd 17 lM f 23 0:2
ktt 1 lM f 41 20
ktd 26 lM f 42 20
f Ca 0:01 f 43 20
a 5:18� 10�18 lmol fA�1 ms�1 vPDH varies lMms�1

Vcyt 1:15� 10�12 l KPDH 200 lM
kPMCA 0:2 ms�1 sa 300000 ms
kSERCA 0:4 ms�1 Atot 3000 lM
Appendix C. Supplementary data

Supplementary data associated with this article can be found, in
the online version, at https://doi.org/10.1016/j.jtbi.2020.110346.
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