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Abstract

Frequently in financial economics, problems arise for which no closed form solution exists.
In these cases one must resort to numerical techniques to approximate the solution. This paper
will examine several of these numerical techniques and apply them to a model with a known,
exact solution. The paper will begin with a brief introduction to the Lucas asset pricing model
and conclude with a brief overview of agent-based economic models.
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1 Introduction

Models used in financial economics are becoming increasingly complex. As the models get more
sophisticated, the modelers move further away from a world in which analytical solutions exist and
are easily found. Nonetheless, the solutions to these models are of major interest. As a result,
economists have been forced to find alternative solution methods for these problems. In particular,
the application of numerical analysis has become a common approach for gaining insight into these
otherwise unsolvable models.

In this paper we will explore several different methods used to approximate the solutions to
financial economics problems. We will use a very simple model so that the analytical solution
remains tractable and we will be able to examine how closely the various techniques can approximate
the true solution. Specifically, we will apply perturbation and projection methods to solve for the
price-dividend ratio as a function of the growth rate of dividends in a model that has an exact
form solution. Perturbation methods use the Implicit Function Theorem and Taylor’s Theorem
to expand the unknown price-dividend function about the deterministic steady state equilibrium.
Projection methods approximate the solution as a linear combination of some basis functions. The
problem then reduces to finding coefficients to make the fit as close as possible.

Finally, a section on the newly emerging field of Agent-Based Computational Economics (ACE)
will be presented. This approach is drastically different from previous computational solution
methods. Instead of imposing equilibrium conditions on a market, as is the norm, we allow agents
to evolve and learn over time, trade with one another and build rules upon which to base trading
decisions. The hypothesis (known as the Marimon-Sargent Hypothesis) is that these agents will
eventually learn the equilibrium that previous models simply imposed up front.

The paper is organized as follows. Section 2 will describe the Lucas asset pricing model in some
detail. The purpose of this section is to provide the reader unfamiliar with financial economics
with the necessary background for the rest of the paper. Section 3 presents and solves the model
of interest (henceforth referred to as the Burnside model). Section 4 will describe the perturbation
method and proceed to approximate the solution to the Burnside model. Section 5 will provide a
fairly general description of the projection method and then use a Galerkin approach to solve the
Burnside model. Finally, section 6 will introduce ACE models. Included in this section will be a
motivation for studying these models and a brief introduction to how to begin building them.

All computations throughout the paper were done using the free statistical package R.

2 The Lucas Asset Pricing Model

Consider an economy with NN identical, infinitely lived agents and a single consumption good.
Suppose, for concreteness, that the consumption good is apples. Suppose there are M trees that
produce identical apples each period. The production of apples is stochastic and completely ex-
ogenous to the problem, that is, there is no way to influence a tree’s production and it takes no
resources from the economy to produce apples. The world these agent’s live in is a pure exchange
economy. This means that there is no money. In each period each agent will have a supply of
apples. He may either eat them during that period (consumption) or he may use them to buy the
right to some portion of a tree’s production next period (stock). The apples produced by the tree
should be thought of as a dividend paid by a stock. There is no savings in this world, the fruit will
spoil at the end of each day and may not be consumed tomorrow. Thus, total consumption by the
economy in any period may not exceed the sum of all apples produced by all trees.
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The agents in the model have preferences. These preferences will be represented by a wutility
function. A utility function will take, as input, the agent’s consumption and return a numerical
value to indicate the level of happiness achieved from that amount of consumption. If an agent
consumes nothing they die and thus will never choose this. In general, preferences can (and do)
differ among agents. In our model, however, we will assume that all agents have the same utility
function. In general, a utility function can be any function that is increasing and concave. Increasing
implies that agents always prefer to consume more if they can. The concavity assumption implies
that the increase in utility from consuming more decreases as consumption increases (the last bite
is never as satisfying as the first). An easy way to think of this is to consider two people, A and B.
Suppose A has $10 and B has $1000. Both would be happier with one more dollar, but the increase
in happiness will be much greater for A than it would for B since he does not have much money to
begin with. The assumption of increasing utility functions implies that, at equilibrium, all apples
will be consumed every period (since agents can always increase utility by consuming more, and
they will do so as long as they can).

We will now formalize the above description of our model economy. Assume for simplicity that
there is only one tree (stock), that is M = 1, and that that there is a single, infinitely divisible
share outstanding for this tree. The agent’s consumption and holdings in the stock during period
t will be denoted ¢; and s;, respectively. The agents all have the same utility function, v € C?,
such that v/ > 0 and v” < 0. This utility function is the same in each period. Stock prices are
competitively determined after dividends are declared and will be denoted p;. In addition, we will
add a risk free bond to this world. At first this seems to contradict the assumption made about
no savings being permitted in this world. It turns out, however, that no agent will ever hold this
bond. Its only purpose will be to discuss the risk free rate in a meaningful way. The price of the
zero coupon bond at time ¢ paying one with certainty at time ¢+ 1 will be denoted ¢;, where ¢; < 1.
Then the risk free rate will be given by R = 1/¢;.

The agent has three choices to make at each time ¢: how much to consume today (c¢;), how
much to invest in the stock for tomorrow (s;41) and how much to invest in the bond for tomorrow
(bt+1). Before proceeding, it will be necessary to define some additional notation. We will denote
the agent’s choice set by Ay = {c¢t, sp41, b1} Also, we let zy = {s¢, b} denote the individual states
at time ¢t and Z; = {S;, By, d;} denote the aggregate states at time ¢, where S; and B, represent
the aggregate holdings of the stock and bond, respectively. Note that d; should be thought of as
the per capita dividend paid. We will define the agent’s value function to be

v(zt, Zt) = max Ep {Z 5tu(ct)} . (2.1)

t=0

The agent’s objective will be to maximize this function subject to a budget constraint. Since there
is no savings and only one good, the budget constraint is simple. The agent’s consumption and
investment may not, in any period, exceed his gross return from last period, or

ct + peSer1 + qebepr < se(pr +di) + b VR, (2.2)

where sg and by are known. The agent is born with a certain amount of the stock and the bond
and must plan the rest of his infinite life based on that. In addition to (2.2), we also impose the
nonnegativity constraint on consumption, ¢; > 0, for all ¢. It is not possible to consume a negative
amount. It is now time to define what we will be looking for in this model.
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Definition 2.1. A rational expectations competitive equilibrium is a set of demand functions
{2, Z4t), 84 (21, Z4), b (21, Z2) Y2y and a pricing function p(Z;) such that the following conditions
hold.

1. These functions solve each agent’s optimization problem (i.e. the first order conditions hold).

2. All markets clear:

N
(i) B.=> b =0, Vt
=1

N
(ii) Sy=> si=1, Vt
=1

N N
(iii) > () + pisipr + abir) =Y (si(pe+di) +0}), Vi
i=1 1=1

We will briefly discuss the three conditions in 2. The first condition makes sure that the bond
market clears. Since all agents are identical this will imply that at equilibrium no agent will hold
any bond. This is simple to see. If agent ¢ has some holding of the bond, then all agents must hold
the same amount. The only way this will sum to zero is if all agents hold zero. The second condition
implies a similar result, but for the stock. In this case, the stock has outstanding exactly one share.
Thus, at equilibrium, all agents must each hold exactly 1/N of it. The final condition states that
all the budget constraints balance, that is, there is nothing left over. This condition, along with
the first two, implies that ¢! = d; for all i and t. At equilibrium, we know that B; = 0 and S; = 1.
Thus, the aggregate state vector reduces to just d; and we can write the pricing function as p(d;).
This function will be the main focal point of this model. Note that all the demand functions have
a superscript ¢ so they can vary over agents. The pricing function, however, must be the same for
all agents since it is the price the market sets.

To simplify notation, let us drop the subscript on the period ¢ variables and represent period
t+1 by a’. For example, s; = s and s;;1 = s’. To derive the agent’s first order conditions, note
that the problem can be written recursively (see [11], Ch. 9):

v(z,Z) = max [u(c) + BEv(Z, Z")] , (2.3)

subject to the budget constraint (2.2). Let A; be the Langrange multiplier for each ¢ and denote
A = M. Then we can write (2.3) as

v(z,Z) = {cg’l%?()\} {u(c) + BEv(Z,Z") + Ns(p+d) +b—c—ps' — qV']}. (2.4)

Since we have imposed the nonnegativity constraint on consumption, maximizing with respect to
¢ involves complimentary slackness conditions. We have not imposed any bounds on s or b (that
is, there is no short sale constraints) so s’ and b’ will be optimized as unconstrained variables. It
is customary in these problems to impose A > 0. This is since the multiplier can be interpreted
as a shadow price. Thus, taking derivatives with respect to the choice variables and the Lagrange
multiplier, we have the following first order conditions (and complementary slackness conditions, if
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applicable):
c: u(c)=A<0, ¢>0 and c(u'(c)—A)=0 (2.5)
s': BEg (2, 2] = Mp (2.6)
V: BE[vy(z,Z")] =)\ (2.7)
A: s(p+d)+b—c—ps'—qb <0, A>0
and A[s(p+d)+b—c—ps' —qb/] =0 (2.8)

The first inequality in (2.5) will bind in all cases. If not, then the agent is choosing ¢ = 0 which
means he will die. No agent will ever choose this. Also, the first inequality in (2.8) will bind, for if
it does not, then A = 0 which would imply that u/(¢) = 0, which contradicts our assumption about
u. These four conditions are the first order conditions for the maximization problem. They are not
immediately useful, however, since we do not know the derivatives of v. In order to find vy and
vy, we differentiate (2.4) with respect to s and b:!

(e, 2) = Ap ), (2.9)
9 (2,Z2) =\ (2.10)
o0 (5 2) = A .
Since these equations will hold for all ¢, we can update the time from ¢ to ¢ 4+ 1 to get
Vst (Z,a Z,) = )‘/(p/ + dl)? (211)
and
(2, 2") =N (2.12)
Combining this with (2.5), (2.6) and (2.7), we get the Euler equations:
u'(co)pe = BEu (cty1) (Pea1 + diy)]s (2.13)
and
W' (cr)qr = BEu' (cit1)]- (2.14)

The Euler equations have an intuitive economic interpretation. Consider the left hand side of
(2.13). This represents the loss in utility to the investor if he chooses to purchase one more unit
of the risky asset at the price p;. On the other hand, the right hand side represents the gain in
(expected, discounted) utility from the extra payoff tomorrow associated with having the additional
unit of the stock. The agent will continue to buy or sell the asset until (2.13) holds with equality.
To see why, consider the case that the gain in utility tomorrow exceeds the loss today. Then it
makes sense to buy more of the asset, since the agent gains more than he loses by doing so. The
second Euler equation, (2.14), does exactly the same thing as (2.13), except that it is determining
the price of the risk free asset, with final price of one and no dividend payment. This equation is
actually what we would use to compute the risk free rate. Since the bond is a discount bond, the
gross rate of return will be 1/¢;. Thus, we can define the risk free rate, R/, to be

1
 Ey(mygr)’

!This is called the envelope condition or Benveniste-Scheinkman condition. It can be derived by computing the
total derivatives of v and using the first order conditions (2.5)-(2.8).

R/ (2.15)
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ﬁU’(CtH)

where we have defined my411 = ; . This m is called the stochastic discount factor and may
u(Ct

be used to price any asset in the market. Consider any asset (risky or not) with payoff z;;1. Then
today’s price of the asset is py = Ey(mir12441). See [4] for a full discussion of discount factors.

We saw above that in each time period there must be a zero net holding of the bond and all of
the share of stock must be owned. Also, since all agents are identical this implies that each agent
always has the same portfolio, namely, (1/N)* of the share of stock and zero bond. Thus, there
is no trading in this model. Agents simply hold their portfolio and consume their dividends each
period. It is important to note, however, that no trading does not imply that the price doesn’t
move. In fact, the price does move and will be our main focus. Once dividends are declared all
agents will try to trade based on their new information. The problem is that since they are all
identical, they will simply bid the market price to a new level where none of them wants to trade.
The result is a movement in price without any trading volume.

2.1 An Example

We will conclude the section with an example that will be used throughout the paper. Suppose the
agents have the the special power form of the utility function:

1=y
¢ '—1

- 2.1
— (2.16)

u(er) =

where v > 0 is a fixed parameter.? v is a measure of the level of risk aversion for the agent. The
larger « is, the more risk averse the agent is. In the limiting case v — 0, the agent is risk neutral.
The Euler equations for an agent with this utility function are:

picy | = BEc ) (Pryr + diga)] (2.17)

and
gic; | = BEc, ] (2.18)

Thus, the stochastic discount factor is

-
mepr = (*) | (2.19)
Ct
Finally, the risk free rate will be
1 1 crr1 )
R — ____E <) , 2.20
Emin) B\ « (2.20)

3 The Burnside Model

In this section we will, through the use of a carefully chosen process for dividends, be able to specify
an exact solution for the Lucas asset pricing model. Assume that there is a single representative

1—v
2This differs from the form commonly used in the literature. Usually, this utility function is written as u(c;) = ‘:117
and is then accompanied by a statement that the limit as v — 1 is In¢;. This, in fact, is wrong. The —1 is required
in the numerator so that L’Hospital’s rule applies. This “error” is made since we are usually only concerned with

marginal utility and so the addition of a constant term is not relevant.
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agent® whose utility function is power utility. That is, the agent wishes to maximize

o0 Cl—w 1
Ey {Zﬁttl_fy} ’ (3.1)
t=0

subject to
¢t + ser1pe < (di + pe)st. (3.2)

Since there is only one agent in this model, he will hold the single share at equilibrium. This will
imply that, at equilibrium, ¢; = d; for all ¢. Using this fact and (2.17), we can write the first order

conditions as
d -
pt = BE; { <;—:1> (Pe+1+ dt+1)} - (3.3)

Dividing both sides by d; and defining the price-dividend ratio to be v; = %’ we get

1—
Ve = ﬂEt { <dzl—:1> ! (Ut+1 + 1)} (34)

We will suppose that dividends grow according to d; = e**dy_1, where z; = (1 — p)u+ pri—1+&4
with g; being i.i.d. N(0,02) and |p| < 1. Here p represents the persistence of the growth rate. For
values of p close to one, the growth process will be highly persistent. This means that if the growth
rate were high in a given period, it will likely be high in the next also. (As a special case, consider
p = 0. This corresponds to the independent, identically distributed case.) Then (3.4) becomes

Vt = /6Et |:€9:Et+1 (’Ut+1 + 1) s (35)

where we have let § = 1 —~. Burnside (1998) shows (after some algebra) that the solution, v, may
be expressed as

o0
v =3 expla; + by(ar — ), (3.6)
j=1
where ) 0
. 1 o . p 4 1—p%
=0 P |j—2—"(1— 2
0 =i+ (1_p)2[y -
and

p

bj =0——(1—p).

j=0r =)

A natural concern at this point is convergence of the above infinite series. The following
proposition addresses this issue.

Proposition 3.1. The series defined in (3.6) converges if and only if

exp lop+ 22— ] <1
r= ex’ —U .
P T a—pp

3This is a common simplifying assumption in the economics literature. The reason for doing so is that we have
N identical investors so we need only look at one of them. This can be confusing too, however. It is not natural
to think of an economy with only a single agent. To avoid confusion, always keep in mind that the agent could be
thought of as many agents, all identical.
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Proof. The proof is straightforward. Let z; = 3’ explaj + bj(x; — p)]. Then v, = Z]Oi1 zj. Next,

we will compute lim S We need the following first:
Jj—00 Zj
1 o? 2p , 1— p¥t?
1—a; = 0(j+1 P |(j+1) - Q= p 4 PP
aji—a; = 0G+Du+t g @ppkm+> R R
1 o? 2p , 1—pitt
—Ojp— =0 —— |j - (1 — 2
Jh=3 (1p)2[ 17[)( p)+p 7
_ 9 +}02 o? ) 2p (1=t — 14 ) + P (1— p2+2 _ 14 g%
C TR e 1—p -2 7 P
1 O'2 2p : p2 .
= Ou+ 6> 1-— - 2(1 - p?
pet s u_)Q[ g o )
— G 102 0’2 [1 2pj+1+ 2]—&-2}

Also, it is easy to see that bj+1 — b; = 8p/ 1. Thus we have

Zj+1
j

lim
Jj—0o0

= lim Bexp((aj+1 — a;) + (bj+1 — bj) (e — )]

J—00

0.2

_ : 12 o g+l 2542 i+1
= 5exp{jlggo[9u+20 7(1_@2(1 207+ pP )+ 0p

1 o?
= ] 92
o o+ 302
where the last equality follows from the fact that |[p| < 1. By the ratio test, if » < 1 the series
converges and if » > 1 the series diverges. Consider the case where r = 1. Then the ratio test is
inconclusive. However, if r = 1, then (after some algebra)

1
- ~p2
“ eXp{2 (1-p)? [pl—pQ 1—p 1—p

It is easy to check that lim z; # 0 so the series will not converge when r = 1. This completes the
j—oo

proof. O

Proposition 3.1 is more important than it may seem at first glance. Our main usage of the
Burnside model will be to check the accuracy of some methods of approximation. It will be
important to make sure that the parameters we choose will lead to an exact solution that makes
sense.
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Table 3.1: The price dividend ratios for various cases and growth rates

Tt
Case —-0.2 -0.1 0 0.1 0.2
Benchmark | 11.99 12.21 12.44 12.67 12.91
6=0.5 3.40 346 3.53 3.59 3.66

8 =0.99 26.33 26.82 27.31 27.82 28.34
0=-10 3.83 434 491 557 6.30

0=-5 6.36 6.77 720 7.66 8.15
=0 19 19 19 19 19

0=0.5 23.50 23.35 23.21 23.07 22.93
o =0.001 11.82 12.04 12.26 12.49 12.72
c=0.1 13.38 13.63 13.89 14.14 14.41
p=0 12.53 12,53 12.53 12.53 12.53
p=0.5 17.87 1552 1349 11.72 10.20
p=0.7 28.83 21.08 15.48 11.42 8.47

Table 3.1 shows the price dividend ratios for many different cases. The benchmark values
are (based on historical data) : u = 0.0179, o = 0.0348, § = 0.95, § = —1.5 and p = —0.139.
These values will be used throughout the paper. In each case all values but the one indicated are
maintained at their benchmark levels. It is worthwhile to examine some of the individual cases
presented in Table 3.1 in order to build some intuition about what is happening in this model.
Typically, when we do comparative statics in financial economics we discuss price levels as opposed
to price-dividend ratios. Therefore, in the discussions below it may be helpful to think of the
dividend as fixed and instead of considering v = g, think of p = d-v. The benchmark case is shown
in Figure 3.1.

Price-Dividend Ratio
N
(&,
1

12 Il Il 1 1 1 1 Il
-0.2 -0.15 -0.1 -0.05 0 0.05 0.1 0.15 02
Dividend Growth Rate

Figure 3.1: A plot of the exact solution in with all parameters at their benchmark levels.

First, consider the cases in which 3 is varied. If an agent has a particularly low (3, then this
means that he values money today much more than money tomorrow. Specifically, for an agent
with = 0.8, one dollar tomorrow (with certainty) is only worth 0.80 today. Since buying a stock
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essentially amounts to purchasing an infinite (albeit not certain) stream of payments, it only makes
sense that the agent with the lower discount rate would not be willing to pay as much for it - he
would rather have his money today than wait. A similar argument can be made for the agent with
8 =0.99.

Second, we examine the various # cases. Recall that the agent’s utility function was u(c) =

01:7_1 or u(c) = 000_ L Thus, 6 is the agent’s risk aversion parameter, the lower the value of 6, the

more risk averse is the agent.* Before proceeding we will need the following definition.

Definition 3.2. The gross return from period t to t + 1, denoted as Riy1, is defined as

Pi1 + dig1

bt '
This can be thought of as the total payoff of the stock during period t + 1 divided by what the agent
paid for it one period earlier. We can also define the net return as ryv1 = Ry — 1.

Ry =

It is not immediately obvious why varying 6 gives the results it does. Suppose we fix the
dividend in period ¢ so that d; = d*. Then a high price-dividend ratio implies a high price and a
low price-dividend ratio implies a low price. We now turn to the agent’s preferences. The more
risk averse an agent is, the higher return he will have to expect in order to invest in a risky asset.
This will correspond to the case where p; is lower. In other words, for a fixed dividend level, the
most risk averse agent will pay the least for the stock and the least risk averse agent will pay the
most. This explains why the price-dividend ratio is increasing in 6. The case when § = —30 is
shown in Figure 3.2 (this is an unrealistically small value for 6 but it illustrates the potential shape
and slope of the graph).

Price-Dividend Ratio
AN

3 Il Il 1 1 1 1 Il
-0.2 -0.15 -0.1 -0.05 0 0.05 0.1 0.15 0.2
Dividend Growth Rate

Figure 3.2: A plot of the exact solution for the case § = —30.

We would also like to explain why the price-divided ratio is increasing or decreasing in the
growth rate for each 6 case. Let us begin be rewriting (3.3) as

pi = BE, K“)W (Pra1 + dtﬂ)} . (3.7)

Ct+1

4Actually, it makes more sense to talk about v as the risk aversion parameter since a higher v means a more risk
averse agent.
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It is slightly easier to visualize if we return to the previous ~ notation, where § = 1 — v. Now,
suppose that today’s growth rate is negative. Since all parameters except 6 () are maintained
at their benchmark levels, we will have p < 0. This implies that tomorrow’s growth rate will be
positive which implies that tomorrow’s consumption will be higher than today’s. Thus, the ratio
of consumption today versus tomorrow is less than 1. Now, suppose v < 1 (which corresponds to
6 > 0), say v = % Taking a square root of something less than one results in a larger number.
This leads to a larger price today and thus a larger price-dividend today, since d; is known. As
x; increases, the ratio of consumption will decrease and thus, so will the price-dividend ratio. A
similar argument can be made for the case v > 1. In the case v = 1, the problem becomes trivial
since in (3.6) both the a; and b; will be 0. The solution then becomes > 7%, B = %

Finally, we consider changes in the variable p. It turns out that in approximating the solution
to this model, large values of p are the most troublesome. This is due to the fact that for large
values of p, the price-dividend curve has a lot of curvature, whereas for lower values it is close to
linear. The easiest case to explain is when p = 0. In this case we have x; = u + ;. Thus dividend
growth is i.i.d. over time. Therefore, the agent’s valuation of the price-dividend ratio (and thus
the price) should have nothing to do with the current dividend (nor the current z; value). This is
reflected in the constant value for all z;. For p < 0 the price-dividend is increasing with respect to
x¢. If x; is negative today, then this will increase the mean dividend growth rate for tomorrow and
thus we expect higher dividends. This causes the the p-d ratio to be smaller. On the other hand,
if xy is positive today then the mean tomorrow should be less and therefore dividends will be less,
and the p-d ratio will be larger. A similar argument can be made for p > 0. A plot of the p = 0.8
case is given in Figure 3.3.

50

-

W w
S o

T T

1 I

/

Price-Dividend Ratio

20+ .

5 I I I I 1 L L
-0.2 -0.15 -0.1 -0.05 0 0.05 0.1 0.15 02
Dividend Growth Rate

Figure 3.3: A plot of the exact solution for the case p = 0.8.

The plots given above are restricted to a small portion of the real line. As can be seen from
(3.6), the plot of v on the whole real line will look like an exponential function. Extreme values
of the growth rate are highly unlikely (since the shocks are normally distributed about 0) so we
restrict our attention to z; to five standard deviations about its long run mean.
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4 The Perturbation Method

The first method of approximation that we will discuss is the method of perturbations. We follow
the lead of Collard and Juillard (2001). Before we begin we will need the following preliminary
result from advanced calculus.

Theorem 4.1 (Implicit Function Theorem). Suppose H : R™ x R™ — R™ is C* and there exists
a point (xg,yo) such that H(xo,yo) = 0 and Hy(xg,yo) is not singular. Then there exists a unique
function h : R" — R™ in C* such that yo = h(xo) and H(x,h(x)) = 0 for x near xo. Moreover,
the derivatives of h may be computed by implicit differentiation of the identity H(x,h(x)) = 0.

4.1 The Method

We begin with a fairly informal description of the method as in [7]. Below, we will apply this idea
to the Burnside model and compare our approximations with the exact solution given in (3.6).
Suppose f: R x R — R is a differentiable, known function and that we wish to solve

f(.%',é‘) =0 (4.1)

for x, where € is a parameter. Assume that for each ¢, the above equation has at least one solution.
We will search for a function, x = z(e) such that f(x(e),e) = 0. The Implicit Function Theorem
tells us that such a function exists, is unique and is differentiable (as many times as f is), as long
as f, # 0.

The perturbation method is essentially nothing more than a Taylor series approximation, of
whatever order we wish. Assume x(0) is known. Suppose we wish to construct a linear approxi-

mation for z(g) about € = 0:
zP(e) = 2(0) 4+ 2/ (0)e. (4.2)

We have assumed knowledge of x(0) but not of z/(0). To compute this we will apply implicit
differentiation to (4.1). This gives

fo(z(e),e)2' (€) + fo(x(e),e) = 0. (4.3)
Plugging in € = 0 and solving for z'(0) we get
iy . 4e(@(0),0)
where all the terms on the right are known. Thus we have
by Je(@(0),0
z"(e) = z(0) F-(2(0).0 € (4.5)

We could continue in this way. For example, let us define

1
29(e) = z(0) + 2'(0)e + 536”(0)62, (4.6)
to be the second order (quadratic) Taylor approximation to x(g). Then, applying implicit differen-
tiation to (4.1) twice gives
fﬂ&xn + fmx(x/)z + 2fa:a$l + fee = 0. (47)
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Plugging in £ = 0 and solving for z”(0) we get

2"(0) = — o2 (2(0),0)(2'(0))? + 2f2e((0), 0)2"(0) + fee (2(0),0)
f2(2(0),0) ’
which completes the second order approximation. This process can be continued to any order
desired without having to assume anything further about our knowledge of x, as long as f has the
required derivatives.

To check how close the approximation is to the true solution, one can plug the Taylor approxi-
mation into (4.1) and see how close it is to zero. For example, suppose we wish to use a quadratic
approximation to estimate z(1). Then we could obtain the approximation as above and check the
residual 7@ = f(2%(1),1). If this is small, then we may decide that our quadratic approximation is
sufficient. Otherwise we may have to try a higher order approximation. What constitutes “small”
will depend on the problem.

(4.8)

4.2 Application to the Burnside Model
Let us write the Burnside model as

Iy = h(xt_l,Et), (49)
v = Efg(vegr, met1))s (4.10)

where g(v,x) = fexp(fz)(1 +v) and h(z,e) = (1 — p)T + pz + . We are seeking a function f( - )
such that v; = f(x;). Then (4.10) becomes

f(x) = Elg(f(h(zt, €041)), M@, £041))] = Et[G(wt, €441)]- (4.11)

We now proceed in a similar way as in the case presented above, however, we will not explicitly
solve for the coefficients in the Taylor expansion, at least not initially. The reason for this alternative
approach is that there are many functions and many variables in (4.11) and it is not immediately
obvious how to tackle the problem in the preceding framework. Instead, we will proceed as follows.
Let H(xz¢,e441) = f(x1) — E¢[G(x4,e441)]. Then (4.11) amounts to solving H(x¢,e.41) = 0. Note
that in this case, unlike before, we are not interested in solving for z; = z¢(e4+1). Next, we will
expand H in a Taylor series about the deterministic steady state. Thus, before proceeding, we will
need to establish for which values * and v* the economy is in a deterministic steady state. Using
(4.9) and (4.10) we obtain

t=pr+(1—-p)z <= 2" =1z, (4.12)
and
. Bexp(0z)
1 Bexp(Az)’
Suppose, initially, we are interested in a first order approximation. Then expanding H about (z*,0)
gives

vt =g(v*,2") <= v (4.13)

H(zy,e441) ~ H(x",0) 4+ Hy(2*,0)3 + Ho(2%,0)e141
= [f(2") — Ey(G(2",0))] + [fo(2") 2t — Et(Go(27,0)) 4]
+fe(@")err1 — Ey(Ge(2™,0))er41]
= f(&") + fo(2¥)3 — E[G(2%,0) + G (2",0)T — Ge(2",0)e41]
= fo+ fizy — Et[Gop + G102t + Go,16¢+1)
= fo+ fige — Et[Gopo + G102,
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where we have used the fact that Fy[e;1] = 0,Vt, by definition. Note that we have introduced
following notation:

dk ai—i-j ) )
fk = ﬁf(x) . ) G”L,j = 33:’85] G(.’I},E) x:%* and Ty =T —T .
e=

Also, note that we are expanding around € = 0 so € = €. Equating coefficients gives
fo=Goo=g(v",2") =v" and fi =G

All that remains is to compute the partial derivative of G with respect to x. This is not difficult
since all the functions involved are known except for f. Using the chain rule we get

B dg(v, ) Oh(z,¢) 9g(v, ) Oh(z,¢)

Gl,o - fl 31} v=ov* 81) r=x* + 6.%' =p* ax r=x* (414)
r=z" e=0 =x* =0
= fipBexp(0z) + pd3 exp(67)(1 + fo) (4.15)
V(] 4 o
Thus, we get f1 = PO exp(0z)( 4: Y ) Therefore, our first order approximation for f is
1 — pBexp(07)

Flag) = Bexp(07) pOBexp(0z)(1 + v )fft (4.16)

(1 — Bexp(67)) 1 — pBexp(07)

At first, this seems like a decent accomplishment. We were able to approximate our unknown
solution function in terms of what we know. There is a fairly severe problem however - the approx-
imation in (4.16) does not involve o in any way. Recall that our dividend growth rate was assumed
to evolve according to xy11 = (1 — p)T + pxy + €441, where € ~ N(0,02). Thus, the only source of
risk in the dividend process is in the shocks to the growth rate. Since (4.16) does not depend on
o, the solution will be the same regardless of the risk.

The above strategy can be extended to any order of expansion we wish. Using higher orders
of approximation will allow higher moments of the distribution of € to be taken into account.
This should greatly improve the accuracy of the approximation. For example, the second order
approximation will be computed as

. 1. . 1 N 1 .
fo+ fide + §f2€ﬂf = E; |Goo + G102t + Go16e41 + 5027090? + §G0,2€§+1 + G2 |- (4.17)

Given the distribution for € we have Ey[e;1] = 0 and E;[e7, ;] = 0. After taking expectations, the
above may be simplified to

. 1, . 1 . o2
fo+ fize + ifgl‘% = G070 + G17oxt + §G2,0x? + ?GOQ. (4.18)

Equating coefficients gives

2
g
fo=Goo+ 7G0,27 fi=Gio and fr = Gap.

Computing the partial derivatives will result in the following linear system:

g 2 O‘2
fo = ses(en)|(1+ U5 ) @ o+ G0+ ). (4.19)
fi = pBexp(07)(f1 +0(1+ fo)), (4.20)
fo = p?Bexp(8Z)(0*(1 + fo) + 201 + fo). (4.21)
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It is clear that these coefficients now depend on the variance of the shocks to the growth rate.
This is a step in the right direction. In fact, we would like the approximation to take into account
higher moments as well, such as skewness and kurtosis which are known to be important factors to
consider in asset pricing models.

The following system of equations will give the n*? order approximation (see [5] for a derivation):

fo = Pexp(6z) Z 67 + Z( >9] lfl] 1 (4.22)

Jj= 0

n—=k
Lho= Y (’j“.)ﬂexp(ex)

Jj+k Tk
0tF 4 Z (J I )9]+k lf] Fjs (4.23)

=0

fn = Pexp(fz)p

0" + Z ( )9’” f,] : (4.24)

where 11; = Et(égﬂ).

4.3 Error Analysis

Since the model has a closed form solution, error analysis is quite easy to do. We will simply
compute the true and approximate solutions to the model at several different points and evaluate
the closeness of the two solutions. The following two formulas will be used in measuring this

closeness:
1 N
FE; =100 x N E } ,

t=1
where g is the true solution and g; is the approximate solution. The N points were picked to be
uniformly spaced in the interval [Z — 50, Z + 50].
The benchmark values were chosen to be the same as those given on page 8. The series defined
in (3.6) was truncated after 800 terms and N = 20 was chosen as the number of points at which to
compute the error.

Yt — Ut
Yt

Yt — Ut
Yt

and F. =100 x max{
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Table 4.1: Average and maximum relative (percentage) errors for the perturbation method

Order 1 Order 2 Order 4

Case F E FE Fs E; E
Benchmark | 1.44(0) 1.48(0) | 1.79(-3) 3.94(-3) | 1.63(-3) 3.51(-3)
8=0.5 2.55(-1) 2.93(-1) | 2.22(-3) 4.54(-3) | 2.02(-3) 3.98(-3)
6 =10.99 2.94(0) 2.98(0) | 1.83(-3) 4.26(-3) | 1.68(-3) 3.88(-3)
0 =-10 2.38(1) 2.53(1) | 6.12(-1) 1.36(0) | 5.49(-1) 1.40(0)
0 =-5 9.31(0) 9.70(0) | 7.09(-2) 1.60(-1) | 6.42(-2) 1.53(-1)
=0 0 0 0 0 0 0

0 =05 2.87(-1) 2.90(-1) | 6.45(-5) 1.39(-4) | 5.87(-5) 1.21(-4)
o = 0.001 1.19(-3) 1.22(-3) | 4.18(-8) 8.60(-8) | 3.80(-8) 7.29(-8)
oc=0.1 1.18(1)  1.21(1) | 4.72(-2) 1.10(-1) | 4.35(-2) 1.06(-1)
p=0 1.81(0) 1.81(0) | 1.25(-3) 1.25(-3) | 5.70(-7) 5.70(-7)
p=0.5 7.49(0)  9.65(0) | 2.02(-1) 4.88(-1) | 1.25(-1) 2.58(-1)
p=0.7 2.06(1) 3.17(1) | 1.99(0) 5.19(0) | 1.16(0) 2.43(0)
p=0.8 4.33(1)  6.97(1) | 9.92(0) 2.23(1) | 6.67(0) 1.35(1)

The first order approximations are typically very poor. This is mainly due to the fact that, as
previously discussed, the first order approximation ignores risk altogether. The exception here is
the case ¢ = 0.001. In this case the volatility of the shocks is quite low and so ignoring it does
not make a huge difference. Certainly as ¢ — 0 we would expect approximations of all orders
to converge to the true solution since all uncertainty would be removed and we would essentially
be left with a bond. For most cases the accuracy improves quite nicely as the order is increased.
The exception to this are the cases for larger p. In these cases the true solution has much more
curvature in the region of interest than the benchmark and so we should expect to need higher order
approximations. It is important to remember that the values in Table 4.1 are actually percentages.
One could divide each by 100 to get two more decimals of accuracy. For comparison, all three
orders are plotted along with the exact solution for the p = 0.5 case in Figure 4.1.

T
Order 1

—— Order 2
17+ N —— Order 4 -
: - Exact

Price-Dividend Ratio

9 Il Il 1 1 1 1 1
-0.2 -0.15 -0.1 -0.05 0 0.05 0.1 0.15 0.2
Dividend Growth Rate

Figure 4.1: All three approximations plus the exact solution for the p = 0.5 case.
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5 The Projection Method

5.1

The Method

The projection method differs from most numerical methods. Typically a numerical approximation
to a problem will only offer a solution at a discrete number of points. To evaluate the solution at a
point which is not in this set of discrete values one would need to use some interpolation rule. The
way in which projection methods differ is that we are approximating a solution function which is
valid at all points in the region of interest. We will begin with a fairly general description of the
method, as in [7], then proceed to applying it to solve the Burnside model.

Suppose we wish to solve N'(f) = 0, where N/ : By — By is some continuous operator (linear
or not) and B; and By are inner product spaces of functions f : D € R¥ — R™. The method will
be comprised of several steps (as in [7]), each of which is outlined below.

1.

3.

Choose a basis in ® = {¢;}7°, over B; and denote the norm as || - ||. Also, choose a basis
U = {9;}°, over By and denote the inner product as ( -, - ). Typically these basis functions
will increase in complexity as ¢ increases. If the basis is polynomial functions then usually
the i*" function will be the degree i — 1 polynomial (with the first one being constant).

Choose how many basis functions from Bj to use in the approximation. Define
n
f) =" awpi(),
i=1

and denote a = (ay,as2,...,a,). In general, it will not be possible to represent the actual
solution as a finite linear combination of basis functions (that is, the only n that truly works
is n = 00). Also note that it is not usually going to be possible to pick the best value for
n a priori. Instead, several approximations should be done until one is satisfied with the
“closeness” of the approximation. This will be addressed in the next few steps.

In many cases it will be necessary to also construct an approximation, N, to the operator
N. This is required when it is not possible to numerically compute N ( f ). A typical example
of this (and one that we will see later) is if A/ involves the integration of f. In this case one
would need to use an appropriate quadrature rule and thus replace the integral operator A/

byasumN.

. Define the residual function

R(z:a) = W(f( - ;a))(x).

Compute |R( - ;a)| = (R( -;a),R(-;a)) or choose [ test functions in Ba, p; : D — R™ i =
1,...,l, and for each guess of a compute P;( - ) = (R( - ;a),pi( - )). Examples of how this
might be done will be given below.

Find a € R” that either minimizes ||R( - ;a)|| or solves P(a) = 0. This will give us an
approximate solution, f, to the approximate problem, N(f).

. Finally, it needs to be verified that this f sufficiently approximates N (f). This can be done

by computing the norm [N (f)| and/or the projections of N'(f) against test functions not
used already in finding f and seeing how close these values are to zero.
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There are several ways in which one can actually solve for the vector a of coefficients. Most
vary in degree of difficulty and accuracy. Some methods will be presented below. In all cases the
overall goal is similar: make the approximation as close as possible. The methods differ in how
they define what “close” is.

e One of the most familiar approaches to problems such as this, especially from an economics
standpoint, is the method of least squares. This amounts to solving the following minimization

problem:
min(R(z;a), R(x;a))
a

e Perhaps the easiest and most intuitive method is the method of collocation. The idea behind
the method is as follows: since our ultimate goal would be to have the residual be zero
everywhere (which is equivalent to having the exact solution), let us make the residual zero
at n places and hope that it doesn’t deviate much from zero in between. A particularly easy
implementation of this method would be to choose the n points to be uniformly spaced in the
interval in question. This is called uniform collocation. The problem with this approach is
that it is possible for a function to vary substantially from zero in between the nodes where
it is chosen to be zero. A similar, yet much more reliable approach, is to choose the points
to correspond to the Chebyshev nodes. For example if the domain in question were simply
[~1,1], then we would need only find the roots of the n® order Chebyshev polynomial and
make those our collocation points. This method is called Chebyshev collocation. It can be
shown that a smooth, well-behaved function which is zero at these Chebyshev nodes is close
to zero for all x € [—1,1] (see [7], Ch. 6 for details). For any other domain, [a,b], it is
straightforward to map [a, b] into [1,1] and apply the same technique.

e The subdomain method involves splitting the domain, D, into n pieces (or subdomains) and
ensuring that the approximation is (on average) good on each piece. Another way of stating
this is that the residual function is, on average, zero on each subdomain, or

Pi(a) = (R(x;a),1p,) =0, foreachi=1,...,n,
where D = Dy UDyU---U D, and 1p, is the indicator function of the set D;.

e The method of moments insists that the residual be orthogonal to each of the first n mono-
mials. That is, '
Pi(a) = (R(z;a),271) =0 foreachi=1,...,n.

This method turns out to be quite similar to the next.

e Finally, we will discuss the Galerkin method. In this case we insist that the residual be
orthogonal to each of the basis functions we chose. That is,

Pi(a) = (R(x;a),pi(x)) =0 foreachi=1,...,n.

In this case we need to make the assumption that By C By so that the inner products make
sense. Notice that if we had chosen our basis to be {2'71}2°,, then the method of moments
and the Galerkin method coincide. This method works particularly well if the basis is chosen
to be orthogonal. In that case, since R is defined in terms of the ¢;, the inner products
become simplified due to the orthogonality of the basis functions (since the inner product of
two distinct, orthogonal functions is zero). This is the method that will be applied to the

Burnside problem below.
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Thus far, we have discussed the projection method in a fairly general context and provided
some ideas on how to impose the projection conditions. We have yet to discuss, however, how one
would go about choosing a suitable basis. In general, any basis will work. However, there are some
choices which will be obviously bad and others will be poor choices for more subtle reasons. In
physics problems, it is typical to use trigonometric basis functions and apply Fourier analysis. This
is a good choice for problems which are naturally periodic, ones involving waves for example. In
economic applications, however, this is a very poor choice. Solutions to most economics problems
are not periodic and to approximate a nonperiodic function with periodic basis functions will require
many terms. This will cause the method to become too computationally intensive. A particularly
easy choice of basis would be to simply use {1,z,22,...}. While this will work, it will not be the
most efficient choice. It turns out that the best choice is to use a family of orthogonal polynomials
as your basis. As discussed briefly above, this will aid in reducing the computational complexity of
the problem.

There are many families of orthogonal polynomials to choose from. Some common ones are
Legendre, Chebyshev and Hermite. In this paper we will use Legendre polynomials as our basis
functions. The reason for this is that they are orthogonal with respect to a weighting function of
1. This will eliminate some additional computational headaches later when we need to compute
integrals since the weight function for some families of polynomials can be singular at the endpoints.
The Legendre polynomials, P;, can be defined recursively as

Py(x) =1,
Pi(z) =z, (5.1)
Pu(z) = ((2k — )aPs_1 — (k — 1)Ps_s)/k.

These polynomials are orthogonal with respect to the weight function w(z) =1 on [—1,1].

5.2 Order n Galerkin Approach to the Burnside Model

Recall Equation 3.5:
v = BE, [eem”l(vtﬂ + 1)} . (5.2)

Let f: R — R be a continuous function defined on all of R. Let v; = f(x;) and write z; = z.
Then we have

f@) = BE [ (f(x) + 1) 2] (5.3)

Note that we have N'[f](z) = f(z) — BE [e®+1(f(z41) + 1)’ ], where z;11 is also a function
of . Also, in this case we will take By = {g € L? : g(z) = 0 if x ¢ [a,b]} and By = L?. The best
choice for the values of a and b will be computed later. For now, we will assume they are known
and fixed. Let {P;};" be the first n + 1 Legendre polynomials on [—1,1] as defined in (5.1) and

define
P, ( z=a _ 1) a<z<b
pi(z) = ba . (5.4)
0 otherwise

The ¢; are now orthogonal on [a, b] with respect to the weighting function w(z) =1 (in fact, they
are orthogonal on any interval containing [a, b]). That is,

b
<mm%mﬁ/¢mmmm=&mmm¢f (5.5)
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Define the approximate solution to (5.3) as

= Z aipi(x)
i=0

To simplify notation, we will write E,[ - | to mean E[ - |z]. Plugging (5.6) into (5.3) we get

Y aipi(z) = BE; | (Z aipi(zii1) + 1)
=0 L

=0

r n
_ ﬁEx €9$t+1 Z aigpi(mtJrl) + e@xtJrl]
=0

n
= pE; €6xt+1zai§0i($t+l)
L =0

S et 95 [0

+ BE, [69%"'1}

Collecting terms we have

n

Z ( i(@) — BEx [emtﬂ ($t+1)]> = BE; [eemt“].

i=0
In order to solve for the coefficients a;, we let

n

R(z;a) = Zai (%’(x) — BE: [€9It+1‘pi(xt+1)]) ~ BE: {eexm}

=0

and require that
(R(z;a), pr(x)) =0 foreach k=0,1,...,n,

where the inner product is defined in (5.5).
Combining the orthogonality condition (5.13) with (5.11) we get

n

/a e > ai (ile) = BB, [+ gi(ari)| ) do = / ' () BE, [e=enr] d,

1=0

for each k. Interchanging the (finite) sum and integral we have

b
Zaz/ op(x — BE; [ bres1 (xt+1)D dx :/ or(T)BE, [69““] dx.
a
This can be written as a matrix system
Ma = b,
where

My = /absokm( (@) = BE: | oi(wrs)|) do

19

(5.6)

(5.11)

(5.12)

(5.13)

(5.14)

(5.15)

(5.16)
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and )
b :/a or(z)BE, [eext“} dzx. (5.17)

It is now time to choose our a and b so that everything will make sense. In particular, we need
to choose these limits in such a way that we will never need to evaluate a Legendre polynomial
outside of them. First, we need to discuss how we will evaluate the expectations in (5.16) and
(5.17).

Since x4y is normally distributed, it is natural to use Gauss-Hermite quadrature to evaluate
the above expectations. The general rule is as follows. Suppose Y ~ N(u,0?) and h( - ) is an
arbitrary function defined on (—oo, 00). Then

1 & m!  hm)
BN = 2 S e (V3o 10 + 3 (2m§§>
for some £ € (—o0,0) and where w; and x; are the Gauss-Hermite weights and nodes, respectively
(see [7] for details). We will use m = 10 here. In this case, the largest node will be approximately
3.44 standard deviations from the mean.

Let a(z) = (1 — p)Z + pz. Then 411 = (1 — p)Z + pz + ¢ = a(z) + ¢ and so z¢+1 ~ N(a, 0?).
This implies that we can apply the above approximation to evaluate (5.16) with h(y) = e®;(y).
To make things a little clearer, suppose for the moment that z = 0. Then we need to choose a and
b such that {v20x; + pr : x € [a,b]} C [a,b] for any i. Since |p| < 1, this amounts to choosing b

such that 3.44v/20 < (1 — |p|)b. Therefore, take b = 3'15_“/3". Similarly, take a = —3'15_\|/E|U . Thus, in

our case (when = # 0), we will have

a:f—3'5\/§a and bzi—kM.

1—pl 1—pl

It is important to note that while this will hold for any p, for large values of |p| this interval
will become too large and most accuracy will be lost. This turns out, at least in the context of
this paper, to not matter much. Typically in asset pricing problems p will be small and negative.
Throughout this paper it will be assumed that |p| < 0.8.

The remaining integrals in (5.16) and (5.17) can be computed using a Gauss-Legendre quadra-
ture. The number of nodes used in these approximations will vary from one to the next depending
on the order. If n < 10, then 10 nodes are used. If n > 10, then n+1 will be used. Finally, the n+1
by n + 1 linear system is solved for the vector a of coefficients and we will have our approximation

for vy = f(ay).

5.3 Error Analysis

In performing the error analysis, the following formulas were used:

N

E1:100><%Z

t=1

Yt — Ut
Yt

Yt — Ut
Yt

and F. =100 x max{

3

where y; is the true solution and ¢; is the approximated solution.” The code was then run for
increasing orders until each of the above errors seemed to roughly converge. In most cases this was
around 10~7. As before, N = 20 was used for the error computations.

5

5The error was reported in this way since this is how it was done in Section 4, which was how it was done in [5].
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The error analysis shown on the next page is split up in the following way. Table 5.1 shows
the errors of the approximation method for the benchmark case as well as cases when 3 and o
are varied. Table 5.2 shows the results when 0 is varied. Finally, Table 5.3 shows cases when p is
varied, up to and including p = 0.8.

It is important to note that the cases in which @ is large negative or p is positive result in a
true solution that has much more curvature than in the other cases. This means that it will require
many higher order polynomials to accurately approximate the function. This can be seen in the
tables; it takes n = 21 in the p = 0.8 case to get the same accuracy as n = 6 in the benchmark.

For all the cases considered here, we were able to obtain decent error estimates, eventually. In
the cases for large p, much higher order was needed. The method allows for this although at the
cost of taking much longer to return the answer. For many cases, as with perturbation methods, the
approximation required very little effort to get quite close. These are cases where the price-dividend
ratio is constant or nearly linear in the region of interest.

Upon comparing the error results from the perturbation method and the projection method,
one could come to the conclusion that projection is much better. This may or may not be true.
In terms of ease of computation, projection is much better. It takes virtually no extra effort to
write computer code that works for general n than it does to specify n up front and never be able
to change it. Unfortunately, the same is not true for perturbation methods. For any given n,
the system of equations (4.22)-(4.23) must be expanded and solved. Since the equations involve
many partial derivatives, it would be very difficult to do this numerically for general n. It may be
possible to have Maple or Mathematica compute the equations for general orders, but this was not
attempted here. It is hard to say what would happen in terms of comparison if we were easily able
to perform the perturbation method for arbitrary n.

Figure 5.1(a) shows the plot of the order 5 approximation and the exact solution in the p = 0.7
case. This is the highest order in which the two curves are distinguishable. For order 6 and above
the approximation is good enough that the two curves appear to lie on top of one another. Finally,
Figure 5.1(b) shows the log error for the p = 0.8 case. The fact that the curve is asymptotically
linear with the order says that the error is decreasing exponentially.

T T T T T T
. — Exact
N .+ Order5

>
T

Price-Dividend Ratio
>
ya
Log Error

8 L L L L L L B L L L L L L L
-0.2 -0.15 -0.1 -0.05 0 0.05 0.1 0.15 0.2 0 2 4 6 8 10 12 14 16 18
Dividend Growth Rate Order

(a) (b)

Figure 5.1: (a) A plot of the order 5 approximation and the exact solution for the p = 0.7 case.
(b) A plot of log E; for the p = 0.8 case.
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n Benchmark 8 =0.5 6 =0.99 o =0.001 oc=0.1
E, E E, E E, E E, E E,
1] 256(-1) 2.77(-1) | 2.79(-2) 4.72(-2) | 5.55(-1) 5.76(-1) | 2.08(-4) 2.25(-4) | 2.39(0)
2 | 1.00(-4) 2.03(-4) | 1.15(-4) 1.65(-4) | 1.21(-4) 2.60(-4) | 1.86(-7) 1.90(-7) | 3.86(-3
3 | 6.15(-6) 6.94(-6) | 6.72(-7) 1.47(-6) | 1.33(-5) 1.41(-5) | 1.86(-7) 1.86(-7) | 4.50(-4
4 | 1.89(-7) 1.92(-7) | 2.74(-8) 3.17(-8) | 3.98(-7) 4.01(-7) 4.40(-7
5 | 1.90(-7) 1.90(-7) | 2.75(-8) 2.75(-8) | 4.00(-7) 4.00(-7) 1.90(-7
6 | 1.90(-7) 1.90(-7) | 2.75(-8) 2.75(-8) | 4.00(-7) 4.00(-7) 2.22(-7
7 2.22(-7

n =0 =05 9=-5 9 =-10
Ey Es Ey Es Ey Es Ey Es

1| 2.80(-7) 2.80(-7) | 5.21(-2) 5.43(-2) | 1.70(0) 1.94(0) | 4.86(0) 5.86(0)
2 | 2.80(-7) 2.80(-7) | 3.56(-6) 7.19(-6) | 4.49(-3) 9.07(-3) | 4.50(-2) 8.42(-2)
3 4.74(-7)  483(-7) | 4.32(-4) 5.32(-4) | 4.69(-3) 6.33(-3)
4 3.38(-7) 3.38(-7) | 9.22(-7) 1.96(-6) | 3.74(-5) 7.46(-5)
5 3.38(-7) 3.38(-7) | 8.33(-8) 9.62(-8) | 1.76(-6) 2.76(-6)
6 1.26(-7)  1.26(-7) | 1.25(-7) 1.45(-7)
7 1.26(-7)  1.26(-7) | 1.13(-7) 1.14(-7)
8 1.13(-7)  1.13(-7)

n p=0 p=0.5 p=0.7 p=08
£y Ew £y Ew Ey Es Ey Ew

1 | 1.91(-7) 1.91(-7) | 6.74(1) 6.95(1) | 1.30(2) 1.32(2) | 1.05(2) 1.06(2)
2 | 1.91(-7) 1.91(-7) | 4.65(-1) 8.39(-1) | 5.06(1) 1.30(2) | 1.83(3) 3.84(3)
3 2.34(-1) 2.56(-1) | 4.18(1)  4.37(1) | 1.07(2) 1.10(2)
4 1.78(-3)  2.60(-3) | 1.96(0)  4.18(0) | 1.24(2) 3.40(2)
5 4.26(-4) 5.01(-4) | 1.82(0) 2.00(0) | 1.21(2) 1.28(2)
6 2.34(-6) 3.99(-6) | 5.22(-2) 8.40(-2) | 9.23(1) 2.25(2)
7 5.98(-7) 6.97(-7) | 2.66(-2) 3.11(-2) | 6.05(1) 6.60(1)
8 2.07(-7) 2.11(-7) | 7.16(-4) 1.04(-3) | 6.79(0) 1.33(1)
9 2.06(-7) 2.09(-7) | 2.32(-4) 2.91(-4) | 6.96(0) 7.91(0)
10 2.06(-7) 2.09(-7) | 6.01(-6) 1.07(-5) | 4.77(-1) 8.02(-1
11 1.62(-6) 2.11(-6) | 2.55(-1) 3.07(-1
12 2.71(-7) 3.20(-7) | 1.82(-2) 3.10(-2
13 2.41(-7) 2.58(-7) | 7.17(-3) 9.19(-3
14 2.47(-7) 2.62(-7) | 5.06(-4) 8.84(-4
15 2.47(-7)  2.62(-7) | 1.51(-4) 2.09(-4
16 1.07(-5)  1.98(-5
17 2.08(-6) 3.35(-6
18 2.18(-7) 4.15(-7
19 4.04(-7)  4.43(-7
20 3.74(-7)  4.24(-7
21 3.72(-7)  4.21(-7

Table 5.3: Average and maximum relative (percentage) errors for the p cases
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6 Agent-Based Models

The final section of this paper will introduce a modeling methodology that is very different from
the one considered in earlier sections. Previously, we were forced into making assumptions about
things such as investor homogeneity, equilibrium conditions, rational expectations, etc. This was
necessary for many reasons, but most importantly it keeps our models tractable. As an example,
consider the model described in Section 2 but instead of assuming all investors are identical, assume
(more realistically) that there are N different investors. Each of these agents will have a different
utility function (or at the very least a different level of risk aversion), different endowments and
access to different information sets. We now find ourselves in a position where we need to keep
track of many things. Instead of all investors holding an equal share of the stock and zero bond,
there will now be diverse holdings across agents. Thus, in Section 2, there are nice solutions but
the model is somewhat less “real” than we might like. Agent based modeling takes a sort of
opposite approach. Instead of supposing equilibrium conditions, a dynamic model is created in
which emergent equilibrium behavior is possible. This, unfortunately, comes at the price of no
longer having the nice solutions we had before.

This section will be divided into two parts. First, we will discuss the motivation for wanting to
take an alternative approach to modeling agents. Then, a brief and fairly nontechnical overview of
the method used to accomplish this will be presented.

6.1 Motivation

To someone who has spent years studying economics, assumptions such as representative agents
and perfect information become second nature. Economists think nothing of making assumptions
such as these to simplify their problems and keep solutions tractable. These assumptions lead to
results similar to those shown previously in this paper; an economy in which no one trades for
example. For someone new to the field, most of these assumptions are probably quite troublesome,
and justifiably so. If one looks around, we see nothing but heterogeneity. This is true in all aspects
of life, but especially in how consumers behave. Given any two people in the economy, they will
likely disagree about almost everything, from their discount factors to what they believe the price
of apples will be tomorrow. It is for these reasons that a new field of economic thought is emerging -
Agent-Based Computational Economics (ACE). ACE models attempt to capture the heterogeneity
that is obviously present in the world. Leigh Tesfatsion, one of the leading researchers in ACE
modeling, writes ([12], p. 4):

“Economies are complex dynamic systems. Large numbers of micro agents engage
repeatedly in local interactions, giving rise to global regularities such as employment
and growth rates, income distributions, market institutions, and social conventions.
These global regularities in turn feed back into the determination of local interactions.
The result is an intricate system of interdependent feedback loops connecting micro
behaviors, interaction patterns, and global regularities.”

Typically in a traditional economic model agents do not interact directly. Instead, there is a
third party “overseeing” all transactions in the economy. This is called a Walrasian auctioneer. Its
purpose to to take all agents’ demands and set prices such that the market clears perfectly. Thus,
all agents and firms are price takers in this economy. This means that there cannot be any strategic
behavior or learning. For example, a firm could not choose to set its price lower in order to increase
volume. In this world all agents (and firms) are simply optimizing their utility (or revenue) as
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functions of the given prices and dividends. Also, in these traditional models (henceforth referred
to as Walrasian models) it is also assumed that this auctioneer can perform its job completely
absent of friction. That is, there are no problems with buyers finding sellers and there is never any
excess demand or supply. It also does not cost anything to have this auctioneer do this job. This
is quite unsatisfactory if we wish to have a model that accurately describes the real world in which
we live. There are many questions left unanswered and many aspects of consumer behavior left
unaddressed. Tesfatsion sums up the Walrasian model very nicely in the following ([12], p. 5):

“Walrasian equilibrium is an elegant affirmative answer to a logically posed issue: can
efficient allocations be supported through decentralized market prices? It does not
address, and was not meant to address, how production, pricing, and trade actually
take place in real-world economies through various procurement processes.”

What processes would we like our agents and firms to go through? Consumers should identify
what goods and services they wish to purchase, and at what price and volume. Suppliers should
identify what goods and services they are willing to provide, and at what price and volume. Po-
tential trade partners should be found and deals negotiated. Also, long term relationships should
be possible between buyers and sellers. It is these processes that are traditionally replaced by the
assumption of equilibrium conditions, a completely nontrivial assumption to make. Fisher provides
a lengthy argument ([6], Ch. 1) that it is, in fact, not acceptable to simply assume that the economy
is constantly in equilibrium. The only way one can justify studying equilibrium points alone is if
two (nontrivial) conditions hold. First, the system must be stable, that is, it must converge to some
equilibrium. Second, this convergence must be sufficiently fast. Otherwise, the time the economy
spends in disequilibrium states is very relevant and must not be ignored. A common argument
supporting the study of equilibrium points alone is that the economy could not stay at a point of
disequilibrium. While this is true, it does not in turn imply that it will converge to an equilibrium
either. Again, this raises the question of stability.

As a final case for a new model, we turn our attention to empirical evidence. In Section 2 we saw
that in the homogeneous agent case, there is no trading, that is, volume is zero. It was still possible
to get price movements, which is interesting in its own right, but in real markets trading takes place.
In addition to this, several other empirical properties of real price data cannot be explained within
the REE world. Arthur et. al. (1997) provides references for many of these. Specifically, volume
and price volatility are large and both show autocorrelation. Stock returns also show small serial
correlations. Some technical trading rules can produce statistically significant long-run profits,
something that is only possible by luck under the REE assumptions. Finally, under the assumption
of full rationality, investors lack incentives to gather information. We conclude this subsection with
a quote from the aforementioned paper by Arthur et. al.:

“By now, enough statistical evidence has accumulated to question efficient-market the-
ories and to show that the traders’ viewpoint cannot be entirely dismissed. As a result,
the modern finance literature has been searching for alternative theories that can explain
these market realities.”

6.2 Methodology

At this point, we have provided an argument that the classical approach to these models is insuf-
ficient. The next question is, then, what do we do to fix this? The first idea would be to assume
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everything the same as we did in Section 2 but to allow investors to differ in their expectations.
Suppose that for a payoff z;,1, investor ¢ will compute the price to be

pi = Eilmi 1z, (6.1)

where m’ is agent i’s stochastic discount factor and E} is agent i’s expectation conditional on
information available at time ¢. The information set could be anything that might influence the
outcome of future dividends, including, but not limited to, economic indicators, rumors, historical
price data, news, etc. The assumption of identical investors amounts to each agent using the
information set in an identical way. In this case we are able to drop the superscripts and get
pt = Eymyi12441], as in Section 2. In fact, in this simplified case, agents can explicitly compute
the price of the risky asset. By iterating the right hand side we can arrive at

o0
pr = Ey th,tJrjdtJrja (6.2)
=0

where my 4 = (37 u;(fag ) (see [4], p. 27). Note that this relies heavily on the fact that all investors
are identical. This is called deductive reasoning; the agent was able to compute the correct answer.

Now, suppose that agents do not share expectations. Given some information set, “there may be
many different, perfectly defensible statistical ways, based on different assumptions and different
error criteria to use it to predict future dividends” ([1], p. 5). In this situation, agents do not
know each other’s expectations and there is no way for them to deductively figure it out. But in
keeping with our original idea, to only change the agents’ expectations, suppose that agent ¢ tries

to deductively compute his expectation of tomorrow’s price. Then we would have

Eipest] = BE{ D [wjan1 B (wess)| ¢ (6.3)
J

where w; ;41 is the weight, or confidence, placed in agent j’s forecast. In the previous case, all
agent’s were identical and so j could be ignored. Now, however, the expectations of all agents in
the market must be known and taken into account in order to deductively compute the expectation
of tomorrow’s price. But each of these expectations rely on all agents expectations for the next
period which rely on all expectations for the period after that. In addition, all other agent’s are
basing their expectations on agent i’s forecast. So each agent implicitly defines its own expectations
as well. This can lead to instability. It is clear that this situation is hopeless. Note that the agents
in this explanation are in no way limited in their intelligence or rationality. The problem is simply
ill-posed under these conditions.

Instead of agents following deductive reasoning as above, in this heterogeneous world they will
be assumed to follow inductive reasoning. To understand what this means imagine each investor
acting as a little econometrician. Instead of being able to actually compute the solution, the agent
will build a model to predict the price. He can estimate parameters based on past data, much like
an econometrician would do. Each agent will have a different model, but each will be correctly
formulated. By this I mean that the agents will rationally and intelligently build models, they will
just differ from one another. In fact, each agent will have several of these models to use and will
choose to use the one(s) that are most reliable from a historical standpoint. Also, every so often
bad models are eliminated and new ones created. These points will be discussed for the remainder
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of this section. The following will be largely based on the Sante-Fe Artificial Stock Market (see
[1)).

Suppose that at each time, the time series of current and past prices and dividends is summarized
in an array of J market descriptors. These descriptors could be anything at all. For example, the
fourth descriptor could be “price has risen for z consecutive periods”. Each agent will possess a
set of M predictors.® A predictor consists of two parts. First, there is a market condition that
must be true in order to make the predictor active. A “1” indicates that the market state in that
position has occurred, a “0” indicates that it did not occur and a “#” indicates that we are not
concerned with that state. The second part of a predictor is the forecast formula, that is, what to
forecast if the market condition is true. The forecast rule will be a 2 vector, (a,b), that forecasts
E(pi+1 + diy1) = a(pr + d¢) + b. It may be helpful at this point to consider a simple example.

Example 6.1. Suppose, for simplicity, that J = 4. Then the market can be summarized by just 4
descriptors. These are

1. The price is greater than the 5 period moving average.
The price is greater than the 10 period moving average.

The current price-dividend ratio is greater than 10.

e

The current price-dividend ratio is greater than 15.

Then the condition (1##4#) will recognize any state in which the price exceeds the 5 period
moving average, regardless of all other descriptors. For example, this condition would recognize the
state (1011) or (1100), but not (0111). Similarly, the condition (#04#1) will only recognize states
in which the price is not greater than the 10 period moving average and the price dividend ratio is
greater than 15.

A predictor could look like (1##+#)/(0.9,1). This says that if the price now exceeds the 5 period
MA, then forecast tomorrow’s price plus dividend as 90% of today’s plus 1.

After the agent has his M predictors determined, he awaits the market conditions for each
period. Once the prices and dividends are revealed, the agent will have some set of active predictors,
that is, the ones that correspond to that state of the world. He then uses a linear forecast of the H
most accurate active predictors to calculate an amount to bid or offer. After the markets clear, new
prices and dividends are revealed and the rules are updated for accuracy. In this sense, the agent
is constantly learning. If a particular rule does well it will be used more often and will continue to
be used as long as it is accurate while rules that do poorly will rarely be used.

In addition to updating the accuracy of the rules, the agents are also able to generate new ones
via a genetic algorithm. Every so often (250 periods, for example) the agent will discard its worst
rules and try to formulate new ones. New rules are generated using mutation or crossover, with
some predetermined probability. Mutation involves changing the bits of the predictor at random.
Crossover involves taking two parent rules and creating a new “offspring” from them. See [9] for
more on forming new rules.

We conclude by posing a natural question. If a model economy, in which a rational expectations
equilibrium exists, is populated with intelligent agents, will they eventually discover this equilib-
rium? The Marimon-Sargent hypothesis says that the answer is yes. It has been shown, however,

5This assumes all investors are equally intelligent. More complex models may allow for investor i to have M;
predictors, thus creating further diversity among agents.
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that one can construct situations in which this fails to be true. For example, Arthur et. al. mention
that for fast enough learning rates agents will not learn the REE [1]. It remains an open problem
to exactly specify under which conditions the hypothesis is true. It appears that in most cases that
we are concerned about it will prove true. This is a very vague statement and needs to be made
much more precise. This is one of the main problems I will be studying during my Ph.D. research.
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