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Abstract

We present a new approach to price options when the underlying
asset follows a jump diffusion process. To solve the resulting Partial
Integro-Differential Equation (PIDE), we start from its weak form and
use the Gauss-Lobatto-Legendre points and quadrature to derive a
system of ODEs. The system is solved by a direct method integrated
with the trapezoidal rule as the time differencing scheme. The numer-
ical results demonstrate that the method converges exponentially in
the solution (spectrally accurate) with a factor of 7 to 30 fewer spa-
tial points and a factor of 5 fewer time steps than the finite difference
method widely used in the financial industry.
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1 Introduction

The pricing of American, path-dependent, and multi-asset options in the
Black-Scholes-Merton (BSM) framework generally requires the use of nu-
merical methods. Lattice and finite difference (and Monte Carlo simulation)
methods are typically popular in financial derivative pricing.

Lattice methods start by discretizing the stochastic differential equation
(SDE) and match the local mean and variance by choosing the appropriate
up and down percentage changes, u and d and the associated probabilities.
The method is easy to explain and to implement. Therefore, it is attrac-
tive for pedagogical purposes and for computing derivative prices in simple
models. The four widely used lattices are CRR [10], Jarrow and Rudd [11],
Amin [12], and Boyle [13]. Lattice methods can be viewed as explicit finite
difference schemes that suffer slow convergence E = O(∆t), and instabil-
ity, i.e. ∆t has to be made sufficiently small to keep the scheme absolutely
stable.

The finite difference method (FDM) for option pricing was first proposed
by Brennan and Schwartz [14], [15]. The advantages of this approach are
as follows [9]: (1) There is a wealth of existing theory and algorithms; (2)
Issues of numerical consistency, convergence, and stability have been well
established; (3) Second or higher order convergence rate can be achieved;
(For example, the Crank-Nicholson scheme with a central difference spatial
approximation for derivatives in BSM framework.) (4) Derivatives in more
complicated models can be handled, for example, when the underlying asset
follows a jump-diffusion (JD) process or stochastic volatility model, see [3],
[4].

The disadvantage of the FDM is that it needs hundreds of spatial points
and time steps to achieve a reasonable accuracy. For example, in [3],[4], one
basis point accuracy in the option price requires more than 500 spatial points
and 250 time steps. This means it is hardly possible to extend the method
to multi-asset options both for storage and for computational reasons.

In this work, we present a new approach, a Spectral Element Method
(SEM), to price a European option in the JD model. It turns out that one
basis point accuracy can be achieved by only about 60 spatial points and 40
time steps.

In the following sections, we first carefully introduce the JD model and
then derive the PIDE for its contingent claim. Then, we discuss several
numerical issues from other papers and describe our approach in detail.
Finally, we analyze the numerical results and make a conclusion.
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2 Jump Diffusion Model and PIDE

2.1 Origin of the Model

In the classical BSM framework, the stock price dynamics follows a geometric
Brownian motion, which has a continuous sample path

dS/S = µdt + σdz. (1)

Here, S is the stock price at time t, µ is the instantaneous expected return on
the stock, σ is the instantaneous volatility of the return, dz is the standard
Brownian motion or Weiner process.

The continuity of the sample path indicates that the stock price can only
change by a small amount in a short interval, whereas empirical studies tend
to show too many outliers for a constant-variance log-normal distribution.
To account for this, Merton [1] posited the total change in the stock price
to be the composition of two types of changes:

1. The “normal” vibrations in price due, for example, to a temporary im-
balance between supply and demand, changes in capitalization rates,
changes in the economic outlook, or other new information that causes
marginal change in the price. The component of this uncertainty is
modeled by a standard geometric Brownian motion with constant vari-
ance and has a continuous sample path.

2. The “abnormal” vibrations in price due to the arrival of important
new information about the stock that has more than a marginal effect
on price. Usually, such information will be specific to the firm or
possibly its industry and arrives only at the discrete points in time.
This component is modeled by a jump process that reflects the non-
marginal impact of the information.

The posited stock price returns can be formally written as the following
SDE,

dS/S = (µ− λκ)dt + σdz + dq. (2)

Again, µ is the instantaneous expected return on the stock; λ is the jump
arrival rate; q(t) is the independent Poisson process; κ = E(η − 1) where E
means “Expectation” and η− 1 is the random percentage jump in the stock
price if the Poisson event occurs. So (q(t)−λκt) = E(q(s)−λκs |Ft ), s ≥ t is
a martingale, which is consistent with the general Efficient Market Hypoth-
esis (EMH) [16]. The process can be viewed as superposition of a Brownian
motion and a Poisson jump process.
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2.2 Derivation of the PIDE

In [7], Kushner and Dupris give a version of the Itô formula that accommo-
dates Poisson jumps. Let F be a twice-differentiable function of S, then

dF = (Ft + (µ− λκ)SFS +
1
2
σ2S2FSS)dt + σSFSdz + dQF (3)

where dQF = F (S(t))−F (S(t−)). Here, as an example, we use (3) to derive
the formula for S(t) . Let F = lnS, then

dlnS = (µ− λκ− 1
2
σ2)dt + σdz + lnS(t)− lnS(t−).

Assume all the parameters are constant so that when we integrate both
sides, we get

S(t) = S · exp[(µ− λκ− 1
2
σ2)t + σ · z]

∏n(t)

i=1
ηi

where n(t) is a Poisson random variable with mean λt and ηi−1 is a random
percentage jump from a specified distribution.

Now, according to (2), we can write the option-return dynamics in a
similar form as

dF/F = (µF − λκF )dt + σF dz + dqF (4)

where κF = E(F (Sη,t)−F (S,t)
F (S,t) ) = E(F (Sη,t))

F (S,t) − 1; qF (t) is the jump process of
option-return induced by q(t). Namely, the Poisson event for the option price
occurs if and only if the Poisson event for the stock price occurs. Matching
the first two components of (3) and (4), we get

µF =
Ft + (µ− λκ)SFS + 1

2σ2S2FSS + λκF F

F
(5)

σF =
σSFS

F
(6)

To get the pricing equation, we consider a portfolio strategy that holds
the stock, the option and the riskless asset, whose weights are WS , WF and
1−WS −WF , respectively. In the Black-Scholes analysis, the portfolio can
be made riskless, and earn risk-free rate, i.e.,

{
WSσ + WF σF = 0
WS(µ− r) + WF (µF − r) + r = r

(7)
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This gives us the following important result:

µ− r

σ
=

µF − r

σF
(8)

which is known as the market price of risk. By substituting (5) with λ = 0
and (6) into (8), we will get the standard Black-Scholes equation,

Ft + rSFS +
1
2
σ2S2FSS − rF = 0 (9)

Unfortunately, the portfolio will not be riskless in the presence of a jump
process. To see this, we know from equation (4) that the Poisson event for
the option price occurs if and only if the Poisson event for the stock price
occurs. Since the option price is a nonlinear function of the stock price,
while the portfolio mixing is linear and the arrival of the Poisson jump is
random, the risk of portfolio cannot be completely hedged away.

However, if we assume the Weiner process represents “systematic” risk
and the jump component of the stock’s return represents “nonsystematic”
risk, then we can form a zero-beta portfolio by choosing WS and WF , so
that there’s no “systematic” risk. That is, WS and WF satisfy the first
equation in (7). Furthermore, if we assume that Capital Asset Pricing Model
(CAPM)1 is a valid description of equilibrium security returns, then the
expected return on all zero-beta portfolios must equal the riskless rate. That
means the second equation in (7) will be valid, which implies (8) must be
satisfied. 2

Therefore, by substituting (5) and (6) into (8), we get the following PDE
for the option price:

Ft + (r − λκ)SFS +
1
2
σ2S2FSS − rF + λκF F = 0.

Substituting κF into it gives

Ft + (r − λκ)SFS +
1
2
σ2S2FSS − rF + λ[E(F (Sη, t))− F (S, t)] = 0

1The main result of the CAPM is: E(r) − rf = β[E(rM ) − rf ], where E means “Ex-
pectation”, r is the return of a risky asset, rf is the risk-free rate, rM is the return of the

market portfolio and β = Cov(r,rM )
σ2

M
.

2This assumption is crucial. It means the resulting equation cannot be applied to the
derivatives on the market portfolio. Please see [5] for options on the market portfolio with
discontinuous returns.
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If we assume the percentage jump size is log-normally distributed, then
the above equation becomes

Ft +(r−λκ)SFS +
1
2
σ2S2FSS− (r +λ)F +λ

∫ ∞

0
F (Sη, t)G(η)dη = 0 (10)

where

G(η) =
exp(−1

2( ln(η)−m
δ )2)

√
2πδη

(11)

and m is the mean of ln(η) and δ2 is the variance of ln(η). Since(10) contains
an integral, we call it a “Partial Integro-Differential Equation” (PIDE).

The closed-form solution for a European option from (10) can be written
as

c =
∞∑

n=0

e−λ′T (λ′T )n

n!
fn (12)

where λ′ = λ(1+κ), κ = E(η−1) = exp(m+ 1
2σ2)−1, and T is the maturity.

The variable fn is the Black-Scholes option price where the instantaneous
variance rate is σ2 + nδ2

T , and the risk-free rate is r − λκ + nγ
T , where

γ = ln(1 + κ). The formula, (12) is actually the sum of a series of Black-

Scholes option prices weighted by the Poisson probabilities, e−λ′T (λ′T )n

n! .

3 Numerical Approximations

Though the closed-form solution for European option is available, a numer-
ical approach is necessary to calculate American option prices. Here, we
only give an algorithm for a European put option. This serves as a starting
point for the future, more interesting work.

A European put option price is the solution of the following initial bound-
ary value problem (IBVP),






Fτ = (r − λκ)SFS + 1
2σ2S2FSS − (λ + r)F + λ

∫∞
0 F (Sη, t)G(η)dη

F (S, 0) = max(K − S, 0)
F (0, τ) = Ke−rτ

F (Sm, τ) ≈ 0
(13)

where τ = T − t, K is the strike price, and Sm is the maximum stock price
on the grid, which is chosen to be large enough to safely set the asymptotic
value at the boundary.
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3.1 Finite Difference Approach

To date, several papers and a book have used the finite difference method
to solve (13). The challenge when jump diffusion is present is to compute
the convolution integral efficiently.

Tavella and Randall [2] evaluate the truncated integral on a different
spatial grid (in log) by interpolating and extrapolating the values on the
original spatial grid and then using a trapezoidal rule for each partitioned
integral. This results in a dense matrix for a vector of option prices. In order
to get second order accuracy in time and to avoid directly solving the dense
matrix system, they then use so-called “lagging” (iteration) along with a
tri-diagonal matrix solver to solve the system at each time step, i.e.

M1
)F i,j+1 −A)F i,j = M2

)F i + A)F i

where A)F i =
∫ m+5δ
m−5δ

)F i()Sex)G(x)dx, M1,M2 are both tridiagonal matrices,
and )F i,j is the vector of the intermediate values at the jth iteration, ith
time step. This is essentially a “splitting” iteration method. Because of the
excellent initial guess (discounted value), it only requires two or three itera-
tions at each time step. However, as the number of spatial points increases,
the matrix vector multiplication gets expensive.

Andersen and Andreasen [3] use an FFT to evaluate the convolution
integral and solve the system explicitly in time (1st order accurate). Note:

FT (
∫ ∞

−∞
F (eln S+x)G(x)dx) = FT (F )FT (G)

where FT means Fourier Transform. So two forward and one backward
FFT gives a set of integral values. This is a big improvement on the speed
due to the complexity of FFT , O(nlog2n).

D’Halluin, Forsyth, and Labahn [4] use both iteration and an FFT to
price the corresponding American option and provide a detailed proof on
the convergence of the iteration. Their method is fast and second order
accurate.

However, by using FFT , the method introduces aliasing errors, i.e. low
frequencies couple with high frequencies for every n mode, where n is the
number of spatial points. Also, to be accurate to a basis point, it needs
more than 500 spatial points, 216 time steps, and total 456 iterations.3 To
further decrease the error by a factor of 4, it needs to double both the
number of spatial points and time steps. So, it’s hard to extend the method
to multi-asset options.

3These numbers are from [4], page 345, Table 3.



3 NUMERICAL APPROXIMATIONS 9

3.2 Spectral Element Approach

Unlike the finite difference method, a spectral method uses an orthogonal
polynomial expansion to approximate the solution globally. If the initial
condition is smooth enough on the whole domain, then the solution will
converge faster than any polynomial order in 1/N , where N is the number of
the spatial points.4 This is known as “infinite order” or “spectral” accuracy.
In practice, the convergence rate of a spectral method usually appears as
exponential for smooth enough solutions.

Unfortunately, the option payoff function, F (S, 0) = max(K − S, 0), is
not smooth, i.e. there is a jump discontinuity in its first derivative. If
we directly apply the spectral method, we will only get slow convergence.
This is where the spectral element method (SEM) comes into play. Since
the derivative of F (S, 0) is piecewise smooth, we can start with the weak
form of (13), break up the domain into several pieces where the derivative
is smooth, and then use the spectral method on each sub-domain.

The weak form of (13) is
∫ Sm

0
FτφdS =

∫ Sm

0
((µ− λκ)SFS +

1
2
σ2S2FSS − (λ + r)F )φdS

+λ

∫ Sm

0

∫ ∞

0
F (Sη, t)G(η)dηφdS, (14)

for all φ ∈ H1
B(0, Sm), where

H1
B(0, Sm) = {ψ ∈ L2(0, Sm)

∣∣∣∣
dψ

dx
∈ L2(0, Sm), ψ(0) = Ke−rτ , ψ(Sm) = 0}

The function φ, which satisfies the boundary conditions, is called a test
function.

To illustrate the method and to avoid messy algebra, we consider the
following simplified equation,

∫ Sm

0
FτφdS =

∫ Sm

0
S2FSSφdS

with φ(0) = φ(Sm) = 0. 5

4In this problem, it is to be the number of the Gauss-Lobatto-Legendre points.
5It turns out that setting φ(0) = φ(Sm) = 0 does not change the results in this problem.

We do so to simplify the algebra.



3 NUMERICAL APPROXIMATIONS 10

Integrating by parts and applying the boundary conditions of φ, we get
∫ Sm

0
FτφdS = −

∫ Sm

0
S2FSφSdS −

∫ Sm

0
2SFSφdS (15)

Let’s consider two elements ΩL = [0,K] and ΩR = [K, Sm] that split the
domain into two intervals of length dL = K, dR = Sm −K. Now we break
up each integral in (15) into two parts, namely

∫ K
0 FτφdS +

∫ Sm

K FτφdS = −
∫ K
0 S2FSφSdS −

∫ Sm

K S2FSφSdS

−
∫ K
0 2SFSφdS −

∫ Sm

K 2SFSφdS

(16)

so that we can approximate the solution on each side by an orthogonal ex-
pansion of Legendre polynomials and map each element onto the “standard
interval” [−1, 1] by an affine transformation:

ξ =






2
dL S − 1, S ∈ ΩL

2
dR (S −K)− 1, S ∈ ΩR

, S =






dL

2 (ξ + 1), S ∈ ΩL

dR

2 (ξ + 1) + K, S ∈ ΩR

Then the derivatives and the integrals are transformed by

dS =






dL

2 dξ, S ∈ ΩL

dR

2 dξ, S ∈ ΩR

, ∂
∂S = ∂

∂ξ
∂ξ
∂S =






2
dL

∂
∂ξ , S ∈ ΩL

2
dR

∂
∂ξ , S ∈ ΩR

to give

dL

2

∫ 1
−1 FL

τ φLdξ + dR

2

∫ 1
−1 FR

τ φRdξ =

−dL

2

∫ 1
−1 (ξ + 1)2FL

ξ φL
ξ dξ − 2

dR

∫ 1
−1 (dR

2 (ξ + 1) + K)2FR
ξ φR

ξ dξ

−2dL

2

∫ 1
−1 (ξ + 1)FL

ξ φLdξ − 2
∫ 1
−1 (dR

2 (ξ + 1) + K)FR
ξ φRdξ

(17)

The polynomial interpolants of these functions and their derivatives in
Lagrange form are

F (ξ, t) =
∑N

j=0 Fj(t)lj(ξ), φ(ξ, t) =
∑N

j=0 φj(t)lj(ξ)

Fξ(ξ, t) =
∑N

j=0 Fj(t)l
′
j(ξ), φξ(ξ, t) =

∑N
j=0 φj(t)l

′
j(ξ)
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where lj =
∏N

i=0,i$=j
(ξ−ξi)
(ξj−ξi)

.

By choosing ξi(i = 0, 1, ..., N) to be the Gauss-Lobatto-Legendre points,
the integrals in (17) approximated by the Gauss-Lobatto-Legendre quadra-
ture will be exact for polynomials of degree, 2N − 1 or less.6

For example,
∫ 1

−1
FL

ξ φL
ξ dξ =

N∑

j=0

FL
ξ |j φL

ξ |j wj

where wj is the quadrature weight, is exact because the integrand is a poly-
nomial of degree 2N − 2, while

∫ 1

−1
FL

τ φLdξ ≈
N∑

j=0

ḞL
j φL

j wj

is not exact because the integrand is a polynomial of degree 2N . Neverthe-
less, the error is spectrally small.

Replacing each integral in (17) with the Gauss-lobatto-Legendre quadra-
ture and rearranging the terms, we end up with the following equation,

dL

2

∑N
j=1 ḞL

j φL
j wj + dR

2

∑N−1
j=0 ḞR

j φR
j wj =

−dL

2

∑N
m=1 φL

m

∑N
j=0 FL

ξ |j l
′
m(ξj)(ξj + 1)2wj

− 2
dR

∑N−1
m=0 φR

m

∑N
j=0 FR

ξ |j l
′
m(ξj)[(ξj + 1)dR

2 + K]2wj

−dL ∑N
j=1 FL

ξ |j φL
j (ξj + 1)wj − 2

∑N−1
j=1 FR

ξ |j φR
j [(ξj + 1)dR

2 + K]wj

This has to be true for all φ ∈ H1
0 and φj(j = 1, ..., N − 1) are interior,

so they are linear independent, which means each factor of φj must match.
(Note: φL

N = φR
0 .) Applying the similar method to each integral in (14)

except the last integral containing the jump component, we get a system of
ODEs in matrix form,

WḞ = BF + )β, (18)

where )β includes the boundary conditions,
6The Gauss-Lobatto-Legendre points are −1, +1, plus zeros of L

′
N (x) on (−1, 1), where

LN (x) is the Legendre polynomial of degree N .
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F =





FL
1
...

FL
N−1
F ∗

FR
1
...

FR
N−1





W =





dL

2 w1
. . . 0

dL

2 wN−1
dL

2 wN + dR

2 w0
dR

2 w1

0 . . .
dR

2 wN−1





BL 0

0 BR

B =

The construction of B is known as “stiffness summation”, which is due
to φL

N = φR
0 .

3.3 Approximation of the convolution integral

To approximate the integral for the jump component, it is natural to use
the Gauss-Lobatto-Legendre quadrature, since we already have these points
and their corresponding weights. The quadrature is spectrally accurate.7

7Here, to avoid the messy algebra, we describe the approximation to the integral term
in (13) instead of the double integral term in (14).
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Let x = S
Sm

, z = xη, then the last integral in (13) becomes

I(x) ≡
∫∞
0 F (Sη)G(η)dη = 1

x

∫∞
0 F (zSm)G( z

x)dz

= 1
x

∫ 1
0 F (zSm)G( z

x)dz + 1
x

∫∞
1 F (zSm)G( z

x)dz = I1(x) + I2(x)

We first compute I1(x), which is split into the two elements corresponding
to the intervals, ΩL = [0,K] and ΩR = [K, Sm],

I1(x) = 1
x

∫ K
Sm

0 F (zSm)G( z
x)dz + 1

x

∫ 1
K

Sm

F (zSm)G( z
x)dz

⇒ I1(x) = 1
x

∫ 1
−1 F (K(ξ+1)

2 )G(K(ξ+1)
2Smx ) K

2Sm
dξ

+ 1
x

∫ 1
−1 F ( (Sm−K)(ξ+1)

2 )G( (Sm−K)(ξ+1)
2Smx )Sm−K

2Sm
dξ

⇒ I1(x) = 1
x

∑N
j=1 FL

j G( (ξj+1)dL

2(dR+dL)x
) dL

2(dL+dR)
wj

+ 1
x

∑N
j=1 FR

j G( (ξj+1)dR

2(dR+dL)x
) dR

2(dL+dR)
wj

(19)

This expression can be written in the matrix form, )I1 = G · WI · )F + )β,
where G is a (2N − 1) × (2N − 1) dense matrix containing the integration
factors, )β includes the boundary conditions and WI is a (2N−1)×(2N−1)
with the similar structure as the above W,

WI =





w1
. . . 0

wN−1

wN + w0

w1

0 . . .
wN−1





.

However, this simple quadrature approximation (19) creates oscillations
near the left boundary. The reason is that although G(η) is the same den-
sity function for all x, when we map it onto the grid, as x gets closer to
the left, G( z

x) becomes more concentrated on the left small interval [0, x],
where we have fewer and fewer points to represent it. One way to remove
the oscillations is to increase the number of quadrature points to make the
polynomial interpolation of G( z

x) accurate. This is called over-integration,
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which is shown below. For 0 ≤ x ≤ K
Sm

, we approximate the second integral
in I1(x) the same way as before, but the first integral as follows,

1
x

∫ K
Sm

0 F (zSm)G( z
x)dz = 1

x

∫ K
Sm

0

∑N
j=0 FL

j lLj (z)G( z
x)dz

= 1
x

∑N
j=0 FL

j

∫ K
Sm

0 lLj (z)G( z
x)dz = 1

x

∑N
j=0 FL

j

∫ 1
−1 lLj (K(ξ+1)

2Sm
)G(K(ξ+1)

2Smx ) K
2Sm

dξ

= 1
x

∑N
j=0 FL

j

∑M
k=1 lLj ( (ξk+1)dL

2(dR+dL)
)G( (ξk+1)dL

2(dR+dL)x
) dL

2(dR+dL)
wk

where M is chosen large enough relative to N , for example, M = 4N.

Similarly, it can be written in matrix form, G · w · L · )FL , where G · w · L
only needs to be computed once and stored.

To compute I2(x) = 1
x

∫∞
1 F (z, t)G( z

x)dz, we have considered two ap-
proaches. First, since the stock price is outside the spatial grid, i.e. S > Sm,
we use the asymptotic linearity of the option value at the right boundary to
calculate I2(x) analytically. Let F (z, t) = az + b , then

I2(x) =
1
x

∫ ∞

1
(az + b)G(

z

x
)dz

where a, b can be estimated from the computed solution at the right bound-
ary. 8 This method tends to underestimate the integral due to the convexity
of the option price. The error will grow substantially as m, δ, λ get large.

The second approach is to add a third element that makes Sm very
large so that I2(x) for every x in the region of interest, x ∈ [0, 2K

Sm
] or

S ∈ [0, 2K], can be accurately represented by the integral on the third
element. Furthermore, by choosing Sm sufficiently large, we can now safely
set the right boundary condition to its asymptotic value that will have little
effect on the solution in the region of interest.

Now, grouping all the terms, we get a final ODE system in matrix form
below,

W · )̇F = BI · )F + )β (20)

where BI is now a dense matrix and )β is the vector of boundary conditions.
Crank-Nicholson time differencing scheme (trapezoidal rule in time) can be

8Of course, we cannot integrate it all the way to ∞, since it will make the integrand
negative, eventually. So, by restricting the integral within the domain [1,−b/a], we can
improve the linear approximation. However, the method highly depends on the accuracy
of the boundary value on the right.
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applied to (20), which becomes

(I − ∆t

2
W−1BI))Fn+1 = (I +

∆t

2
W−1BI))Fn +

∆t

2
W−1()βn+1 + )βn)

Since the size of the matrix is small, around 60 × 60 , we can compute an
LU factorization once at the beginning and solve the system quickly by a
forward and backward substitution method.

4 Numerical results

Before we present our numerical results, let us first look at the behavior of
the European put option price in the JD model. Table 1 lists the parameters
used in the put example.

Table 1: Parameters used in the put example
T r K σ λ m δ

0.25 0.05 100 0.15 0.10 −0.9 0.45

Figure 1 shows the analytical solutions of the European put options in
the standard BS model and in the JD model and their differences. We can
see that the option is more valuable in the JD model than in the BS model.
It is important to note that in the presence of the jump component, the
value of the out-of-the-money put option9 increases substantially.

It is also interesting to compare their deltas, ∆ = ∂F
∂S , and their gammas,

Γ = ∂2F
∂S2 . Figure 2 shows the differences. Note that the option price is less

sensitive to the stock price near S = K and has more curvature when S < K
in the JD model.

4.1 Convergence

Figure 3 compares the numerical solution with the analytical solution of
a European put option in the standard BS model. Clearly, the numerical
solution is graphically accurate with only 32 total spatial points and 40 time
steps.

Figure 4 shows the maximum error of a European put option in the
standard BS model. We can see for small NX, where NX is the number of
total spatial points, it decreases exponentially for all NT = 40, 80, 160, 320,
where NT is the number of time steps. It then stops and stays at a constant

9S # K
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Figure 1: Analytical prices of the European put options in both the BS model
and the JD model and their differences. The parameters as in Table 1.

Figure 2: Analytical values of the European put Delta and Gamma in both
the BS model and the JD model. The parameters as in Table 1.

level due to the time differencing error. Also, we can see as NT doubles, the
error decreases by a factor of 4, which is consistent with the order (second)
of the time differencing scheme.

Figure 5 compares the convergence rate of the SEM with that of the
FDM. By fixing NX = 2NT , the FDM achieves second order convergence
(Slope = -2), which means by doubling both NX and NT simultaneously,
the error decreases by a factor of 4. As we can see from the right graph,
an error of 0.2554 · 10−3 requires NX = 1024, NT = 512 for the FDM, but
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Figure 3: Numerical and analytical solution for European put option in the
standard BS model. NX = 16 × 2; NT = 40; SEM(2): Elements on [0,K]
and [K, 2K]; Sm = 2K;F (Sm, t) = 0. Parameters as in Table 1.

Figure 4: Convergence of SEM(2) for the European put option in the
Standard BS model. SEM(2): Elements on [0,K] and [K, 2K]; Sm =
2K;F (Sm, t) = 0. Parameters as in Table 1.

only requires NX = 30,10 NT = 40 for the SEM with 2 elements. The left
graph is the semi-log plot that emphasizes the difference between the two
convergence rates.

Although the complexity is O(NX2 ·NT ) for the SEM and O(NX ·NT )
for the FDM, the huge differences in NX,NT make the SEM more attractive
even for 1-D problem.

As we mentioned in Section 3.3, the oscillations at the left boundary for
10Note: NX is the total number of spatial points.
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Figure 5: Convergence Comparison of SEM and FDM. For SEM, NT = 40;
For FDM, NT = NX/2. Sm = 2K;F (Sm, t) = 0. Parameters as Table 1.

Figure 6: Oscillations at the left boundary of JD put. NT = 60;Sm = 0.
SEM(3): Elements on [0,K], [K, 2K] and [2K, 20K]. Parameters as in Table
1.

the European option in the JD model can be removed by over-integration
on the left. Figure 6 demonstrates the oscillation error decreases roughly
spectrally. Note, the over-integration only adds setup work, which means
the corresponding matrix only needs to be computed once and stored.

Figure 7 compares the solutions using SEM(3)11 with those using SEM(2)
with a slightly large jump arrival rate, λ = 0.5. SEM(2) uses the linear
approximation for I2 along with the analytical right boundary condition.
As we can see, the trough near the right boundary shows that the linear

113 elements.
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approximation underestimates I2. However, SEM(3) gives an excellent fit
by extending the 3rd element all the way to Sm = 20K so that I2(S)
for S ∈ [0, 2K] can be represented accurately enough by the integral over
[2K, 20K]. 12

Figure 7: Comparison between SEM(2) and SEM(3). For SEM(2): Ele-
ments on [0,K], [K, 2K] with NX = 24× 2 and Sm = Analytical value; For
SEM(3): Elements on [0,K], [K, 2K] and [2K, 20K] with NX = 24× 3 and
Sm = 0. Parameters as in Table 1.

Another nice thing about SEM(3) is the way it handles the right bound-
ary condition. Unlike the BS case, in which the put value decreases to zero
fast as S gets large, the put value in the JD model goes to zero fairly slowly
due to the jump integral term, as shown in “Figure 1”. But the SEM allows
us the flexibility to add extra elements to reach the asymptotic value so that
it has little effect on the region of interest, for example, S ∈ [0, 2K].

Figure 8 shows the numerical and analytical solutions of a European
put option in the JD model. Again, the numerical solution is graphically
accurate with only 48 total spatial points and 40 time steps. Figure 9 shows
a roughly exponential convergence of the JD put using SEM(3).

Usually, the derivatives of the numerical solution are subject to larger
errors even though the solution looks correct. Therefore, it is also important
to look at the behavior of its derivatives, delta and gamma. Figure 10 shows
the computed numerical delta function and gamma function along with the

12How far the third element needs to extend on the right will depend on the distribution
of the jump size, G(η), and the arrival rate of the jump, λ. Also, the number of the
quadrature points required by the third element will depend on the overall curvature
on the extended domain. These issues are still heuristic at this point and they will be
examined in the future research.
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Figure 8: Numerical and analytical solutions of the European put options
in the JD model. NX = 16 × 3; NT = 40; SEM(3): Elements on [0,K],
[K, 2K] and [2K, 20K] with Sm = 0. The parameters as in Table 1.

Figure 9: Convergence of SEM(3). Maximum errors on [0, 2K]. SEM(3):
Elements on [0,K], [K, 2K] and [2K, 20K] with Sm = 0. Parameters as in
Table 1.

analytical ones. Clearly, the numerical solutions are graphically accurate.
Figure 11 compares the convergence of the original put option, its delta
function and its gamma function. As we can see, the convergence of delta
and gamma is not smooth with a period of about 12 spatial points. However,
they still show the overall exponential convergence with slightly less steep
slopes.
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Figure 10: Numerical and Analytical Delta and Gamma using SEM(3).
NX = 20 × 3; NT = 40. SEM(3): Elements on [0,K], [K, 2K] and
[2K, 20K] with Sm = 0. Parameters as in Table 1.

Figure 11: Convergence of Put option, its Delta and its Gamma using
SEM(3). NT = 320. SEM(3): Elements on [0,K], [K, 2K] and [2K, 20K]
with Sm = 0. Parameters as in Table 1.

4.2 Speed

The complexity of the algorithm is a necessarily crude approach to the mea-
suring of program efficiency. To really compare the speeds of the SEM and
the FD, we do the following experiment. Table 2 and Table 3 summarize
the results.

Table 2 is basically from the paper by D’Halluin, Forsyth and Labahn
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Table 2: Finite difference with Crank-Nicolson
Nodes Timesteps Itns Value Error @ S = K FFT Time(Sec)
508 216 456 3.14889738 0.00012836 0.005
1016 448 896 3.14899401 0.00003173 0.02
2032 913 1826 3.14901783 0.00000791 0.09

Table 3: SEM(3) with Crank-Nicolson
Nodes Timesteps Max Error For...Loop Time(Sec)
24× 3 40 0.00006253 0.005
24× 3 80 0.00001554 0.01
24× 3 160 0.00000631 0.02

[4] 13 with the extra column, “FFT Time”. The first 5 columns show their
numerical results on an European put option14 with the parameters in Ta-
ble 1. The extra column, “FFT Time”, shows the required computational
time to run an FFT alone with the corresponding number of nodes and the
number of the total iterations. This computational time does not include
the time required to solve the tridiagonal system at each time step. Table 3
shows the numerical results using SEM(3) with the same set of parameters.
The last column shows the required computational time to solve the whole
system forward in time. We can see that with the same level of accuracy,15

SEM(3) becomes more and more efficient than FDM as more accuracy is
needed.

Solving the PIDE results in a set of option prices for a given strike price,
K. In reality, we are given a stock price at a particular time and would like
to know a set of option price for different strike prices. With the free scaling
property of this PIDE, all we need to determine is the ratio, S/K, and
then we can easily read its relative value off the grid by interpolation, and
finally calculate the desired price by multiplying the relative value with the
strike price. For example, if we calculate the option prices for S ∈ [0, 2K],
then it actually gives all the option prices for K ∈ [S2 ,∞). This uniform
spectral accuracy from SEM guarantees that the interpolation anywhere on
the domain, S ∈ [0, 2K], will be accurate enough. Therefore, the solution

13Page 346, Table 3
14Its analytical value is 3.14902574.
15Here, we already loose the comparison conditions. Note that the errors in Table 2 are

point-wise at S = K, while the errors in Table 3 are the maximum errors in the whole
region of interest, S ∈ [0, 2K].
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only need to be computed once for every fixed set of parameters and the
number of option prices needs to be stored is less than 100. This is another
big advantage over the FDM when pricing multi-asset options.

5 Conclusion

We have presented a spectral element approach for pricing European options
in Jump diffusion model. It turns out the method is both more efficient and
more accurate than the popular finite difference method used in the financial
industry. The basic methodology of the method is straightforward and it’s
easy to code up given a standard subroutine generating the Gauss-Lobatto-
Legendre points and weights.

We expect the practitioners would start using this approach in the near
future.
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