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Notes on parametric surfaces and flux integrals

Ettore Aldrovandi
Department of Mathematics
Florida State University

A The normal vector to the graph of a function of two variables
Al

Let f(z,y) be a function of two variables. Igraphis a surface ir8-space, call itS. A point P on the graph can be
identified by listing its coordinates as

P = (z,y, f(z,y)),

where the last one follows from the fact that the heighPahust be given by the value gfif we want the point to be
ons.

How to compute a vector perpendicularSat P? The answer is to look at the gradient of a functign, y, z) of
threevariables such thaf is its zero-level surface. (The reason is that the gradient is always orthogonal to the level
surfaces.) A simple choice fgris

9(@,y,2) =z — f(z,y).
Computing the gradient, we have
Vg=—f— f,j+k.
We will call normal the choice of ainit orthogonal vector, so it is better to use:
—ful— f T+ E
VI+ 2+ ()2

The above formula computes the normal vector to the gaph f(z, y) at any pointP in the graph. Note that if we
changg(z, y) the pointP will change, and the formula we have obtained is equally valid.

ﬁ:

A.2

We want to use the last remark to change our point of view on how to interpret the previous calculatipositioa
vectorcorresponding td is the vector .
r=xl+yl+ flz,y)k.

Observe that if we freeze eitheror y, and we change the values of the other variable, the position véetiirtrace
for us a curve that is just the correspondirgss sectionFor example, if we set = a, then for anyy we get a point
on the graplt corresponding to .

ai’+ yj+ fa,y)k,

for all values ofy. Thus agy changes, we getparametrized curvevhere the parameter is precisely Same thing if
we sety = b and we letr change.

The upshot is that if we use alternativelyandy as parameters, we get two parametrized curves tracing all the cross
sections. Each parametrized curve has its own velocity vector, which we get by taking the derivative of the position
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vector with respect to the appropriate parameter. If we considera parameter (that is, variable) and kge&pnstant
we get

Lo_d -

Ty = %T:Z+fmk7
while if we do the same witly variable andr constant we get

Ty = d%F:jJr Tyk .

It is important to note the following: botfi, andi, aretangent toS at P, because they are velocity vectors, and
the corresponding parametrized curves are entirely contained in the graph. It follows that if we take the cross-product
we obtain a vector that isrthogonalto the graph, since by construction the cross-product is orthogonal to the plane
determined by the vectors we are multiplying. In this case that plane is just the tangent pfane to

Let us compute the cross product:

(1) T X Ty = @+ fok) X (T+ fuR) = —fal = [T+ K.
We have re-obtained the previous result. Then if we want the normal vector (of unit magnitude) we can just write it as:

. Ty X Ty
n—=-—s5s—-5+-
17 > 7y

B Parametric surfaces in general

The preceding discussion should have made clear that a surface can be describdousargmeterskor the graph
of a function f(x, y) we usedr,y. We can generalize that situation and say that we can describe a (parametrized)
surfaceS in 3-space by considering the set of poifitsvhose coordinates are functions of two parametets

P = (ZE(U, v),y(u,v), Z(uvv)) :

Equivalently, we can introduce the corresponding position vector as a function of two parameters:

—

(u,v) = x(u, v)V+ y(u,v)7+ z(u,v)k .
Thus the resulting surfacé in 3-space is just the image of the, v)-plane (or a portion of it) through the three
functions of two variables (u, v), y(u, v), z(u, v).

Freezing one of the two parameters, we gpaemetrized curve contained in the surfagelf we setu equal to a
constant, say. = a, then we obtain the parametrized curve

v — #(a,v) = z(a, )T+ y(a,v)7+ z(a, v)k.
Similarly, settingv = b, we get another parametrized curve:
u— #(u, b) = z(u, b)7+ y(u, b7+ z(u, b)k .

Each one of these parametrized curves has a velocity vector, which is tangent to the curve, and therefore it is tangent
to the surfaces as well. Therefore there ate/o velocity vectors-,, 7, that are computed by taking the derivatives of
the components(u, v), y(u, v), z(u, v) of #(u, v) with respect ta: andv, respectively. More explicitly:

. Ox, Oy Oz
Ty = 8— + %]—F a—uk'
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Once again, since, andr, are tangent vectors t§ at the pointr(u,v), their cross product, x 7, will be
orthogonal taS at the same point. It follows that if we want a nornoait vector at the point(u, v), we may set

S o
i Ty X Ty
n—=+s—=-
17 X 7 |

Again, it should be noted that this vector depends on the geint) and therefore it depends on the resulting point
7(u,v) on the surface.

C Examples
C.1 Cylinder of radius R

A cylinder of radiusRk and axis the:-axis is described by the equation
2 +y* =R,

As it stands, this canot be the graph of a functiofi(z, y).
First, let’s say that the normal vector must be a vector of magnitude equal to one and orthogonal to the cylinder at
any point. If = 7'+ y7'is the position vector of a point in the cylinder, then we must have

. d
n= = -
il
But ||7]| = R on the cylinder, and using cylindrical coordinates, a péirdn the cylinder will have coordinates
(2) x=Rcosf, y=Rsinf, =z,
therefore we must have:
3) il =cosf7+sinf 7.

Now let us use the general theory to confirm this result. We can use cylindrical coordin@tes), and since on the
cylinder the radius must be equal ity we are left with the two paramete(8, z). It follows thatz,y, z in (@), as
functions ofy and z, are a parametrization of the cylinder. By taking the derivatives with respécina > we have:

79 = —Rsinf7+ Rcosh]
7, o= k.

The cross product is:
T9p X 7y = Rcos01+ Rsinf )

so that||7y x 7, || = R, and we re-obtair{]3).

C.2 Sphere of radiusRk

We have the equation:
2+ P+ 22 =R,
Once again, the position vector itself is orthogonal to the sphere, therefore we expect:
7 1
7~ R

n= 7,

at any pointP on the sphere with position vectgr
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C.2.1 Spherical coordinates

We can describe the sphere by using spherical coordinate witlf:
4) r=Rsingpcosf, y=Rsingsinf, z=Rcoso.

We can view the these relations as parametric equations for the sphere fvemet@ are the parameters. (Recall that
0 <0 < 27 and0 < ¢ < «!) Then by simply substituting the values i (4) info= 7/ R we should find:

(5) 7l = sin ¢ cos 7'+ sin ¢ sin9j+cos¢E.

To confirm this, let us use the parametric equations to compute the velocities and the normal:

T Rcos¢COSGT+RCOS¢Sin9§’—Rsin¢E
79 = —Rsingsinf7+ Rsing cosf ],

and the cross product is:
Ty X Tp = R%sin? ¢ cos 07+ R?sin® ¢ sinf 7'+ R?sin ¢ COSQSE.
The magnitude i§7; x 7| = R? sin ¢, SO we obtain exactly}(5).

C.2.2 Cartesian coordinates

To use thex, y, z) coordinates we have to solve for one of the variables:

z=1+/R%—x2—y2.

In this way we are limiting ourselves to the upper half. The other choice of the square root yields a function whose
graph is the lower hemisphere. According to the initial formula,

—fuT— [T+ K

= )
VI+(f2)? + ()2
We have:
xr
fo = - R2 — 22 — 42
- ¥
fy = R2 — 22 — o2
R2
2 2 _
L+ (fa)" +(fy)” = FEr—h
so that
ey VR
Sl SR NU AL "
n RH—RJ+ R

This should be compared witfl (5)—usirg (4).
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C.3 Upper half cone

Let S be the upper half cone with vertex anglg4. An equation for it is

z=/22+92.

Let us find parametric equations. We can use cartesian coordinatesSssttee graph of a function of two variables.
The corresponding position vector would be:

(6) F(@,y) = a7+ yT+ Va2 + y2k .

Using cylindrical coordinates, the equation for the cone simply becames:, so it follows that we can useandd
as parametef: .
@) 7(r,0) =rcos@7+rsinf@j+rk.

We can also use spherical coordinatese, §). To obtain the cone we have to blogkto the valuer/4, so the two
parameters to use apeandd. From the general expression for spherical coordinates we obtain

2 2 2 -
(8) F(p,é)):gpcos@iur gpsirwjur gpk.
Note that [B) follows from[(7) by replacingwith p/+/2, as it should be.
From (T) we have
7 = cosf@r+sinf 7+ k
T9 = —rsinf@7+rcosfy
and ~
T XTg=—rcosfr—rsinfj+rk.
The magnitude is
17 x 7| = V2r,
so that the normal is: . ) )
9 =———cosf7— —=sinh 7+ —k.

D Area vector

Given two vectors/ andw, their cross product has magnitude equal to the area of the parallelogram they determine.
One could writeA for the area, and therefore
UTxw=AM,

where we have introduced a unit vectbdirected in the same way as the cross product.
More generally, given #lat surfaceS with areaA, we can choose an orientation, or in other words a nognal
Then thearea vector A is the vector with magnitude equal to the area and same direction as the chosen normal vector:

A=AT.
Now, if we have a parametrized surfagelescribed by

Fu,v) = z(u, v)7+ y(u, v)7+ 2(u, )k,

1 Note that andr are distinct objects!
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we have found that the normal vector can be written as

L Ty X T,
n=_= Jary 5
(|70 X 7 ||
which we can rewrite as:
Ty X Ty = ||Fu X Tl 7.

This latter quantity should be thought of as an infinitesimal area vector carried by the surface. Indeed, for two very
small incrementg\u and Av in the parametergu, v), we can think of the vectorg, Au and7, Av as the sides of a
very small parallelogramh A with vertex at™(u, v) and area vector:

AA =7y x 7y Aulv = |7y x 7| Audv 7.

E Flux through a surface and flux integrals

E.1 Flux through a flat surface

If Sis a flat surface with normal vectarand area vectad = A and F is aconstantvector fieldF = 7, theflux of
F through S is given by the number:
F-A=7-7A.
If we picture this constant vector field as a stream of particles (e.g. water or another fluid) all with constant velocity
equal tod, the flux above will tell us how many of them flow through(per unit time). Note that only the component
of ¥ orthogonal toS matters: it is easy to realize thatdfis placed in a way that its normal is orthogonal to the direction
of ¥, that is,7 is tangent taS, there is no flux througls. So the dot product is essential, because it will precisely select
the component of orthogonal taS.

E.2 Definition of flux integral

What is the analogous conceptSfis not flat? We also want to include the case wheris just any vector field, not
just a constant one.

If we can breakS in small pieceg\S that areapproximately flateach with ared\ A, we can try to apply the above
procedure piece by piece. So let us diviglén (approximately) flat pieceAS;, each with area\ A, and area vector
AA. This means that we have chosen a normal vector for each piece. If we assuﬁdsﬂmiproximately constant
on each piece, the flux there will be

Flux through piecex F - AA,

and therefore . .
Flux throughS ~ Z F.AA,

so that actually
Flux throughS = lima 4.0 Z F.AA.

Therefore we can make the following definition:

Theflux integral of the vector fieldF' through the oriented surfacgis

(10) [ Frad—timaao Y FadL
S

A good way to understand the flux integral is to thinkfofas the velocity vector field of some fluid. Then the flux
integral is the rate of fluid through the surfageer unit time.
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E.3 Fluxintegrals for parametrized surfaces

In order tocomputdlux integrals one has to make use of a concrete way to describe the surface. If we use a parametriza-
tion with position vector

—

H(u,v) = x(u, )7+ y(u, v) 7+ z(u, v)k,

we have seen that the quantity: B
AA =7, X 7y AuAv

can serve as the area vector of a small patch of the parametrized surface. If we use this in the dgfjnition (10) we have

[ Fedd—tmaa S F Ad=lm o YOF L x7) Aude.
S
Av — 0

The right hand side of this formula is a Riemann sum approximation of an ordinary double integral with regpect to
andv, so we have:

(11) /ﬁ-dﬁ:/ﬁ-(f’um)dudv,
S R
whereR is the region in théu, v) plane corresponding to the surfage

EXERCISE By using (1) and the examples in sect[gn C, check that forniula (11) gives the formulas for the
flux integrals on pages 886, 887 and 888 in the textbook

F Stokes’' theorem

There is a certain relation between flux integrals and line integrals that generalizes Green'’s theorem.

First, let.S be an oriented surface, and let the closed curvie its boundary. We assume that the cuéves
oriented in way compatible with the chosen orientatiorboftraveling alongC' we should se& to our left. This is
the same as applying the right hand rule: if the tip of the fingers of our right hand point in the same direction as the
orientation ofC, then the thumb should point in the same direction as the norntal to

The statement is as follows:

Stokes’ Theorem ~
Let S be a smooth oriented surface with boundéryl et F' be a smooth vector field defined srandC.

Then
/ﬁ-d?:/curl(ﬁ)-d/f
C S

The orientation of”' is determined from the one &f by the right hand rule.

In other words, what the Stokes’ Theorem says is that the circulatid%aibngc is equal to the flux of theurl
of F' through a surface whose boundaryls
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