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• Uniformization

Constant (= −1) negative curvature metrics on Riemann surfaces

• Liouville Action

• Characteristic Classes

– (Hermitian-Holomorphic) Deligne cohomology

– Determinant of cohomology

– Regulator class, aka hyperbolic 3-volume



Riemann Surfaces and constant (= −1) negative

curvature metrics

X compact Riemann surface, genus ≥ 2.

Conformal metric:

ds2 = ρ dz ⊗ dz̄ , ρ ∈ C∞(U, R>0) , U ⊂ Xopen.

Line bundle with hermitian metric: (TX , ρ)



Riemann Surfaces and constant (= −1) negative

curvature metrics

X compact Riemann surface, genus ≥ 2.

Conformal metric:

ds2 = ρ dz ⊗ dz̄ , ρ ∈ C∞(U, R>0) , U ⊂ Xopen.

Line bundle with hermitian metric: (TX , ρ)

Scalar curvature Kρ = −1 iff

∂2

∂z∂z̄
log ρ =

1
2
ρ

Liouville equation



Classical theory after Liouville, Picard, Poincaré,...

The Liouville equation admits a local variational principle

Let D ⊂ C be a region and ρ ∈ C∞(D, R>0). Set:

SD[φ] =
√
−1
2

∫
D

(
∂φ ∧ ∂̄φ + eφ dz ∧ dz̄

)
, φ = log ρ

Then with σ ∈ C∞(D, R) we have:

Kρ = −1 ⇐⇒ dSD[φ](σ) ≡ d

dt

∣∣∣∣
t=0

SD[φ + tσ] = 0

Definition 1. The functional SD[φ] is the Liouville Action attached to the
region D ⊂ C.



One problem...

ω(0)[φ] def= ∂φ ∧ ∂̄φ does not glue as a global 2-form.

f : D′ −→ D, analytic change of coordinates. Denote by φD and φD′ the
Liouville fields on D and D′.

The Liouville equation is invariant under f if and only if

φD′(z)− f∗φD(z) = log
∣∣f ′(z)

∣∣2



One problem...

ω(0)[φ] def= ∂φ ∧ ∂̄φ does not glue as a global 2-form.

f : D′ −→ D, analytic change of coordinates. Denote by φD and φD′ the
Liouville fields on D and D′.

The Liouville equation is invariant under f if and only if

φD′(z)− f∗φD(z) = log
∣∣f ′(z)

∣∣2
As a consequence:

f∗(∂φD ∧ ∂̄φD) 6= ∂φD′ ∧ ∂̄φD′

ŠD[φ] def=
∫
D ω(0) is ill-defined: ŠD[φD] ≡ ŠD′ [f∗φD] 6= ŠD′ [φD′ ]

=⇒ No extension of the action to X!



Liouville action via Descent

(L.Takhtajan-P.Zograf, E.A.-L.Takhtajan, L.Takhtajan-L.-P.Teo, E.A.)

• Choose a cover UX = {Ui}i∈I → X and set ω(0) = {ω(0)
i [φi]}

• Find ω
(1)
ij and ω

(2)
ijk to complete the Descent staircase:

E2
X ⊗R R(1) ω(0)

δ // •

E1
X ⊗R R(1)

d

OO

ω(1)

d

OO

δ // •

E0
X ⊗R R(1)

d

OO

ω(2)

d

OO

δ // 0



• Define Ω[φ] def= ω(0) + ω(1) + ω(2) and set:

ŠX [φ] = − 1
2π
√
−1

〈Ω[φ] , [X]〉

furthermore define the Liouville action for X

SX [φ] = ŠX [φ] +
1
2π

∫
X

volρ

• Finally, prove

Theorem 1. For any σ ∈ C∞(X, R) we have

Kρ = −1 ⇐⇒ d

dt

∣∣∣∣
t=0

SX [φ + tσ] = 0



Question: Why do the descent equations close?

Let gij ∈ O×X(Ui ∩ Uj) be the transition functions of the tangent line sheaf
TX . One computes

δω(1)
ijk = gij ∪ gjk (Real Deligne cohomology)

In fact one has

gij ∪ gjk = Image of
(
gij , gjk

]
(Tame symbol in Z-Deligne cohomology)

The symbols
(
gij , gjk

]
glue into a (necessarily neutral i.e. trivial) 2-Stack(

TX , TX

]
on X.

Consequence: there exist local Bloch-Wigner dilogarithms Lijk such that

dω
(2)
ijk ≡ dLijk = gij ∪ gjk , δLijkl = 0



A crash course in Deligne cohomology

• Subring A ⊂ R. Set A(p) = (2π
√
−1)pA.

• Deligne complex (X any complex manifold)

A(p)•D = A(p)X
ı−→ OX

d−→ Ω1
X

d−→ · · · d−→ Ωp−1
X

'→ Cone
(
A(p)X ⊕ F pΩ•

X
ı−−−→ Ω•

X

)
[−1]

• Deligne Cohomology: H•
D(X, A(p)) = H•(X, A(p)•D)

• Bĕılinson cup-product: a family

∪α : A(p)•D ⊗A(q)•D −→ A(p + q)•D

induces a graded-commutative cup-product (Tame symbol map)

H i
D(X, A(p))⊗Hj

D(X, A(q)) ∪−→ H i+j
D (X, A(p + q))



• Z(1)•D
'→ O×X [−1] ⇒ H•

D(X, Z(1)) ∼= H•−1(X, O×X)

– O×X(U) ∼= H1
D(U, Z(1)) f ∼ (logi f, 2π

√
−1 nij)

– Pic X ∼= H2
D(X, Z(1)) L ∼ (log gij , 2π

√
−1 cijk)

• H1
D(X, R(1)) f ∼ (d log f, log |f |)

• Z(2)•D
'→

(
O×X → Ω1

X

)
[−1]

– H2
D(X, Z(2)) ∼= Isomorphism classes of invertible

sheaves with connection

• Bĕılinson product & tame symbol

H1
D(U, Z(1))⊗H1

D(U, Z(1)) 3 f ⊗ g 7→
(
f, g

]
∈ H2

D(U, Z(2))(
f, g

]
∼ (gnij , logi f d log g) (Deligne)

H2
D(X, Z(1))⊗H2

D(X, Z(1)) 3 L⊗ L′ 7→
(
L,L′

]
∈ H4

D(X, Z(2))(
L,L′

]
∼ (g′cijk

kl , log gij d log g′jk) (Brylinski-McLaughlin)



Hermitian metrics

Enhanced cohomology to include hermitian structures

• Lρ = (L, ρ) Invertible sheaf on X with hermitian fiber metric.
Isomorphism classes: P̂ic X

• Deligne’s observation: P̂ic X ∼= H2
(
X, Z(1) ı→ OX

Re−→ E0
X

)
• In general: Hermitian-holomorphic Deligne cohomology

D(p)•h.h. = Cone
(
Z(p)•D ⊕ (F pA•

X ∩ σ2pE•X(p)) −→ R(p)•D
)
[−1]

H•
Dh.h.

(X, p) : = H•(X, D(p)•h.h.)

• Quasi-isomorphism: D(1)•h.h.
'−→ Z(1) ı→ OX

Re−→ E0
X

Thus: P̂ic X ∼= H2
Dh.h.

(X, 1)



Cup product for Hermitian holomorphic Deligne cohomology

Since D(p)•h.h. = Cone(. . . ) there is a Bĕılinson cup-product:

H i
Dh.h.

(X, p)⊗Hj
Dh.h.

(X, q) ∪−→ H i+j
Dh.h.

(X, p + q)

In particular for Lρ, L
′
ρ′ ∈ P̂ic X we have

Lρ ⊗ L′ρ′ −−−−→
(
Lρ, L

′
ρ′

]
∈ H4

Dh.h.
(X, 2)y yforget

L⊗ L′ −−−−→
(
L,L′

]
∈ H4

D(X, Z(2))y
2− STACK(X)

We want to apply this to the case L = L′ = TX on a curve X with
conformal metric ρ



On a curve

Back to a compact Riemann surface X (genus ≥ 2) with conformal metric
ρ. We have TXρ ∈ P̂ic X .

• Set: ŠX [ρ] := −(2π
√
−1)−1 ⊗

(
TXρ, TXρ

]
• For dimensional reasons · · · −→ H3

D(X, R(2)) −→ H4
Dh.h.

(X, 2) −→ 0 and
H3

D(X, R(2)) ∼= H2(X, R(1)) (since R(2)•D
'→ E•X(1)[−1].) Indeed:

D(2)•h.h. =

Z(2) −ı−−−−→ OX
−d−−−−→ Ω1

Xyπ1

yπ1

E0
X ⊗R R(1) −d−−−−→ E1

X ⊗R R(1) −d−−−−→ E2
X ⊗R R(1)

On a curve X ŠX [ρ] is an R valued class of degree 2



Geometric functional

Theorem 2. Set SX [ρ] := ŠX [ρ] + 1
2π

∫
X volρ We have:

Kρ = −1 ⇐⇒ d

dt

∣∣∣∣
t=0

SX [etσρ] = 0 ∀σ ∈ C∞(X, R)

• Choose a cover UX → X

• A cocycle ΩUX
[ρ] representing the cup-product

(
TXρ, TXρ

]
can be explicitly

computed and it coincides (up to Čech coboundary) with the cocycle
constructed from Descent theory

• One verifies

d

dt

∣∣∣∣
t=0

ΩUX
[etσρ]−

√
−1voletσρ ≡ σ(Kρ + 1)volρ ,

where ≡ means “up to total coboundary.”



Deligne’s determinant of cohomology

• To a pair L,L′ ∈ Pic X is assigned a C-vector space 〈L , L′〉.

– s and s′: rational sections with disjoint divisors D and D′,
respectively. 〈s , s′〉 is a generator /C

– f and g rational functions. Relations:

〈fs , s′〉 ≡ f(div(s′))〈s , s′〉 〈s , gs′〉 ≡ g(div(s))〈s , s′〉



Deligne’s determinant of cohomology

• To a pair L,L′ ∈ Pic X is assigned a C-vector space 〈L , L′〉.

– s and s′: rational sections with disjoint divisors D and D′,
respectively. 〈s , s′〉 is a generator /C

– f and g rational functions. Relations:

〈fs , s′〉 ≡ f(div(s′))〈s , s′〉 〈s , gs′〉 ≡ g(div(s))〈s , s′〉

• If Lρ, L
′
ρ′ ∈ P̂ic X (denote the metric for both bundles by ‖·‖ )

log ‖〈s , s′〉‖2 =
1

2π
√
−1

∫
X

∂∂̄ log‖s‖2 log‖s′‖2

+ log‖s‖2[D′] + log‖s′‖2[D]

defines a Hermitian metric on the C vector space 〈L , L′〉 : the
Determinant of cohomology



Determinant of cohomology and Hermitian-holomorphic Deligne cohomology

In general, we have

Theorem 3. The cup product of
(
Lρ, L

′
ρ′

]
∈ H4

Dh.h.
(X, 2) in hermitian

holomorphic Deligne cohomology corresponds to the norm ‖·‖ on the Deligne
pairing 〈L , L′〉. The proportionality factor is −π

√
−1.

In particular, for Lρ = L′ρ′ = TXρ we have obtained

Corollary 4. The Liouville action without area ŠX [ρ] is a cup-square. The
exponential of the Liouville action defines a hermitian metric on the
complex line 〈TX , TX〉, namely:

expSX [ρ] = ‖〈TX , TX〉‖ exp 1
2π

∫
X

volρ .



Hyperbolic volume classes and holography

Γ ⊂ PSL2(C) geometrically finite purely loxodromic second kind Kleinian
group

• Discontinuity set ΩΓ ⊂ P1

• Riemann surface X = ΩΓ/Γ ∼= X1 t · · · tXn

• Various associated 3-manifolds:

M = H3/Γ , N = (H3 ∪ ΩΓ)/Γ , X = ∂N

Krasnov (Schottky), L. Takhtajan-L.-P. Teo (Class A Kleinian) proved

Theorem 5. ŠX [ρ] equals (up to an explicit constant) vol reg(M)

Characteristic class interpretation?



Classical dilogarithm(s)

• Euler’s dilogarithm

Li2(z) = −
∫ z

log(1− t)
dt

t
, z ∈ P1 \ {0, 1,∞}

– (Logarithm of a) Flat trivializing section of
(
1− z, z

]
• Bloch-Wigner dilogarithm (Single valued!)

D2(z) = arg(1− z) log |z|+ ImLi2(z) , z ∈ P1 \ {0, 1,∞}

– (Logarithm of) Hermitian square of Li2(z)

– Hyperbolic volume: D2(z) = VolH3(∆(∞, 0, 1, z)) (Volume of the

hyperbolic ideal tetrahedron)

– Regulator class: H3(PSL2(C)δ, R(1)) ∼= R [
√
−1D2]

In fact: [
√
−1D2] = 2 Im CS , CS ∈ Ĥ3(B PSL2(C)δ, C/Z)



A transgression Since M = H3/Γ is non-compact, the pullback of the
regulator to BΓ vanishes:

H3(BΓ, R(1)) H3(B PSL2(C), R(1))Bı∗oo

0 [
√
−1D2]

�oo

Theorem 6. The class ı∗[
√
−1D2] is the obstruction to closing the descent

equations (i.e. calculating a cocycle) for
(
TXρ, TXρ

]
with respect to the

étale cover ΩΓ → X . This obstruction is zero for Γ of the second kind.

Can be interpreted as: Transgr([
√
−1D2]) =

(
TXρ, TXρ

]
for

hom − fiber → BΓ → B PSL2(C)



Outlook and speculations
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Outlook and speculations

• Construction of SX [ρ]: solid foundation for perturbation theory and
formal series on moduli spaces. (E.A, L.A. Takhtajan, in preparation)

• Geometric constructions: (2)-Stacks with hermitian structures. (E.A, in

preparation)

• C/Z = R/Z⊕ R(1). The Liouville functional is effectively the
“imaginary part.” Is there a real part valued in R/Z?

• Is there a similar structure in 5 = 4 + 1 i.e. H5 and manifolds of the
form H5/Γ and their ideal 4-dim boundaries? If yes, does it involve the
Trilogarithm?


