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Unconstrained Smooth Optimization

Problem 12.1. Givenf(x) : R
n → R, solve

min
x∈Rn

f(x)

to find a local minimizer.

• global convergence desirable

• superlinear convergence rate very desirable

• robustness desirable

• efficiency desirable

• bothn = 1 andn > 1 are of practical interest
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Solutions

Definition 12.1. The following minimizers are of interest:

• The pointx∗ ∈ R
n is a global minimizer iff(x∗) ≤ f(x) for all

x ∈ R
n.

• The pointx∗ ∈ R
n is a local minimizer iff(x∗) ≤ f(x) for all

x ∈ Nx∗ ⊂ R
n whereNx∗ is a neighborhood ofx∗.
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Global vs. Local Convergence

• A locally convergent method converges to a local minimizer only

when the initial point is sufficiently close to the local minimizer.

• The particular local minimizer reached is a complicated function of

the initial point, the method, and the problem.

• A globally convergent method converges to a stationary point

(hopefully also a local minimizer) for any initial point (orfails in one

of a small number of detectable ways).

• Global optimization methods attempt (or make it very likely) to find

a global minimizer. This is much more difficult in general.
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Approaches

There are two main ideas behind unconstrained smooth optimization

algorithms:

• line search

• trust region

Two other ideas are often combined with the two above:

• majorization

• continuation/homotopy
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Definitions

Definition 12.2. If f(x) : R
n → R then

• the gradient off , denoted,∇f ∈ R
n, is the vector withi-th element,

∂f

∂ξi

(x)

• the Hessian off denoted,∇2f ∈ R
n×n, is the symmetric matrix

with i, j-element,
∂2f

∂ξi∂ξj

(x)
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Necessary Conditions

Theorem 12.1. (First order necessary)Supposef ∈ C1 in a

neighborhood ofx∗. If x∗ is a local minimizer then∇f(x∗) = 0, i.e.,x∗

is a stationary point.

Theorem 12.2. (Second order necessary)Supposef ∈ C2 in a

neighborhood ofx∗. If x∗ is a local minimizer then∇f(x∗) = 0 and

∇2f(x∗) is positive semidefinite.
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Sufficient Condtion

Theorem 12.3. (Second order sufficient)Supposef ∈ C2 in a

neighborhood ofx∗. If ∇f(x∗) = 0 and∇2f(x∗) is positive definite then

x∗ is a strict local minimizer.

Note this means

∀p ∈ R
n pT∇2f(x∗)p > 0

which says all directions have positive curvature.

Note. Theorem 12.3 is not a necessary condition. The pointx∗ = 0 is a

strict local minimizer off(x) = x4 but∇2f(0) = 0.

Theorem 12.4. If f is convex then any local minimizer is a global

minimizer. If, in addition,f ∈ C1 then any stationary point is a global

minimizer.
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Line Search

Main Task: Solve∇f(x) = 0. n nonlinear equations,n unknowns.

Basic Idea: Given a pointxk, choose directionpk ∈ R
n and stepsize

αk ∈ R such thatf(xk + αkpk) < f(xk).

Line Search Issues

• What is a good direction?

• How is stepsize chosen to be large enough to make progress toward

reducingf but not so far as to cause convergence problems?
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Line Search

Theorem 12.5. Letf ∈ C1 andp ∈ R. If

pT∇fk = ‖p‖2‖∇fk‖2 cos θk < 0

p is a descent direction atx, i.e.,f(x + αp) < f(x) for all sufficiently

smallα > 0.

Note this says thatp has a nontrivial component in the direction of the

negative gradient and the vectors form an acute angle.

fk used forf(xk) for function, gradient and Hessian expressions.
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Direction Vectors

• Steepest Descent

(i) pk = −∇fk is the direction of steepest (instantaneous) descent.

(ii) αk must be found.

• Newton

(i) pN
k = −∇2f

−1
k ∇fk with natural scaleαk = 1

(ii) αk < 1 is Damped Newton.

(iii) used as line search when∇2fk is positive definite

(iv) pN
k may not exist or may not be a descent direction

(v) line search methods modifypN
k in these cases
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Direction Vectors

• Inexact Newton solve∇2fkpk = −∇fk approximately

• Quasi-Newton methods

(i) Bkpk = −∇fk

(ii) secant conditionBk+1(x
(k+1) − x(k)) = (F (x(k+1))− F (x(k))

enforced

(iii) often coupled with CG modified to handle semidefinite and

indefinite symmetric matrices to keep cost per iteration

acceptable.

• nonlinear CG methods usepk = −∇fk + βkpk−1 with βk chosen

using conjugacy.
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Step Selection

• f(xk + pkαk) < f(xk) is not enough

• minimizingφ(α) = f(xk + pkα) not practical usually

• need sufficient decrease (Armijo condition)

• need to avoid very small steps (curvature condition)

• Wolfe conditions (weak and strong versions)

• Alternatives possible, e.g., Goldstein conditions.

• Forms part of conditions needed to guarantee convergence
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Step via Backtracking

Complicated step selection algorithms are typically used for robustness

but a simple strategy can work.

Assumeα̃ is taken as an initial step (typically near1 for Newton). Choose

0 < ρ < 1 and0 < γ < 1 and setα← α̃.

repeat untilf(xk + pkα) ≤ f(xk) + (γ1∇fT
k pk)α

α← ρα

terminate withαk = α

Note. ρ is typically allowed to vary on each line search iteration. The

choice ofα̃ is often critical for convergence rate and efficiency of the

backtracking.
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Linear System Solving Main Ideas

• Create a functionf : R
n → R

+ which has a unique minimum value

f(xmin) wherexmin = A−1b.

• Pick a directionpk, choose a length of moveαk:

xk+1 = xk + αkpk

• Ideally,αk that minimizesf(xk + αpk) has simple solution.

• Fixed point iteration with fixed pointxmin.
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Symmetric Positive Definite Systems

If A ∈ R
n×n is symmetric positive definite,

• A defines an inner product onRn

• Any inner product induces a vector norm:

‖v‖2A = vT Av

• We have:

SolvingAx = b is equivalent to minimizing a quadratic

functional that defines a convexf(x)..
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A-norm Minimization

x̂ = A−1b andφ(x) = ‖x− x̂‖2A
φ(x) = (x− A−1b)T A(x−A−1b)

= (xT A− bT A−T A)(x−A−1b)

= xT Ax− xT AA−1b− bT A−T Ax + bT A−T AA−1b

= xT Ax− xT b− bT x + bT A−1b = xT Ax− 2bT x + bT A−1b

Q(x) =
1

2
xT Ax− bT x

argmin
x∈Rn

φ(x) = argmin
x∈Rn

Q(x)

17



'

&

$

%

Stepsize Selection

Theorem 12.6. Supposexk ∈ R
n be the current guess atx andpk ∈ R

n

is the direction in which the next step is to be taken. The scaleαk that

minimizesQ(xk+1) where

xk+1 = xk + αkpk is αk =
pT

k rk

pT
k Apk

Proof.

Q(α) =
1

2
(xk + αpk)T A(xk + αpk)− bT (xk + αpk)

=
1

2
α2pT

k Apk − αrT
k pk − bT xk +

1

2
xT

k Axk

Q′(α) = αpT
k Apk − rT

k pk
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Steepest Descent

Lemma 12.7. If Q(x) : R
n → R then the direction of most rapid descent

on the surfaceQ(x) at some pointx∗ is the negative gradient

−∇Q(x∗) =











− ∂Q
∂ξ1

(x∗)
...

− ∂Q
∂ξn

(x∗)











∇Q(x∗) is the external normal of the tangent plane of the surface defined

byQ(x). We have

−∇Q(x) = b−Ax = r

which is the residual vector.
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Example

Let A = AT be2× 2. Noteα12 = α21.

Q(x) =
1

2

(

ξ1 ξ2

)




α11 α12

α21 α22









ξ1

ξ2



−

(

β1 β2

)




ξ1

ξ2





=
1

2
(ξ1α11ξ1 + ξ1α12ξ2 + ξ2α21ξ1 + ξ2α22ξ2)− (β1ξ1 + β2ξ2)

∂Q

∂ξ1
= α11ξ1 +

1

2
(α12 + α21) ξ2 − β1

∂Q

∂ξ2
= α22ξ2 +

1

2
(α12 + α21) ξ1 − β2
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Steepest Descent

• example of a line search for unconstrained optimization

• negative gradient, i.e., steepest descent direction, always used

• stepsizeαk selection varies for different problems

• Direction selected is always locally fastest.

• There is often a better direction to consider based on more “global”

information.
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Steepest Descent forAx = b

• ForAx = b the cost function of‖x−A−1b‖2A is used.

• The negative gradient is the residual vector.

• Steepest descent solves a series of one dimensional optimization

problems, i.e., constrained to a line inR
n.

• Analytical solution available and used in algorithm.

• rk+1 ⊥ rk but no global relationship is maintained between them.

• SD can converge very slowly.

• Consider level curves and iterates for example withn = 2 .
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Steepest Descent

A is symmetric positive definite

x0 arbitrary;r0 = b−Ax0; v0 = Ar0

dok = 0, 1, . . . until convergence

αk =
rT

k
rk

rT

k
vk

xk+1 ← xk + rkαk

rk+1 ← rk − vkαk

vk+1 ← Ark+1

end
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Preconditioned Steepest Descent

A, M are symmetric positive definite

x0 arbitrary;r0 = b−Ax0; solveMz0 = r0

dok = 0, 1, . . . until convergence

wk = Azk

αk =
zT

k
rk

rT

k
wk

xk+1 ← xk + zkαk

rk+1 ← rk − wkαk

solveMzk+1 = rk+1

end
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Iterations 2 to 5 forn = 2, λ1 = 9, λ2 = 1
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Iterations 7 to 11 forn = 2, λ1 = 9, λ2 = 1, note scale difference
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Convergence Rates from Level Curves

Convergence is a function of the eccentricity of the ellipses that define the

level curves ofQ.

You move in the direction ofr until the point at which the linexk + αrk

is tangent to a level curve. This must be the minimum in that direction.

Very eccentric curves cause the search to ping-pong across the low

“valley” rather than following the bottom of the valley.
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Convergence Rates

• A is symmetric positive definite

• ‖A‖2 = λmax and‖A−1‖2 = λ−1
min

• κ(A)2 = λmax/λmin

• error is damped based on eccentricity

‖e(k+1)‖A ≤
κ(A)2 − 1

κ(A)2 + 1
‖e(k)‖A

• note similarity to earlier analysis of stationary method

• preconditioning with someM can improve the convergence

considerably by changing the eigenvalues.
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Conjugate Directions for Ax = b

• < x, y >A= xT Ay is an inner product.

• < e, e >A= ‖e‖2A used to define costQ(x), wheree = x−A−1b.

• < x, y >A defines conjugacy orA-orthogonality.

• p0, p1, . . . , pk areA-orthogonal if

< pi, pj >A







= 0 if i 6= j

6= 0 if i = j
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Conjugate Directions for Ax = b

• A-orthogonality is a global constraint we relate to the underlying

notion of a series of 1-dimensional optimization problems to get

– efficiency per step

– minimization of the error, i.e., solving the systemAx = b

• Many algorithms possible based on conjugate directions.
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Conjugate Gradients

• We still have to specify how to choose a particularpk−1.

• The efficiency of the method also needs to be consdiered and various

properties used to reduce the complexity of an iteration.

• One very popular version that accomplishes all of these is the

conjugate gradient algorithm (CG).

• There aremany ways to derive CG.

• Idea: Combine steepest descent direction withA−orthogonality to

getpk−1.
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Conjugate Gradient Algorithm Derivation

CG choosespk−1 to be the vector that minimizes

‖p− rk−1‖2

over allp ∈ R
n that are orthogonal toR(APk−2) where

Pk−2 =
[

p0 p1 . . . pk−2

]

The first condition is based on the notion thatrk−1 is the steepest gradient

direction but we know we must modify it to beA-orthogonal with the

earlier directions to accelerate convergence by using the global

perspective ofA−orthogonality.
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Conjugate Gradient Algorithm Derivation

We already know how to characterize such a vector. Ifzmin ∈ R
k−1

solves the least squares problem

min
z
‖rk−1 − APk−2z‖2

The residual atzmin is orthogonal toR(APk−2) and is the closest such

vector tork−1.

pk−1 = rk−1 −APk−2zmin
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Efficient Production of Direction Vector

• TheA-orthogonality ofpj and their relationship to the residuals can

be used to show that the least squares problem defining the next

direction vectorpk has significant structure.

• pk is a linear combination ofrk and onlypk−1.

• Specifically,

pk = rk + βk−1pk−1

βk−1 = rT
k rk/rT

k−1rk−1

• This is a key point in the efficiency of CG.xk, pk, andrk are all

given by vector triads, i.e., there is no need to combine all previous

pj andrj .
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Conjugate Gradient Efficient Form

Algorithm: CG

x0 arbitrary;r0 = b−Ax0; p0 = r0

k = 0, 1, · · ·
vk = Apk

αk = rT
k rk/pT

k vk

xk+1 = xk + αkpk

rk+1 = rk − αkvk

βk = rT
k+1rk+1/r

T
k rk

pk+1 = rk+1 + βkpk

end
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Congugate Gradient Method

• Note the low complexity per step.

• This method can be derived from other points of view (including the

view in the text).

• It is the standard algorithm to solve large sparse symmetricpositive

definite linear systems and sparse linear least squares solvers.

• It is the basis for two families of nonsymmetric sparse linear system

solvers.

• In practice, it must be preconditioned to work well.

• It can be applied as an accerleration method to other solvers.

• It can be used in very abstract settings, e.g., optimizationin vector

spaces of functions when solving PDEs.
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Useful CG Facts

• The direction vectorspk, k = 0, · · · are mutuallyA-orthogonal.

• The residuals,rk, k = 0, · · · are mutually orthogonal

• rk is orthogonal toR(Pk−1). (Galerkin condition)

• Two bases for the space in whichxk resides:

Sk = x0 + span(p0, · · · , pk) = x0 + span(r0, · · · , rk)
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Convergence of CG

• Efficient step in terms of computations and space like SD.

• In exact arithmetic it is a finite algorithm since

xk = x0 + α0p0 + · · ·+ αk−1pk−1

and(p0, . . . , pn−1) is a basis forRn, i.e., the algorithm determines

e(0) = x− x0 in terms of this basis.

• This is not good enough and the main convergence results bound

e(k) = xk − A−1b.

• CG’s behavior under finite arithmetic is fairly complicatedand is also

the subject of much rigorous literature and folklore.
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Convergence and the A-norm

Theorem 12.8. For CG,e(k) is bounded in terms of,κ, the condition

number ofA and the initial errore(0) by

‖e(k)‖A ≤ 2αk‖e(0)‖A

α =

√
κ− 1√
κ + 1
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Convergence and the 2-norm

Theorem 12.9. For CG,e(k) is bounded in terms of,κ, the condition

number ofA and the initial errore(0) by

‖e(k)‖2 ≤ 2
√

καk‖e(0)‖2

α =

√
κ− 1√
κ + 1
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Eigenvalues and Convergence

Eigenvalues play an important role in characterizing the convergence of

CG.

Theorem 12.10. If A hasm distinct eigenvalues, i.e., there arem values

µ1, · · · , µm such that

• for 1 ≤ i ≤ n there existsj such thatλi = µj

• for 1 ≤ j ≤ m there exists at least onei such thatλi = µj

then CG converges in at mostm steps.
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Rules of Thumb

Heuristically we have the following statements:

• CG converges quickly in theA-norm if κ ≈ 1. This implies the

spread of eigenvalues is getting small and therefore it “looks” like

there are fewer distinct values. Alternatively, it says thesteepest

descent level curves are going to circles.

• If A is close to a rankr update to the identity then CG is almost

converged afterr steps
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Preconditioning

• Finite termination and the distinct eigenvalue convergence theorems

typically do not yield satisfactory convergence in practice.

• It is necessary to alter the system in order to improve the convergence

rate.

• We transform the coefficient matrix to have, effectively, fewer

distinct eigenvalues.

• There is a tradeoff in the cost of transforming the system – or

preconditioning the system – and the resulting improvement in

performance.
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Preconditioned Conjugate Gradient

A andM are symmetric positive definite matrices.

x0 arbitrary;r0 = b−Ax0;

solveMz0 = r0; p0 = z0

k = 0, 1, · · ·
vk = Apk

αk = rT
k zk/pT

k vk

xk+1 = xk + αkpk

rk+1 = rk − αkvk

solveMzk+1 = rk+1

βk = rT
k+1zk+1/r

T
k zk

pk+1 = zk+1 + βkpk

end
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Preconditioners

• diagonal or block diagonal (Jacobi or block Jacobi)

• Symmetric Gauss-Seidel and Symmetric SOR

• Approximate inverse:‖I −M−1A‖F is minimized.

• Polynomial preconditioning:A−1 ≈ P (A)

• Incomplete Cholesky

See text Section 4.3.2 for more discussion of preconditioners.
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Local Models

Theorem 12.11(Taylor’s Theorem). Suppose functionf : R
n → R is

continuous.

• If f ∈ C1 andp ∈ R
n then for some0 ≤ τ ≤ 1

f(x + p) = f(x) +∇f(x + τp)T p

• If f ∈ C2 andp ∈ R
n then for some0 ≤ τ ≤ 1

f(x + p) = f(x) +∇f(x)T p + pT∇2f(x + τp)p
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Use of Quadratic Local Model

Let Bk ∈ R
n×n be symmetric. A quadratic local model forf(x) nearxk

is of the form:

mk(p) = f(xk) +∇f(xk)T p + 0.5pT Bkp

Its gradient is

∇mk(p) = ∇f(xk) + Bkp
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Use of Quadratic Local Model

Methods based on quadratic local models take the directionpk to be the

point at which∇mk(p) = 0, i.e., a stationary point ofmk(p).

∇mk(p) = ∇f(xk) + Bkp

∇mk(pk) = 0↔ Bkpk = −∇f(xk)
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Curvature and Descent Directions

SupposeBkpk = −∇f(xk)

• If pT
k Bkpk > 0 thenpk is a direction of positive curvature and

−pT
k∇f(xk) > 0→ pk is a descent direction off

• If pT
k Bkpk < 0 thenpk is a direction of negative curvature and

pT
k Bkpk < 0→ −pT

k∇f(xk) < 0→ pk is a not descent direction off

• If Bk is symmetric positive definite then there are no directions of

negative curvature.

• If Bk is symmetric indefinite then there are directions of negative

curvature.
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Negative Curvature and the Local Model

Supposepk is a direction of negative curvature then

pT
k Bkpk < 0

The local model as a function ofα givenpk

mk(αpk) = f(xk) + α∇f(xk)T pk + 0.5α2pT
k Bkpk

is a parabola opening downward and therefore has no bounded minimum.
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Negative Curvature and the Local Model

• local model in the directions±pk unbounded below

• f in the same directions is assumed to be bounded below, i.e., the

minimization problem makes sense

• Some methods use these directions to move away from current

neighborhood.

• All can have difficulties since the negative curvature directions may

dominate the solution and have large norm, i.e., step selection lengthy

• Easy to detect and most practical Newton and Quasi-Newton methods

have strategies to avoid directions of negative curvature (not so easy).
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Newton Methods

• Newton assumes∇2fk is symmetric positive definite, i.e., close

enough to local minimizer, and

∇2fkpk = −∇fk

solved exactly, i.e., to numerical precision.

• Inexact Newton assumes∇2fk is symmetric positive definite solves

system, e.g., via CG, inexactly with

rk = ∇2fkpk +∇fk 6= 0.

• Inexact Newton converges linearly locally if

∀k ‖rk‖ ≤ ηk‖∇f‖ 0 ≤ ηk ≤ η < 1
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Practical Methods

• Cannot assume problem away in practice.

• ∇2fk indefinite implies directions of negative curvature must be

avoided to guarantee a descent direction in the line search form.

• One approach is to modify the Hessian. Several techniques exist.

• Or, rather than modifying the matrix, modify the way the system is

solved.
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Newton-CG Method

• The solution to∇2fkp = −∇fk is approximated via a CG iteration

x0, x1, . . . , xi = pk using conjugate directionsd0, d1, . . . , di

• x0 = 0 used and therefored0 = r0 = −∇fk.

• terminate when

(i) ‖rk‖ ≤ min(0.5,
√

‖∇fk‖)‖∇fk‖
(ii) or if dT

i ∇2fkdi < 0 for somei when computingxi+1 then when

i > 0 takepk = xi otherwisepk = d0.

• αk set to satisfy Wolfe or Goldstein with initial guessα = 1 to

guarantee superlinear/quadratic convergence ultimately.

• Can be applied to any algorithm that solvesBkpk = −∇fk.
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Secant Condition for Scalar Equations

Secant method for a scalar equation:

ℓk(x) = fk + qk(x− xk)→ qk(xk+1 − xk) = qksk = −fk

uses slope of line connecting(xk−1, fk−1) and(xk, fk)

qk =
fk − fk−1

xk − xk−1
→ qksk−1 = yk−1 1-D secant condition

note thatqksk 6= yk

ℓk+1(x) = fk+1 + qk+1(x− xk+1)→ qk+1(xk+2 − xk+1)

= qk+1sk+1 = −fk+1

qk+1 =
fk+1 − fk

xk+1 − xk

→ qk+1sk = yk 1-D secant condition

note thatqk+1sk+1 6= yk+1
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Secant Condition for Systems

• local model for systemsMk(x) = F (xk) + Bk(x− xk)

• xk+1 = xk + αkpk whereBkpk = −F (xk) gives the change to get

to the root ofMk(x) andαk is a stepsize.

• Let sk = xk+1 − xk andyk = F (xk+1)− F (xk)

• As with qksk−1 = yk−1 for scalars we wantBksk−1 = yk−1.

• Bksk 6= yk. If not then takeαk = 1→ pk = xk+1 − xk = sk and

Bkpk = Bksk = yk = F (xk+1)− F (xk) = F (xk+1) + Bkpk

∴ F (xk+1) = 0, Solution found.

• On the next step we wantBk+1sk = yk etc.
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Secant Condition for Systems

Secant condition:

Bk+1sk = yk

• Note that this is underdetermined with respect to then2 degrees of

freedom inBk+1.

• Many possible choices ofBk+1 at each step.

• Suppose we look for a modification toBk that makesBk+1 satisfy

the secant condition, i.e.,Bk+1 = Bk + E

• May also require other conditions, e.g., symmetry.
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Quasi-Newton Methods

• Local model used:

mk(p) = f(xk) +∇f(xk)T p + pT Bkp

• Bkpk = −∇f(xk) solve exactly or approximately

• secant condition enforced by updateBk+1sk = (Bk + Ek)sk = yk

• symmetry of allBk constrains the update, i.e.,Ek is symmetric.

• alternate equivalent formpk = −Hk∇fk

• Hk+1 = Hk + Gk whereGk is symmetric

• method of avoiding negative curvature varies
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BFGS Method

The Broyden-Fletcher-Goldfarb-Shanno (BFGS) method is the most

popular Quasi-Newton method for unconstrained optimization.

• starts withH0 = B−1
0 ≈ ∇2f

−1
(x0)

• Secant condition is written accordingly

Hk+1yk = sk

• Hk+1 is taken to be the symmetric matrix such that the secant

condition holds and that minimizes

‖H −Hk‖F
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BFGS Method

Hk+1 = (I − ρkskyT
k )Hk(I − ρkyksT

k ) + ρksksT
k

= Hk + Gk, ρk =
1

yT
k sk

or equivalently Bk+1 = Bk −
BksksT

k Bk

sT
k Bksk

+
ykyT

k

yT
k sk

pk = −Hk∇f(xk) or Bkpk = −∇f(xk)

If Hk is positive definite then so isHk+1 (not an imposed constraint)
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BFGS Method

• Bkpk = −∇f(xk) can be solved with CG version adapted to avoid

negative curvature in caseBk positive definiteness does not survive

numerical noise

• the stepαk is chosen soxk+1 = xk +αkpk satisfies Wolfe conditions

• BFGS tends to be self-correcting whenHk is not a good

approximation.

• limited memory BFGS for large sparse problems

– n is very large

– ∇2f(xk) is symmetric and sparse

– avoidsBk+1 = Bk + Ek or Hk+1 = Hk + Gk due to fill-in

• member of much broader Broyden class of methods
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BFGS Method

BFGS (Hk update):

ChooseH0,x0

loop overk until convergence

Solvepk = −Hk∇f(xk)

Chooseαk via a search that imposes Wolfe conditions

xk+1 = xk + αkpk

sk = xk+1 − xk

yk = ∇f(xk+1)−∇f(xk)

ρk = 1/yT
k sk

Hk+1 = (I − ρkskyT
k )Hk(I − ρkyksT

k ) + ρksksT
k

end
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BFGS Method

BFGS (Bk update):

ChooseB0,x0

loop overk until convergence

SolveBkpk = −∇f(xk)

Chooseαk via a search that imposes Wolfe conditions

xk+1 = xk + αkpk

sk = xk+1 − xk

yk = ∇f(xk+1)−∇f(xk)

Bk+1 = Bk − BksksT

k
Bk

sT

k
Bksk

+
ykyT

k

yT

k
sk

end
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Example – Rosenbrock Function

(Nocedal and Wright)

f(x) = 100(ξ2 − ξ2
1)2 + (1− ξ1)

2

x∗ =





1

1



 is a local minimum and∇2f(x∗) is positive definite

x0 =





−1.2

1




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Example – Rosenbrock Function

(Nocedal and Wright)

• Steepest Descent, Inexact Newton, and BFGS using Wolfe conditions

• Steepest Descentk = 5264 and‖xk − x∗‖2 = 1.823× 10−4

• BFGSk = 34 and‖xk − x∗‖2 = 1.01× 10−6

• Inexact Newtonk = 21 and‖xk − x∗‖2 = 1.17× 10−8
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Convergence

Convergence can be considered in terms of the angles defined by

cos θk =
−∇fT

k pk

‖∇fk‖2‖pk‖2

Zoutendijk Condition: Under mild assumptions it can be shown that if

∀k pk is a descent direction andαk satisfies the Wolfe or Goldstein

conditions then
∑

k≥0

cos2 θk‖∇fk‖22 <∞

This in turn implies

cos2 θk‖∇fk‖22 → 0
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Convergence of Line Search

Theorem 12.12.Supposexk+1 = xk + pkαk wherepk is a descent

direction andαk satisfies the Wolfe conditions and the Zoutendijk

condition. Ifpk is chosen so that

∀k cos θk ≥ δ > 0

then∀x0 we have

lim
k→∞

‖∇fk‖2 = 0.

Note. The method is therefore globally convergent to a set of stationary

points. You could move around in or near the set on a continuum, i.e., no

jumps to other distant stationary points.
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Convergence of Newton-like Searches

Theorem 12.13.Supposexk+1 = xk + pkαk wherepk = −B−1
k ∇fk

andαk satisfies the Wolfe conditions and the Zoutendijk condition. If Bk

is symmetric positive definite and

‖Bk‖2‖B−1
k ‖2 ≤ µ

then∀x0 we have

cos θk ≥ µ−1 and lim
k→∞

‖∇fk‖2 = 0.

Note. Wolfe conditions, positive definiteness and bounded condition

numbers imply globally convergent Newton-like methods. Positive

definiteness is the difficult bit to guarantee.
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General Line Search Convergence

Theorem 12.14.Any algorithm for which

• every iteration produces a reduction inf ,

• everym−th iteration is a steepest descent step withαk satisfying the

Wolfe or Goldstein conditions

satisfies

lim
k→∞

inf‖∇fk‖2 = 0

Note. This includes nonlinear CG methods and says that only a

subsequence of the gradients converge to0.
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Sufficient Decrease Condition

Suppose0 < γ1 < 1 is given, then sufficient decrease is achieved withαk

if

f(xk + pkαk) ≤ f(xk) + γ1αk(∇fT
k pk)

φ(αk) ≤ ℓ(αk)

• negative slope atαk = 0, γ1 flattens it to define linearℓ(α)

• γ1 ≈ 10−4 typical

• sufficient reduction requires decrease to be proportional to step and

the directional derivative

• sufficiently small step sizes satisfy this trivially so the algorithm may

not make progress if this is the only condition.
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Sufficient Decrease Condition Geometric View

(from Nocedal and Wright)

71



'

&

$

%

Curvature Condition

Suppose0 < γ1 < γ2 < 1 is given, thenαk satisfies the curvature

condition if

∇f(xk + pkαk)T pk ≥ γ2∇fT
k pk

φ′(αk) ≥ γ2φ
′(0)

• As we near minimizer the curveφ(α) should flatten, i.e., less

negative slope or even slightly positive.

• If not, then a signficant reduction could be expected with larger

stepsizes.

• 10−1 ≤ γ2 ≤ 0.9 typical

• Note that large positiveφ′(αk) satisfies condition and are far from

minimizers so a modification needed.
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Curvature Condition Geometric View

(from Nocedal and Wright)
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Wolfe Conditions

Definition 12.3. Supposef ∈ C1, 0 < γ1 < γ2 < 1 are given, and

pk ∈ R
n is a descent direction atxk. The stepαk satisfies the Wolfe

conditions if

f(xk + pkαk) ≤ f(xk) + γ1αk(∇fT
k pk) (1)

∇f(xk + pkαk)T pk ≥ γ2∇fT
k pk (2)

and satisfies the strong Wolfe conditions if (2) is replaced by

|∇f(xk + pkαk)T pk| ≤ γ2|∇fT
k pk|

Note. Under mild conditons,αk satisfying the Wolfe conditions always

exists.
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Wolfe Conditions Geometric View

(from Nocedal and Wright)
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Observations

cos θk =
−∇fT

k pk

‖∇fk‖2‖pk‖2
• Turningpk closer to−∇fk any time0 < cos θk < δ is a way to

guarantee global convergence.

• Global convergence often conflicts with fast convergence – steepest
descent can be very slow.

• Newton is fast near the solution when all of its directions are descent
directions naturally.

• The key is directions of negative curvature. Sometimes you must
include their influence to move rapidly lower inf . Other times they
are misleading since they are purely local and their naturalscaling
may be excessively large.

• line searches and trust regions deal with negative curvature differently
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Rates of Convergence

Definition 12.4. Let {xk} be a sequence inRn that converges tox∗. We say that

the convergence is:

• Q-linear if∃0 < ρ < 1 andk0 such that∀k > k0

‖xk+1 − x∗‖

‖xk − x∗‖
≤ ρ

• Q-superlinear if

lim
k→∞

‖xk+1 − x∗‖

‖xk − x∗‖
= 0

• Q-orderp if ∃0 < ρ < 1 andk0 such that∀k > k0

‖xk+1 − x∗‖

‖xk − x∗‖p
≤ ρ
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Convergence Rates

• steepest descent converges Q-linearly and for ill-condition problems
ρ ≈ 1.

• Newton’s method is locally Q-quadratically convergent.

• Quasi-Newton methods withpk = −B−1
k ∇fk a descent direction

must haveαk satisfying the Wolfe conditions withγ1 ≤ 1/2 for all k
greater than somek0.

• Whenαk = 1 for k > k0 then Quasi-Newton methods converge
superlinearly tox∗ if and only if

lim
k→∞

‖(Bk −∇2f(x∗))pk‖
‖pk‖

Note. We need not haveBk → ∇2f(x∗). It need only converge in the
direction of the search directionpk!
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