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‘ Unconstrained Smooth Optimization'

Problem 12.1. Given f(z) : R" — R, solve

min f(z)

to find a local minimizer.

global convergence desirable

superlinear convergence rate very desirable
robustness desirable

efficiency desirable

bothn = 1 andn > 1 are of practical interest

~




\ Solutions'

Definition 12.1. The following minimizers are of interest:

e The pointz* € R" is a global minimizer iff (x*) < f(x) for all
r € R".

e The pointz* € R" is a local minimizer iff (x*) < f(x) for all
r € Ny« C R® whereN,- is a neighborhood af*.
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‘ Global vs. Local Convergencj

e A locally convergent method converges to a local minimizdyo
when the initial point is sufficiently close to the local nimker.

e The particular local minimizer reached is a complicateccfiom of
the initial point, the method, and the problem.

e A globally convergent method converges to a stationarytpoin
(hopefully also a local minimizer) for any initial point (&ails in one
of a small number of detectable ways).

e Global optimization methods attempt (or make it very likety find
a global minimizer. This is much more difficult in general.
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‘ Approaches'

There are two main ideas behind unconstrained smooth @atiron
algorithms:

e line search
e trust region

Two other ideas are often combined with the two above:
e Mmajorization

e continuation/homotopy
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DeﬁnMons'

Definition 12.2. If f(x) : R™ — R then

e the gradient off, denotedV f € R", is the vector with-th element,

af
9&i

()

e the Hessian of denotedV?f € R"*", is the symmetric matrix

with ¢, j-element,
0% f
0&; 08
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‘ Necessary Conditionj

Theorem 12.1. (First order necessarypupposef € C! in a
neighborhood of*. If x* is a local minimizer the®v/ f(z*) = 0, i.e.,z*
IS a stationary point.

Theorem 12.2. (Second order necessarguppose € C? in a
neighborhood of*. If x* is a local minimizer the’/ f(z*) = 0 and
V2 f(x*) is positive semidefinite.
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\ Sufficient Condtion'

Theorem 12.3. (Second order sufficientbupposef € C? in a

neighborhood of*. If V f(z*) = 0 and V2 f(z*) is positive definite then
x* IS a strict local minimizer.

Note this means
Vp e R" pl'V2f(x*)p >0

which says all directions have positive curvature.

Note. Theorem 12.3 is not a necessary condition. The point 0 is a
strict local minimizer off (z) = x* but V2 £(0) = 0.

Theorem 12.4.1f f is convex then any local minimizer is a global

minimizer. If, in addition,f € C! then any stationary point is a global
minimizer.
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4 N
Line Search'

Main Task: SolveV f(x) = 0. n nonlinear equations; unknowns.

Basic ldea: Given a pointry, choose directiop,, € R™ and stepsize
ar € Rsuch thatf (xr + arpr) < f(xk).

Line Search Issues
e What is a good direction?

e How is stepsize chosen to be large enough to make progreasttow
reducingf but not so far as to cause convergence problems?
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4 N
Line Search.

Theorem 12.5.Let f € C! andp € R. If

pTka; = ||p||2||V f1l|l2 cos O <0

p Is a descent direction at, i.e., f(x + ap) < f(x) for all sufficiently
smalla > 0.

Note this says that has a nontrivial component in the direction of the
negative gradient and the vectors form an acute angle.

fr used forf(xy) for function, gradient and Hessian expressions.

\_ /
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Direction Vectors'

e Steepest Descent
() pr = —V f, Is the direction of steepest (instantaneous) descen

(i) «a must be found.

e Newton
(i) py = —V2f. 'V £, with natural scaley, = 1
(i) ar < 1is Damped Newton.
(iii) used as line search whevi* f, is positive definite
(iv) py may not exist or may not be a descent direction

(v) line search methods modify in these cases

-
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Direction Vectors'

e Inexact Newton solv&’? f,p, = —V f, approximately

e Quasi-Newton methods
() Bxpr = —V [
(i) secant conditiomBy, . (z**tH — 2y = (F (D) — F(2()
enforced

(i) often coupled with CG modified to handle semidefinitelan
Indefinite symmetric matrices to keep cost per iteration
acceptable.

e nonlinear CG methods ugge = —V f,. + Brpr—1 With G, chosen
using conjugacy.
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Step Selectio:'

f(xr + prax) < f(xg) i1s not enough

minimizing ¢(«) = f(xy + pra) Not practical usually
need sufficient decrease (Armijo condition)

need to avoid very small steps (curvature condition)
Wolfe conditions (weak and strong versions)
Alternatives possible, e.g., Goldstein conditions.

Forms part of conditions needed to guarantee convergence
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‘ Step via Backtracking'

Complicated step selection algorithms are typically useddbustness
but a simple strategy can work.

Assumeq is taken as an initial step (typically neafor Newton). Choose
0<p<land0 <~ < 1andsety «— a.

repeat untilf (zx + prar) < f(zx) + (M V1 pr)e
a — pa

terminate witho, = «

Note. p is typically allowed to vary on each line search iteratioheT
choice ofa is often critical for convergence rate and efficiency of the
backtracking.

\_ /
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Linear System Solving Main Ideaﬂ

e Create a functiorf : R — R which has a unique minimum value
f(Zmin) Wherez,,;, = A™1b.

e Pick a directiornp,, choose a length of move,.:
Tk+1 = Tk + QgPk

e |deally, a; that minimizesf (x, + apx) has simple solution.

e Fixed point iteration with fixed point,,,;,, .

\_ /
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‘ Symmetric Positive Definite System'

If A e R" "™ is symmetric positive definite,
e A defines an inner product dgr*

e Any inner product induces a vector norm:
ol = v" Av

e \We have;:

Solving Az = b Is equivalent to minimizing a quadratic
functional that defines a conveXz)..

\_
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A-norm Minimization I

&= A"thandg(z) = ||z — 2|4
o(x) = (x — A D) A(x — A~ 'b)
= (zTA—-bTATA)(x— A b
=gl Az — 2T AAT O — b AT A + 0T AT AATYD
=gl Az —2Tb bl + 0T A7 =T Az — 20Tz + b1 A1

1
Q(zr) = §xTAx —blx

argmin ¢(x) = argmin Q(x)
rER™ rER™

17




/ ‘ Stepsize Selectio' \

Theorem 12.6. Suppose:;, € R" be the current guess atandp, € R"
IS the direction in which the next step is to be taken. Thesseakhat
minimizes)(zx. 1) where

Tht1 = Tk + O 1S ap =

Proof.

Q(a) = 5 ak +ap) " Al + i) — b7 (s + apy)

1 1
= 504 pk Apk — ozfrkpk - bTZCk T 25% ACCk:

Q,(Oé) — QP Apk — Tk Pk
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by Q(z). We have
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‘ Steepest Desce:'

Lemma 12.7. If Q(x) : R™ — R then the direction of most rapid descen
on the surfac&)(z) at some point* is the negative gradient

-VQ") =

VQ(x*) is the external normal of the tangent plane of the surfacenddfi

—VQ(x)=b— Az =r

which is the residual vector.

~

/
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‘ Example.

Let A = AT be?2 x 2. Notea1s = aoq.

o R e [ R

— % (100181 + E1a128n + Eaa1&1 + Ea09282) — (B1&1 + B262)

g—g = 041161 + % (0412 + 0421)62 o 61
g—g = 042262 + % (0412 + 0421)51 o 62

20



‘ Steepest Desce:'

example of a line search for unconstrained optimization
negative gradient, i.e., steepest descent direction yalwsed
stepsizey;. selection varies for different problems
Direction selected is always locally fastest.

There is often a better direction to consider based on mdobad’
Information.

/
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Steepest Descent foAz = bI

For Az = b the cost function oflx — A~'b||% is used.
The negative gradient is the residual vector.

Steepest descent solves a series of one dimensional ogtiomz
problems, i.e., constrained to a linelk*.

Analytical solution available and used in algorithm.
rr+1 L r but no global relationship is maintained between them.
SD can converge very slowly.

Consider level curves and iterates for example wits 2 .

/
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‘ Steepest Desce:'

A I1s symmetric positive definite
xg arbitrary;rg = b — Axq; vg = Arg

dok = 0,1, ... until convergence

T

(8 p—
k Tg’vk

Thyl < Tk + T

Tkl < Tk — Uk Ol

V41 < A"“k+1

end

23




/ Preconditioned Steepest Desce't \

A, M are symmetric positive definite
xq arbitrary;rqg = b — Axg; solveM zy = rg

dok = 0,1, ... until convergence
WL — Azk
T
_ Re Tk
Oék: o rgwk

Tht1 < Tk T 2L
Thtl < Tk — WEQg
solveMzr11 = ria1

end

24



/Iterations 2to5fom =2, A1 =9, =1

0.8

0.6

0.4

0.2

-0.2

-0.6

-0.8
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/Iterations 71011 fon =2, A1 =9, \» = 1, note scale difference \
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‘Convergence Rates from Level Curve'

Convergence is a function of the eccentricity of the ellgog®t define the
level curves of)).

You move in the direction of until the point at which the line; + ar;
IS tangent to a level curve. This must be the minimum in thiagtadion.

Very eccentric curves cause the search to ping-pong adressw
“valley” rather than following the bottom of the valley.

\_ /
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‘Convergence Ratei

A Is symmetric positive definite
1All2 = Aoz @and|| A7 2 = AL,
KD(A)Q = Amam/Amin

error is damped based on eccentricity

/ﬁ)(A)Q —1
K/(A)Q —|— 1

e, < )] 4

note similarity to earlier analysis of stationary method

preconditioning with som@é/ can improve the convergence
considerably by changing the eigenvalues.

28




‘Conjugate Directions for Az = bI

< x, y >a= x! Ay is an inner product.

<e, e >4= |le|4 used to define cogp(z), wheree = x — A~ 1b.
< x, y >4 defines conjugacy ad-orthogonality.

po, Pi,-.., pr areA-orthogonal if

—0 ifis;
<pi7pj>A )
#0 ifi=j

29




‘Conjugate Directions for Ax = b'

e A-orthogonality is a global constraint we relate to the uhaleg
notion of a series of 1-dimensional optimization problemget

— efficiency per step

— minimization of the error, i.e., solving the systetn = b

e Many algorithms possible based on conjugate directions.

\_
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Conjugate Gradients'

We still have to specify how to choose a particylar ;.

The efficiency of the method also needs to be consdiered amliga
properties used to reduce the complexity of an iteration.

One very popular version that accomplishes all of theseais th
conjugate gradient algorithm (CG).

There aramany ways to derive CG.

Idea: Combine steepest descent direction with orthogonality to
getpy—1.

/
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‘Conjugate Gradient Algorithm Derivation I

CG chooseg_1 to be the vector that minimizes

P — mE—1l2

over allp € R™ that are orthogonal t& (A Px_5) where
Pp_o = [p() P ... pk—2:|

The first condition is based on the notion that ; is the steepest gradient
direction but we know we must modify it to b&-orthogonal with the
earlier directions to accelerate convergence by usingltimgy
perspective ofA—orthogonality.

\_ /
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‘Conjugate Gradient Algorithm Derivation I

We already know how to characterize such a vectoz,, lf, € RF~1
solves the least squares problem

mzin |l7k—1 — APr_22||2

The residual at,,,;,, is orthogonal taR (A Py_-) and is the closest such
vector tory_1.

Pk—1 = Tg—1 — APk—Qme

\_ /

33




/

\_

Efficient Production of Direction Vector I

The A-orthogonality ofp; and their relationship to the residuals

be used to show that the least squares problem defining thhe nex

direction vectomp;. has significant structure.
pr 1S a linear combination af, and onlypy_.
Specifically,
Pk = Tk + Bk—1Dk—1
Bk—1 =T T/ Th_1Th—1

This is a key point in the efficiency of CGy, pi., andr;. are all
given by vector triads, i.e., there is no need to combineraNipus
Dj and”l"j.

~

can

/
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/ ‘ Conjugate Gradient Efficient Form I \

Algorithm: CG

xo arbitrary;rg = b — Axg; po = o

k=01,
vk = Apg
ap = rirE/pivg
Tk+1 = T + Qg Pk
T'k+1 = Tk — QpUg
Bl = Th Tl [T Tk
Pk+1 = Tkt1 + BkPk

end

35
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‘ Congugate Gradient Method' \

Note the low complexity per step.

This method can be derived from other points of view (inahgdihe
view Iin the text).

It is the standard algorithm to solve large sparse symmptsttive
definite linear systems and sparse linear least squaresrsolv

It is the basis for two families of nonsymmetric sparse Im®atem
solvers.

In practice, it must be preconditioned to work well.
It can be applied as an accerleration method to other solvers

It can be used in very abstract settings, e.g., optimizatisector
spaces of functions when solving PDEs. /
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Useful CG Facts'

The direction vectorg,, £ = 0, - - - are mutuallyA-orthogonal.
The residualsy, £ = 0, - - - are mutually orthogonal
r. IS orthogonal toR (P _1). (Galerkin condition)

Two bases for the space in whieh resides:

Sk = To + SPCLTL(po, e 7pl€) = To + Span(r(h T ,T’k)

37




‘ Convergence of Cﬂ

Efficient step in terms of computations and space like SD.

In exact arithmetic it is a finite algorithm since
T = Lo + QoPo + *** + Ok—1Pk—1

and(po, - -.,pn_1) IS a basis foR™, i.e., the algorithm determines
e(0) = 4 — 2, in terms of this basis.

This is not good enough and the main convergence resultdboun
k) = 2. — A1),

CG’s behavior under finite arithmetic is fairly complicatsad is also
the subject of much rigorous literature and folklore.
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Convergence and the A-norﬂ

Theorem 12.8. For CG, ¢(*) is bounded in terms of;, the condition
number of4 and the initial errore(®) by

le®lla < 2054

%

B
_i_
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‘ Convergence and the 2-norr-rI

Theorem 12.9. For CG, ¢(*) is bounded in terms of;, the condition
number of4 and the initial errore(®) by

le™ e < 2vka"([e P,

%

B
_i_
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Eigenvalues and Convergenc'

Eigenvalues play an important role in characterizing theveayence of

CG.
Theorem 12.10.If A hasm distinct eigenvalues, i.e., there arevalues
[1, -+, M SUCh that

o for1 <i < nthere existg such that\; = p;
o for1 < j < m there exists at least onesuch that\; = p;

then CG converges in at mast steps.

\_ /
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\Rules of Thumb'

Heuristically we have the following statements:

e CG converges quickly in thd-norm if k ~ 1. This implies the
spread of eigenvalues is getting small and therefore itkK$ddke
there are fewer distinct values. Alternatively, it saysdteepest
descent level curves are going to circles.

e If Ais close to a rank update to the identity then CG is almost
converged after steps

\_
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‘ Preconditioning.

Finite termination and the distinct eigenvalue converggheorems
typically do not yield satisfactory convergence in pragtic

It IS necessary to alter the system in order to improve thgergence
rate.

We transform the coefficient matrix to have, effectivelyyés
distinct eigenvalues.

There is a tradeoff in the cost of transforming the system — or
preconditioning the system — and the resulting improvement in

performance.

43



/ ‘ Preconditioned Conjugate Gradient' \

A and M are symmetric positive definite matrices.

xg arbitrary;ro = b — Axg;
solve M zg = rg; po = 20
k=01,
v = Apy,
ap = 1 2k /pi vk
Tk41 = Tk T OkPk
T'k+1 = Tk — QpUk
solveMzri1 = ria1
Br = 7“;:5+1Zk+1/7“;:52k
Pk41 = Zk41 + Orbr

" Y,

a4




\ Preconditioners.

e diagonal or block diagonal (Jacobi or block Jacobi)
e Symmetric Gauss-Seidel and Symmetric SOR

e Approximate inversel|l — M~ A|| r is minimized.

e Polynomial preconditioningd=! ~ P(A)

e Incomplete Cholesky

See text Section 4.3.2 for more discussion of preconditgne

\_

45



/

\Local I\/Iodels'

Theorem 12.11(Taylor's Theorem) Suppose functiotfi : R® — R is
continuous.

o If f €C!andp € R” then for somé® < 7 < 1
fle+p)=fl@)+Vf+7p)'p
o If f € C?andp € R" then for somé < 7 < 1

flx+p)= f(z) +Vf(x)'p+p Vf(x+Tp)p

\_
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‘ Use of Quadratic Local Model'

Let B, € R™*" be symmetric. A quadratic local model féfx) nearzy,
Is of the form:

mi(p) = f(xk) + Vf(zr)'p +0.5p" Bip

Its gradient is
Vmy(p) = V f(zx) + Byp

\_ /
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‘ Use of Quadratic Local I\/IodeII

Methods based on quadratic local models take the direpjida be the
point at whichVmy(p) = 0, i.e., a stationary point ot (p).

Vmy(p) = V f(zx) + Byp

Vmy(pr) = 0 < Bppr = —V f(xg)

48



Curvature and Descent Directions

SupposeBypr = —V f(xy)

e If pl Bipr > 0 thenp is a direction of positive curvature and

—pLVf(z,) > 0 — py is adescent direction of
e If p! Bip, < 0thenpy is a direction of negative curvature and
pi Brpr <0 — —pi Vf(z) < 0 — py is a not descent direction g¢f

e If By iIs symmetric positive definite then there are no directidns o
negative curvature.

e If B; Is symmetric indefinite then there are directions of negativ

curvature. /
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Negative Curvature and the Local I\/IodeII

Suppose;. is a direction of negative curvature then

pi Brpr < 0

The local model as a function ef givenp,

mi(apr) = f(xg) + OéVf(ZCk)Tpk + O.5a2p£kak

IS a parabola opening downward and therefore has no bounuoh&ahum.

\_ /
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Negative Curvature and the Local I\/IodeII

local model in the directionsp;, unbounded below

f in the same directions is assumed to be bounded belowhiee., t
minimization problem makes sense

Some methods use these directions to move away from current
neighborhood.

All can have difficulties since the negative curvature dimts may
dominate the solution and have large norm, i.e., step sefelengthy

Easy to detect and most practical Newton and Quasi-Newtdhods
have strategies to avoid directions of negative curvatuoégo easy).

/
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/ Newton I\/Iethods' \

e Newton assumes?f, is symmetric positive definite, i.e., close
enough to local minimizer, and

Vkapk ==V}
solved exactly, i.e., to numerical precision.

e Inexact Newton assum@g f, is symmetric positive definite solves
system, e.g., via CG, inexactly with

ri =V fepe + Vi #0.

e Inexact Newton converges linearly locally if

VE lrell < e[V 0 <me < <1

\_ /
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\ Practical Methods.

e Cannot assume problem away in practice.

e V2 f, indefinite implies directions of negative curvature must be
avoided to guarantee a descent direction in the line searoh f

e One approach is to modify the Hessian. Several techniguss ex

e Or, rather than modifying the matrix, modify the way the systis
solved.

\_ /
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\ Newton-CG I\/Iethod'

e The solutiontoV?f,p = —V f, is approximated via a CG iteration
xo,X1,...,T; = pr USING conjugate direction), dq, ..., d;

e 1o = 0 used and thereforé) = ro = —V f,.

e terminate when

() [lrell < min(0.5, /IVfLIDIV fl

(i) orif dl' V2f,d; < 0 for somei when computing:; 1 then when
1 > 0 takep,. = x; otherwisep, = d.

e «y, Set to satisfy Wolfe or Goldstein with initial gueas= 1 to
guarantee superlinear/quadratic convergence ultimately

e Can be applied to any algorithm that solvgp, = —V ..

\_ /
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/ Secant Condition for Scalar Equationﬂ

Secant method for a scalar equation:

Ue(x) = fr + qu(® — 21) — Q(Tr41 — Tk) = @Sk = — [

uses slope of line connecting,_1, fr—1) and(xk, fx)

_ S = e

Lk — Tk-1

qk — qrSk—1 = Yr—1 1-D secant condition

note thalgy sx # yx

Cet1(T) = frr1 + @1 (T — Tp1) — Qret1(Trr2 — Thg1)

— qk+1Sk+1 — —fk;+1

Sre+1 — fr

dk+1 = > qk11Sk = yr  1-D secant condition
Lk+1 — Tk

\ note thatgr15x+1 7 Yr+1

~
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Secant Condition for Systemj

local model for system8/,(z) = F(xx) + Br(x — xx)

Tr11 = Tk + aipr WhereBgp, = —F(x)) gives the change to get
to the root of M (x) anday Is a stepsize.

Let s, = Tk+1 — Tk andyk = F(ij_H) — F(a:k)
As with gi.s._1 = yr_1 for scalars we wanBysi_1 = yr_1.
Bisi # yi. Ifnotthentakeny =1 — pr = 11 — 2 = s and

Bipr = Bisy = yp = F(ap41) — F(2r) = F(Tpy1) + Bipr
. F(xpy11) =0, Solution found.

On the next step we waii;,, s, = y;. etc.

/
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Secant Condition for Systemj

Secant condition:

Bri15k = Yk

e Note that this is underdetermined with respect torthelegrees of
freedom inBg, ;.

e Many possible choices a1 at each step.

e Suppose we look for a modification 18y, that makes3;. . satisfy
the secant condition, i.eBx.1 = Br + F

e May also require other conditions, e.g., symmetry.

\_ /
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‘Quasi-Newton Methodﬂ

Local model used:
mi(p) = flxr) + VF(zr) ' p+p' Bep

Brpr = —V f(x1) solve exactly or approximately

secant condition enforced by updag., s = (Br + Er)Sr = Yk
symmetry of allB;, constrains the update, i.&;, is symmetric.
alternate equivalent formy, = —HiV f,.

Hi 1 = Hi + G WhereGy, is symmetric

method of avoiding negative curvature varies
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\ BFGS Method.

The Broyden-Fletcher-Goldfarb-Shanno (BFGS) methodaalost
popular Quasi-Newton method for unconstrained optimozati

e starts withHy = B; ' ~ VQf_l(:z;O)
e Secant condition is written accordingly
Hi11yr = Sk

e H; ., istaken to be the symmetric matrix such that the secant
condition holds and that minimizes

|H — Hy|| F

\_
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\ BFGS Method'

Hy1 = (I — prswyl VHu(I — prynst) + prsesy
1

= Hi + Gg, pr=—75
Yi. Sk

Brsksy Bx  ykYjr

or equivalently By, = By —
si Bysk YL Sk

pr = —HiVf(zy) or Bipr=—-Vf(zg)

If H; is positive definite then so By, (not an imposed constraint)

\_
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\ BFGS Method. \

Brpr = —V f(zr) can be solved with CG version adapted to avoid
negative curvature in cagey, positive definiteness does not survive
numerical noise

the step; is chosen sa ;.1 = x; + aipy Satisfies Wolfe conditions

BFGS tends to be self-correcting whéfy is not a good
approximation.

limited memory BFGS for large sparse problems

— n is very large

— V2 f(x;) is symmetric and sparse

— avoidsBy11 = Bx + Ej or Hi, 1 = Hj, + G due to fill-in

member of much broader Broyden class of methods /
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\ BFGS Method'

BFGS ( H;, update):
ChooseH,xq

loop overk until convergence

end

Solvep, = —HiV f(xx)

Choosey;. via a search that imposes Wolfe conditions
Tk+1 = Tk + QgPk

Sk = Tk+1 — Tk

yr = Vf(xry1) — Vf(zk)

pr = 1/yj sk

Hyy1 = (I — prseyi VHi(I — pryisi) + prsesi
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\ BFGS Method'

BFGS ( Bj, update):

ChooseBy,xq
loop overk until convergence
Solve Bipr = —V f(xx)
Choosey;. via a search that imposes Wolfe conditions
Tk+1 = Tk + QgPk

Sk = Tk+1 — Lk

yr = Vf(rry1) — Vf(re)

Bysksi B ykyT
B — B e kokok k k
k+1 k sgBksk ygsk

end
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‘ Example — Rosenbrock Functio:'

(Nocedal and Wright)

f(x) =100(&2 — &1)° + (1 = &1)*

1
rt = ( ) is a local minimum and’? f (z*) is positive definite
1

()

\_ /
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‘ Example — Rosenbrock Functio:'

(Nocedal and Wright)
e Steepest Descent, Inexact Newton, and BFGS using Wolfetoomsl
e Steepest Desceht= 5264 and||zy — z*||2 = 1.823 x 104
e BFGSk = 34 and||z;, — z*||2 = 1.01 x 1076

e Inexact Newtork = 21 and||z, — x*[|2 = 1.17 x 107%

\_ /
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4 N
‘ Convergencﬂ

Convergence can be considered in terms of the angles defyned b

—Vfgpk
IV frll2llpel2

cos 0, =

Zoutendijk Condition: Under mild assumptions it can be shown that if
Vk ps IS a descent direction angd. satisfies the Wolfe or Goldstein
conditions then

S cos® [V 1,3 < oc

k>0
This in turn implies
cos” Ok ||V f1,ll5 — 0

\_ /
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‘ Convergence of Line Searc!'

Theorem 12.12. Supposer,. 1 = xr + prax Wherep, IS a descent
direction andq, satisfies the Wolfe conditions and the Zoutendijk
condition. Ifp,, Is chosen so that

Vk coslr >0 >0

thenVzy we have
lim [[Vf]lz = 0.

Note. The method is therefore globally convergent to a set ofataty
points. You could move around in or near the set on a continuemno
jumps to other distant stationary points.

\_ /
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‘ Convergence of Newton-like Searchi

Theorem 12.13. Suppose. 11 = x + prax Wherep, = —B,;1ka
and a;, satisfies the Wolfe conditions and the Zoutendijk conditibf;,
IS symmetric positive definite and

IBill2ll By M2 <
thenVz, we have
cosf, > p~ ' and klim |V fill2 =0.

Note. Wolfe conditions, positive definiteness and bounded cadit
numbers imply globally convergent Newton-like methodssit\e
definiteness is the difficult bit to guarantee.

\_ /
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satisfies

\_

‘General Line Search Convergenc'

Theorem 12.14. Any algorithm for which

e every iteration produces a reduction fi

klim inf||[Vf.|2=0

Note. This includes nonlinear CG methods and says that only a
subsequence of the gradients converge to

e everym—th iteration is a steepest descent step withsatisfying the
Wolfe or Goldstein conditions

/
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Sufficient Decrease ConditioE' \

Supposé < v; < 1is given, then sufficient decrease is achieved with
If

f(@r + pear) < fzk) + naw(Viipe)
o) < £ag)
e negative slope at; = 0, v, flattens it to define lineaf(«)
o v; ~ 10~ typical

¢ sufficient reduction requires decrease to be proportiansidp and
the directional derivative

e sufficiently small step sizes satisfy this trivially so tHgaithm may
not make progress if this is the only condition.

\_ /
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/ Sufficient Decrease Condition Geometric Viez' \

A ¢ (o) =f(xk+apk)

acceptable

acceptable

joe—

>

Figure 3.3 Sufficient decrease condition.

\(from Nocedal and Wright)
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/ Curvature Condition I \

Supposéd < v; < v < 11s given, theny,, satisfies the curvature
condition if

Vf(zk + prar) pe > 72V I
¢'(ax) > 72¢'(0)

e As we near minimizer the curv&«) should flatten, i.e., less
negative slope or even slightly positive.

e |f not, then a signficant reduction could be expected withdar
stepsizes.

o 107! <, <0.9 typical

e Note that large positivé’(«; ) satisfies condition and are far from
\ minimizers so a modification needed. /
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/ Curvature Condition Geometric View I \

b (o) =f(x;+0.p,,)

tangent

acceptable
< ‘ 1% o ! acceptable

Figure 3.4 The curvature condition.

Qrom Nocedal and Wright) /

73




4 N
\Wolfe Conditions.

Definition 12.3. Supposef € C, 0 < v < v < 1 are given, and
pr € R™ Is a descent direction ai.. The stepy;. satisfies the Wolfe
conditions if

flor + prax) < fzr) + ik (VILr) (1)
Vf(zk + prar) pe > 72 Vi (2)

and satisfies the strong Wolfe conditions if (2) is replacgd b

IV f(xn + pear) T ok < 32|V T prl

Note. Under mild conditonsg,, satisfying the Wolfe conditions always
exists.

\_ /
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/ Wolfe Conditions Geometric View. \

A ¢ () =f(xk+apk)

line of sufficient
decrease

> lo)

-

~ f
~ '
~ +

v

.

acceptable acceptable |
= > | | e———

Figure 3.5 Step lengths satisfying the Wolfe conditions.

Qrom Nocedal and Wright) /
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Observations. \

—V fi Pr
IV fill2llpll2
Turningpy, closer to—V f, any time0 < cosf; < d Is a way to
guarantee global convergence.

cos 0, =

Global convergence often conflicts with fast convergenceepest
descent can be very slow.

Newton is fast near the solution when all of its directiores @escent
directions naturally.

The key is directions of negative curvature. Sometimes yastm
Include their influence to move rapidly lower fn Other times they
are misleading since they are purely local and their nagaaling
may be excessively large.

line searches and trust regions deal with negative cure/aliltferently
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‘ Rates of Convergenc’

~

Definition 12.4. Let{xx} be a sequence IR" that converges ta*. We say that

the convergence is:
e Q-linearifd0 < p < 1 andkg such thatvk > ko

|zr1 — 2|
[z — 2*|

<p

e Q-superlinear if
[Tar1 — 27| _

=0

lim
k—oo ||zp — x*||

e Q-orderpif 30 < p < 1 andko such thatvk > ko

|zrts — ="
[z — 2|7

<p

\_
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/ ‘Convergence Rate' \

e steepest descent converges Q-linearly and for ill-camroblems
p~ 1.

e Newton’s method is locally Q-quadratically convergent.
e Quasi-Newton methods with, = —Bk—lka a descent direction

must havey,, satisfying the Wolfe conditions with; < 1/2 for all &
greater than somk,.

e Whena; = 1 for k > ky then Quasi-Newton methods converge
superlinearly tac* if and only if

B, — 2 *
B = V)
k—o0 izl

Note. We need not havé,, — V2 f(z*). It need only converge in the

\direction of the search directign,! /
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