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General Solution.

The IVP

Lyl =vy"+py +qy =0, y(to) =vo, ¥'(to) = o,
wherep andg are continuous on an open intervatontainingt,, has a

unique solution,

We want a general solution given in terms of two solutignandys, to
the homogeneous ODE:

Liyi] = y! +py; +qy1 =0
Liys) =94 + pyh+ qy2a =0
Y = C1Y1 + C2Y2
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General Solution'

e Assumey; andy, are given.
e Whenisy = c1y1 + c2y2 a general solution td,[y] = 0?

e Specifically, given arbitrary initial conditiong andy(, when can
constants:; andc, be found so the unigue solution to the IVP Dis
Yy = c1y1 + Cc2y27?

e |f this can be done for any initial condition then all solurtsoto the
IVP can be expressed gs= c1y; + cays.
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Linear AIgebraAsideI

Theorem 10.1. The linear system of equations

Y11 712 & [a
Y21 Y22 ) \ &2 02
has a unigue solution for any; andds if and only if

Y117Y22 — Y127Y21 # 0
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Linear AIgebraAsideI

Q= Y11722 — V12721 7’é 0

then the unigue solution to the linear system of equations

Y11 Y12 &1 _ 01
Yo1 Y22/ \ &2 02

Corollary 10.2. If

IS given by
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Linear AIgebraAsideI

Y117Y22 — Y127Y21 = 0

Corollary 10.3. If

then there are values of andd, such that the linear system of equation

Y11 Y12 1 _ 01
Y21 Y22 P 02

has no solution and has an infinite number of solutions.

D
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Unigue solution.

Linear AIgebraAsideI




Linear AIgebraAsideI

1 2 &) (3
1 2/ \& 5
does not have a unique solution sirikce 2 = 0.

It has no solution sinc&¢;, &

(51 + 2&) # (3)
&1+ 28 D

\_




Linear AIgebraAsideI

1 2 &) (3
1 2/ \& 3
does not have a unique solution sirikce 2 = 0.

It has infinite number of solutions since

) 0200 )
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General Solution'

To find ¢; andcs given solutiong); andy,, and initial conditions
y(to) = yo andy’(ty) = yp, we must solve

y1(to) y2(to) ci) _ [
y1(to) wa(to) ] \c2 Yo

This has a unique solution for dly, y;) if and only if

y1(to)ys(to) — y2(to)yy (to) # 0
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/ Solvability of IVPI \

A formal statement of this simple fact is given by:
Theorem 10.4 (Textbook page 149)The IVP

Lyl =vy"+py +qy =0, y(to) =y, ¥ (to),

wherep and g are continuous on an open interValcontainingty, has a
unique solution of the form

Y = C1Y1 + C2y2

whereL[y;] = 0 and L{ys] = 0 if and only if

W (y1,y2)(to) = y1(to)ys(to) — y2(to)yy (to) # O.

(W (y1,y2)(t) is called the Wronskian af; andy, and is a function of.)

/
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functions

If and only if

\_

A fundamental theorem of linear second order ODESs can nowabeds
Theorem 10.5 (Textbook page 149)If

Liyl=vy"4+py +qy=0, Lly1]=0, Ly =0

wherep and g are continuous on an open intervalthen the family of

wherec; andc, are arbitrary constants contains all solutions of the ODE

Solvability of IVPI \

Y = C1y1 + C2Yy2

Lyl =0

dto € T such that W(y1,y2)(tg) # 0

/
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Solvability of IVPI

e Theorem 10.5 says that andy, define a general solution of
Lly] = 0ifand only if W (y1,y2)(t) is notO everywhere oiT.

e Theorem 10.5 follows from the existence and uniguness émeor
presented earlier and Theorem 10.4 which gives the formeof th
unigue solution. Since all possible solutions can be chariaed by
a choice of initial conditionsy = ¢y + coy2 must give all possible
solutions.

e y; andy, are called a fundamental set of solutiond.gf| = O if
W (y1,y2)(t) is not0 everywhere ort.
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‘ Example.

Lyl =y" —y
yp=¢€", ya=e"
yp=¢€', y,=—e"

W (y1,y2)(t) = y1yh — Y241

= e tel—elel=—-1-1=-2+#0

e {y1, vy} isafundamental set of solutions

e y = c1y1 + coyo IS @ general solution ak|y] = 0

\_
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‘ Example.

Lly] = y" + 9y
Y1 = cos3t, Yo = sindt
y; = —3sin3t, y5 = 3cos3t

W (y1,92)(t) = y195 — Y2y3
= 3cos’3t+3sin’3t=3#0

e {y1, vy} isafundamental set of solutions

e y =1y + coyo IS @ general solution ak|y] = 0
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‘ Example.

Lyl =y" +4y + 4y

2t

Yyp =€ °, Yy = te 2

yll — —26_2t, y/2 — _2t6—2t T 6—2t

W (y1,y2)(t) = y195 — Y23
— 6—2t (6—2t . 2te—2t> . (te—Qt)(_ze—%)
=e *(1-2t) +e M2) = #£0

e {y1, vy} isafundamental set of solutions

e y = c1y1 + c2yo IS a general solution ak|y| = 0

\_ /
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Proof.

\_

\Useof Theorem'

The previous examples had specific solutignandys for a specific
L|y]. The Wronskian can be used to prove more general statments.

Theorem 10.6. If vy # 1o, y; = et andy, = "¢ then

Yy = C1y1 + C2Yy2

IS a general solution for any.[y] = 0 such thatl[y;]| = 0 and L|y2] = 0.

W(@Tlt, eTgt)(t) — ,r267°2t67°1t . rleTltGTgt

= (rg —r1)e™te™t £ 0

~
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\Useof Theorem'

Theorem 10.7. If y; = €' andyy = te’ then

Yy = C1y1 + C2y2

IS a general solution for any.[y| = 0 such thatZ[y;] = 0 and L|y2] = 0.

Proof.

W(€Tt7t€rt)(t) — ert(ert T ,rert) . (tert)(,rert)
= 2" (1 4 rt) — e*t(rt) = e*™ #£ 0
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Existence of Fundamental Solutions'

Theorem 10.8 (Textbook page 151)Consider the ODE

Liyl=vy" +py +qy=0

wherep and g are continuous on an open interval If y; andy, are such
that

L] =0, wni(to)=1, u
Lly2] =0, ya2(to) =0, ys(to) =

then{y:, y.} is afundamental set of solutions fffy] = 0.

\_ /
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Existence of Fundamental Solutions'

e y; andy, always exist by the existence and uniqueness theorem.

e Still requires the solution of two IVPs, so it is just as difficas the
original ODE.

e Example:{y;,y>} = {sinht, cosht} isafundamental set of
solutions fory” — y. (see Textbook page 152)

\_ /
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/ Abel’sTheoremI \

The Wronskian of pairs of solutions éfly] = 3" + py’ + qy = 0 has a
simple form.

Theorem 10.9 (Textbook page 154)If

Lyl =vy" +py +qy=0

wherep andq are continuous on an open interval L|y;] = 0 and
L[y2] = 0 then the Wronskian

Wy, y2)(t) = CG(t) = W(t)

G(t) = exp[—/p(t)dt]

\andC IS a constant with respect tathat depends o, andys. /
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Abel’sTheorem'

VteZ, G(t)#0

SinceC'is a constant, the Wronskid#' (¢) is either alway$) or
always nonzero off. So we need only test at a conveniént

W (t) is equal up to a multiplicative constant for all fundamestets
of solutions.

W (t) can be determined up to a multiplicative constant without
solving the ODE.

/

22



/

Abel’sTheorem'

Recall our examples:

e ForLly| =vy" —yandL[y] = 3" + 9y we have
pt)=0—-G(t)=e" - W(t)=C
We had—2 and3 for the solution pairs chosen.
e ForL|y| =v" + 4y’ + 4y we have

pt) =4 - Gt)=e M - W(t)=Ce

For our example of y1, yo } = {e™%, te=*"} we hadC = 1.

\_
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‘Summary'

Wronskian:W (y1, y2)(t) = 11y — yav/,

{y1, y2} is a fundamental set of solutions if you can fifade Z
whereW (y1, y2)(tg) # 0

Given a fundamental set of solutions= c;y; + coy» IS the general
solution of L[y].

Solving L{y1] = 0,y(to) = 1,4'(o) = 0 and
Lly2] = 0,y(tg) = 0,9’ (t9) = 1 gives a fundamental set.

Unigue solution to IVP can be found by determinihigandcs so that
y satisfies the initial conditions.

W (y1, y2)(t) = W(t) = Cexp| [ pdt] whereC is independent of.

/
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Generating Solutionsof L|y| = 0

Suppose you fing; such thatZ[y;] = 0 but have no idea about, e.qg.
with a repeated root. The reduction of order method can beesjdjo a
nonconstant coefficiert|y] = 0.

Givenyy (t) find yo (1) = v(t)y1(t).

Y2 = VY1, Yo = VY1 + 0y
Yy = 0"y +0'yy +v'yy oyl = 0"y + 20'y) + oyl
ys +pys + qyz = (V"y1 + 20"'yy +vyl) + p(v'yr +vyy) + vy =0

\_

~
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Generating Solutionsof L|y| =0

vy + pys + quz = (V"y1 + 20'y; +vyy) + (V' +vyy) + v
= (y1)v" + (2y; +py1)v" + (¥ + pyi + qu1)
= (y1)v" + (2y; +py1)v' =0

26




Generating Solutionsof L|y| =0

Letw = v’
(y1)v" + (2y1 + py1)v' =0
(y1)w'" + (2y; +py1)w =0
e solve forw = v’ using separable or linear ODE method
e Integrate to get

e recoverys(t) = v(t)yi(t)
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‘ Example'

y'+4y +4y =0

Y1 = e, Y2 = VY1

(y1)w" + (2y; + py1)w =0
(e N + (—de *" +4e M w=0—w =0
w=0—-w=C=v —-v=Ct+D

Yo (t) = vy (t) = te !

which we verified earlier yields a fundamental set of sohsio
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