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General Solution

e Assume y; and yo are given.

When is y = c1y1 + coye a general solution to L{y] = 0?

Specifically, given arbitrary initial conditions yo and y, when can

Y = a1y + coyp?
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If this can be done for any initial condition then all solutions to the
IVP can be expressed as y = ¢1y1 + cays.
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constants c; and ¢z be found so the unique solution to the IVP on T is
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General Solution

The IVP

Lyl =y" +py' + 9y =0, ylto) =vo, ¥'(to) =w,

where p and q are continuous on an open interval 7 containing ¢y, has a
unique solution.
We want a general solution given in terms of two solutions y; and ys, to
the homogeneous ODE:

Lig] =yi +py1 +ay =0

Liga) =wz +pya +ay2 =0

Y = C1y1 + oy
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Linear Algebra Aside

Theorem 10.1. The linear system of equations

1 M2\ [ & dy

Y21 ve2) \& 0y

has a unique solution for any 6, and 65 if and only if

Y117Y22 ~ M2ve1 # 0
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Linear Algebra Aside

Corollary 102, If

o= Y1122 — Y1221 F 0

then the unique solution to the linear system of equations

M1 mz2) [&)  [6

vor ez ) \&2 A
is given by

3 1| 722 —m2) [&
3] C\=y21 T )
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Linear Algebra Aside

Unique solution.
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Linear Algebra Aside

Corollary 103. If
T11Y22 — Yizy21 =0
then there are values of 8, and 5, such that the linear system of equations
1 M2\ (& !
T21 2] \&2 b2

has no solution and has an infinite number of solutions.
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Linear Algebra Aside

1 2) \g& 5

does not have a unique solution since 2 — 2 = 0.

It has no solution since V&;, &5

&1+ 26 ” 3
&1+ 26 5
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Linear Algebra Aside

1 2 & 3

does not have a unique solution since 2 — 2 = 0.

It has infinite number of solutions since Yy

12\ [1-2y 1 2\ (1 1 2\ [-2y 3
1 2) \ 14y 1 2/ \1 12 v 3
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Solvability of IVP

A formal statement of this simple fact is given by:
Theorem 10.4 (Textbook page 149), The IVP

Liyl=9"+py +qy=0, ylto) =yo, v (to),

where p and g are continuous on an open interval I containing tg, has a
unique solution of the form

Y=y + Y2

where L{y,] = 0 and Lly,) = 0 if and only if

W (41, y2)(to) = y1{to)ya(to) — va(to)yi(to) # 0.

(y1, y2) () is called the Wronskian of yy and y2 and is a function of t.)
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General Solution

To find ¢, and ¢, given solutions y; and yz, and initial conditions
y(to) = yo and y'(to) = ¥}, we must solve

yilte) w2(to) {a Yo
yilto) walto) ] \ ez Yo

This has a unique solution for all (yo, y{) if and only if

y1(to)ya(to) — yalto)yy (to) # 0
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\ Solvability of IVP /

A fundamental theorem of linear second order ODEs can now be stated:
Theorem 10.5 (Textbook page 149). If
Liyl=y"+py' +qy=0, Liyn}=0, Lly]=0

where p and q are continuous on an open interval I then the family of
Junctions

Y =c1y1 + 2y

where ¢y and c3 are arbitrary constants contains all solutions of the ODE

if and only if

dtg € T suchthat W(yy,y2)(to) #0
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Solvability of IVP

e Theorem 10.5 says that y; and y, define a general solution of
Lly] = 0if and only if W (y1, y2)(¢) is not 0 everywhere on 7.

o Theorem 10.5 follows from the existence and uniquness theorem
presented earlier and Theorem 10.4 which gives the form of the
unique solution. Since all possible solutions can be characterized by
a choice of initial conditions, y = ¢1y; + coy2 must give all possible
solutions.

¢ y) and yy are called a fundamental set of solutions of L{y] = 0 if
W {y1,y2)(t) is not 0 everywhere on 7.
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Lyl =y" + 9%
Y1 = cos3t, y2 =sindt

¥y = —3sin3t, ¢, = 3cos3t

Wy, y2)(t) = y19s — yayy
= 3cos® 3t +3sin?3t =3 #£0

. ?T Sv is a fundamental set of solutions

& y = c1y1 + Cay2 is a general solution of Liy] = 0

W (1, v2)(t) = y1ys — yav

—tt

=l —eTlel = -1 -1=~2+#£0
o {41, y2} isafundamental set of solutions

® y = c1y; + cay is a general solution of L{y] = 0

\_

Lyl =v" + 4/ + 4y

2t

yr=e 2, yp=te

Y= -2, yh = —2te T 4

Wy, 92)(t) = 11ys — vy}
— 2 Amlm“ _ wwmxmﬁv _ Qm|§X|wmiNJ

= ml&? —2)+e M2 = £0

e {y1, yo} isafundamental set of solutions

® Yy = c1y1 + cay2 is a general solution of Ly] = 0
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Use of Theorem -

The previous examples had specific solutions y; and ys for a specific
L{y]. The Wronskian can be used to prove more general statments.
Theorem 10.6. Ifry & o, y1 = "¢ and yo = €2 then

Y=y + 2y
is a general solution for any Liy| = 0 such that Ly,] = 0 and L{y) = 0.
Proof.

S\Amza,mﬂﬁzﬂv — ﬁmmwn“mi» _ \:mjumﬂi

= (ry —ry)e?temt £ 0

-
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Existence of Fundamental Solutions

Theorem 10.8 (Textbook page 151). Consider the ODE
Lyl =y" +py' +qy=0

where p and q are continuous on an open interval I. If y; and y, are such
that

then T\T Y2 } is a fundamental set of solutions for L{y] = 0.

N )
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Use of Theorem -

Theorem 10.7. Ify; = e and yy = te™ then

Y= Ciy1 + cay
is a general solution for any L{y] = 0 such that L{y] = 0 and L{ya] = 0.
Proof.

W(e™ te™)(t) = e (™ +re™t) — (te"t)(re™)
— mmlAH + ﬂ.uv _ mmlAﬁﬂv — mwl m.m 0

i8

Existence of Fundamental Solutions

e y; and y, always exist by the existence and uniqueness theorem.

¢ Still requires the solution of two IVPs, so it is just as difficult as the
original ODE.

e Example: {y1,y2} = {sinht, cosht} is a fundamental set of
solutions for y”' — y. (see Textbook page 152)

N /
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The Wronskian of pairs of solutions of L{y] = v + py’ + qy =0has a
simple form.

Theorem 10.9 (Textbook page 154). If

Liyl=v"+py +qu=0

where p and q are continuous on an open interval I, L{y,] = 0 and
Llys] = 0 then the Wronskian

Wiy, y2)(t) = CG(t) = W(t)

G(t) = mxlt \E&Q&

/Ei C is a constant with respect to t that depends on y, and y, .

\ Abel’s Theorem j

)
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Abel’s Theorem

Recall our examples:
e For L{y] = v - y and L{y] = y" + 9y we have
pt)=0—-G(t)=e > W({t)=C
We had 2 and 3 for the solution pairs chosen.
e For Ly} =y + 4y’ + 4y we have

pit) =4 > G(t) =™ > W(t) = Ce ™

For our example of TSQ Y2} = {e~2, lewﬁ wehad C = 1.

o

/
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Abel’s Theorem

VteZ, G()#0

Since C is a constant, the Wronskian W (¢) is either always 0 or
always nonzero on 7. So we need only test at a convenient #.

W (t) is equal up to a multiplicative constant for all fundamental sets
of solutions.

W (t) can be determined up to a multiplicative constant without
solving the ODE.

22

Wronskian: Wy, y2)(t) = y19%5 ~ 21/}

{1, y2} is a fundamental set of solutions if you can find t, € 7
where S\Am\uu QNVANOV wm 0

Given a fundamental set of solutions ¥ = ¢;y; + coyp is the general
solution of L[y].

Solving L[] = 0,y{to) = 1,¥'(¢s) = 0 and
Liy2] = 0,y(to) = 0,%(to) = 1 gives a fundamental set.

Unique solution to IVP can be found by determining ¢; and ¢ so that
y satisfies the initial conditions.

W(y1, y2)(t) = W(t) = Cexp[ pdt] where C is independent of t.

)
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Generating Solutions of L{y] = 0

Suppose you find y; such that L{y;]} = 0 but have no idea about s, e.g.,
with a repeated root. The reduction of order method can be applied to a
nonconstant coefficient L{y] = 0.

Given y1 () find y2(t) = v(t)y1(t).

Y=oy, y=vyn+ vy
vy ="y + 0y + 0y oyl = 0"y + 'y + vyl
Y2 +pys +aye = (V"y1 + 20"y; +vyi) + p('ys + vyh) + vy = 0

N
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Generating Solutions of L{y| = 0

Letw = v
(w)v" + (2y; +py )’ =0
(y)w' + (25 +pyr)w =0
e solve for w = v’ using separable or linear ODE method
* integrate to get v

» recover Y, (t) = v(t)y1(¢)

o
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Generating Solutions of L{y] = 0

y3 +pys +qye = (V1 + 20y, 4+ vyy) + p(v'yy + vy) + o
= (y1)v" + (241 + py)v’ + (! + pyl + qu1)
= ()" + 2y +py )’ =0

26
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y=€ 7, Yy2=0

(y)w' + yy + pyi)w =0
(e + (~de™ +4e™ ) =0 - w =0

w=0—-w=C=v —-v=Ct+D

v2(t) = v(t)ys (t) = te™

which we verified earlier yields a fundamental set of solutions.

\_
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