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‘ Nonhomogeneous Problem'

The IVP

y" +pt)y +aqt)y =g(t), y(te) =vo, ¥ (to),

wherep, ¢ andg are continuous on an open intervatontainingt,, has a
unique solution.

The problem is nonhomogeneous sig¢e) #~ 0.

A solution to this problem is called a particular solutiorthe ODE.
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Solution Form I

See Theorems 3.5.1 and 3.5.2 in the textbook.

e If Y7 andY; are particular solutions of a nonhomogeneous ODE then
Y: — Y5 is a solution to the homogeneous form of the ODE, i.e.,

Y1 = Yo+ c1y1 + c2y2

So adding a homogenous solution to a particular solutioesgiv
another particular solution.

e The general solution of a nonhomgenous ODE has the form

y =Y 4+ c1y1 + c2y2

whereY is a particular solution angly;, y- } is a fundamental set of

solutions to the homogeneous form of the ODE.
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\ Particular Solutions of Linear Order 2 ODESI

Two methods will be discussed:

e Method of Undetermined Coefficients
— Given form ofg(t), assume a parameterized formydt).

— Determine value of parameters so thay| = g.

e \ariation of Parameters

— Given a fundamental set of solutiofig, , - }, assume
y(t) = A1 (t)y1(t) + A2(t)y2(1).
— Solve ODEs that determing, (¢) and A-(¢) such thatL|y| = g

— Closed form known.
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Method of Undetermined Coefficients

If g(t) = (a,ot” s+ ap_ 1t + ay)

s =0, 1,2 is taken as the smallest integer so that no terxi () is a
solution to the homogeneous problem.
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Method of Undetermined Coefficients

If  g(t) =e*(agt" + -+ an_1t + a,)
then Y (t) = e*t*(Apgt" + - -+ A1t + A,)

s = 0,1,2is taken as the smallest integer so that no terii(t) is a
solution to the homogeneous problem.

Note that the polynomial can be takenla® handle the case of
g(t) = e".
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Method of Undetermined Coefficients

If  g(t) =e*(apt™ + -+ an_1t + an)(csin Bt + d cos Bt)
then Y (t) =te®(Agt" + -+ -+ A,_1t + A, sin 3t
+t%e (Bot" + - -+ + B,_1t + B,,) cos 3t

s = 0,1,2is taken as the smallest integer so that no terixi(t) is a
solution to the homogeneous problem.

Note that the polynomial can be takenlaanda = 0 to handle the case
of g(t) = (csin Bt + d cos (t)
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Method of Undetermined Coefficients

If the ODE is of the form
LY =gi1(t) + g2(t) + - - - + gr(t)

where they; (¢) are in different categories then solve foparticular
solutions
LY =gi(t), 1<i<k

and take
Y=Y+ ---+Y;

as the particular solution of the original ODE.
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‘ Example'

Textbook page 179

Lyl =y" =3y — 4y =2e~" = g(t)

y' =3y —4y =0

r?—3r—4=0—7r =4, ro=-1

fundamental set of solutions{y,y»} = {e*, e~}
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‘ Example.

Textbook page 179
Sinceg = 2e~t ande~! is a solution to the homogeneous equation and
te~ ! is not we have:
Y(t) = Ate™!
Y'(t) = Ae™! — Ate™?
Y (t) = —24e~" + Ate™?
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‘ Example'

Textbook page 179
Substituting yields,

LIY]=g(t)
—2Ae P+ Ate ! —3Ae P + 3Ate”t — 4Ate”t = 2e7 !
e '[-2A — 3A] +te ' [A+3A —4A] = 27"

2
e [-hA] =2t - A= —=

2
Y(t) = ——te "
(t) = —te
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‘ Example.

Textbook page 179

y" =3y —dy =2e"" = g(t)

fundamental set of solutions{y;, y»} = {e*, e~ "}
: : 2
a particular solution: Y (t) = —gte_t

. _ 2
general solution: y = cye* + coe™t — Ste t
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Variation of Parameters'

Theorem 11.1(Textbook page 188)If p, ¢, and ¢ are continuous
functionsonan openinterval 7 : o < t < g, andif {y1,y-} isa
fundamental set of solutions of the homogeneous problem corresponding
to the nonhomogeneous ODE

y' +py' +qy=g
then a particular solution is given by

y2(8)g(s)
to W(y1,y2)(s)

for any convenient ¢ty € 7.
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y1(8)g(s) ds
to W(y1,y2)(s)

ds + yo (1)

Y(t) = -y (1)




Variation of Parameters'

Theorem 11.1 is more general than constant coefficients.
Requires a fundamental set of solutions.
Requires integration involving(s).

Useful when studying how varies with changes tg(¢).
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‘ Example.

Textbook page 179

Lyl =vy" — 3y — 4y = 2¢7" = ¢(¢)
{yh y2} — {€4t7 e_t}

W(648,6_8)(S) _ _6486—8 . 46—8648 — _5638
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‘ Example'

Textbook page 179

To apply the theorem we need:

[ wels)
MO == | Form

[ a= [2 0 a

2 el = Zeho 2 ot
to 25 25
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‘ Example'

Textbook page 179

To apply the theorem we also need:

t

y1(s)g(s)

Az (t) =

1

to

2
to 5

—Z[s]} = Zto— =t

B to W (y1,y2)(s)

— / (e759)(e*)(2¢) ds

2
5!

ds
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/ ‘ Example' \

Textbook page 179

Combining we have

9 9
() 25(6 e )y1+(5o 5)y2
9 9 9
— 2—5(8_5t0 6_5t)€4t + (5t0 — gt)e_t
_ £~ Bto At 36—5t64t Etoe_t _ 2t6_t
2% 25 5
2 —5to 4t 2 2 —1 2 —1
— (= Zto— et — Z¢
(gpe e + (gto = 5p)e — te

Note the first two terms form a homogeneous solution. So werdriom
the undetermined coefficient method’s particular solubgra
Qomogeneous solution which is allowed by the theory. /
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/ ‘ Example'

Textbook page 179

The general solution of the nonhomogeneous ODE is

Y = cle4t + C2€_t — gte_t

This comes from either:

e adding the general homogeneous solution to the particalatisn
from the method of undetermined coefficients

e or adding the general homogeneous solution to the partisalation
from the method of variation of parameters and then absg!tibie
first two terms of the particular solution into the homogameo

\ general solution /
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