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Solution Form

See Theorems 3.5.1 and 3.5.2 in the textbook.

e If Y] and Y5 are particular solutions of a nonhomogeneous ODE then
Y1 — Y5 is a solution to the homogeneous form of the ODE, ie.,

Yi=Yot+ey +cpn

So adding a homogenous solution to a particular solution gives
another particular solution,

¢ The general solution of a nonhomgenous ODE has the form
y=Y+ay +cayp

where Y is a particular solution and {y;,%2} is a fundamental set of
/ solutions to the homogeneous form of the ODE. \
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Nonhomogeneous Problems

The IVP

Y +p®)y + gty = g(t), ylto) =vo, ¥'(to),

where p, g and ¢ are continuous on an open interval Z containing t, has a
unique solution.

The problem is nonhomogeneous since g(t) # 0.

A solution to this problem is called a particular solution to the ODE.
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Particular Solutions of Linear Order 2 ODEs

Two methods will be discussed:

e Method of Undetermined Coefficients
— Given form of g(t), assume a parameterized form of y(t).

— Determine value of parameters so that L[y} = g.

e Variation of Parameters

~ Given a fundamental set of solutions {y1,y2}, assume
y(t) = A1 (O)y1(t) + A2(t)ya(t).
- Solve ODEs that determine A (t) and Ax(t) such that Ly} = ¢

— Closed form known.
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Method of Undetermined Coefficients

If g(t) =(apt™ + -+ + an-1t +a,)
then Y(t) =¢t°(Agt" + -+ Ap_1t + A,)

i

s =0, 1,2 is taken as the smallest integer so that no term in Y (t) is a
solution to the homogeneous problem.
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Method of Undetermined Coefficients

If g(t) = e (agt" + -+ + an_1t + a,)(csin Bt + d cos 5t)
then Y (t)=t"e* (Aot + -+ Ap_1t + A,)sin 5t
+t°e**(Bot™ 4+ - - - + Bp1t + By) cos ft

s =0, 1,2 is taken as the smallest integer so thatno term in Y (¢) is a
solution to the homogeneous problem.

Note that the polynomial can be taken as 1 and o = 0 to handle the case
of g{t) = (csin Bt + d cos Bt)
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Method of Undetermined Coefficients

If g(t)=e*(apt" + -+ an_1t + ay)
then Y (t) = et (Agt™ + - + At + Ap)

s =0,1,2is taken as the smallest integer so that no term in Y (¢) isa
solution to the homogeneous problem.

Note that the polynomial can be taken as 1 to handle the case of
g(t) = e
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Method of Undetermined Coefficients

If the ODE is of the form
LY = gi(t) + ga(t) + - + gk (t)

where the g;(t) are in different categories then solve for k particular
solutions
LYil=git), 1<i<k

and take

as the particular solution of the original ODE.
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Textbook page 179

Lyl =y" =3y —dy = 27" = g(t)

y' =3y ~4y=0

r2—3r—4=0-r =4, ry=-1

fundamental set of solutions: {y;, 52} = {e** et}

\

Textbook page 179

Substituting yields,

LiY]=g(t)
—2A4e7" + Ate™" — 34e™" + 3Ate™t — 4Ate™ = 2¢7!
e [-2A4 — 3A] + te A + 34 — 44] = 2e!
e [<5A] = 2™t = A= — 2
5
2
Y(t) = —=te™?
(t) sle

\

Textbook page 179

te~t is not we have:
Y(t) = Ate™!
Y'(t) = Ae™ — Ate™?
Y1) = —24e7" + Ate™?

Since g = 2e~* and e~ is a solution to the homogeneous equation and
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Textbook page 179

Y =3y —dy=2e"" = g(t)

fundamental set of solutions: {y1,y2} = {e*', e}

2
a particular solution: Y (t) = Iwﬂmi
. 2
general solution: y = Smﬁ + et~ wwml




Variation of Parameters

Theorem 11.1 (Textbook page 188). If p, q, and g are continuous
Junctions on an open interval T : o < t < 3, and if {y1,y2} is a
Jundamental set of solutions of the homogeneous problem corresponding
to the nonhomogeneous ODE

Vi+py +ay=g
then a particular solution is given by

t t

y1(s)g(s)
to W(y1,92)(s)

y2(s)g(s)
to Wy1,y2)(s)

for any convenient tq € T.

Y(t) = -y (t) ds +y2(t) ds
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Variation of Parameters

Theorem 11.1 is more general than constant coefficients.

Requires a fundamental set of solutions.

.

Requires integration involving g(s).

Useful when studying how y varies with changes to g(t).

Textbook page 179

Lyl =y" =3y — 4y =2¢"" = g(¢)
Am\?w\ww = Amﬁu mlnw

S\Amam,mlmme — Impmmlm _ %m}umam — |mmwm

4 N
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Textbook page 179

To apply the theorem we need:
4
y2(s)g(s)
Ai(t) = — (s
W= W) o)

- w\wm&ﬁmixwmé ds = \H“ .ﬁwyj ds

—5s1t 2 —5¢ 2 -5t
lﬁlm Js:|w o‘wm
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To apply the theorem we also need:

Textbook page 179

an(t) = [ lodgls)

S Wiy, 12)(s)

- ;w\uaéxmsxwé ds = «m\u ds

s iy A

Textbook page 179

The general solution of the nonhomogeneous ODE is
y = Sm& + coe”

This comes from either:

¢ adding the general homogeneous solution to the particular solution
from the method of undetermined coefficients

¢ or adding the general homogeneous solution to the particular solution
from the method of variation of parameters and then absorbing the
first two terms of the particular solution into the homogeneous

/ general solution \
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Textbook page 179

Combining we have

2 2 2

(€7 — e Yy + (Stg — —t)ys

T 5075
2 2

w
= w?»mg — e 3)ett 4 Awﬂo - wuvml

2 —~5tp 4t 2 sear 2, 4 2 —t

= = - = — =1

wmm e wmm e+ mﬁom 5 e
2 —5tgy 4t 2 2 2
=(gge et + (Gto - 5

Y(t)

Note the first two terms form a homogeneous solution. So we differ from
the undetermined coefficient method’s particular solution by a
@Bomwsmo:m solution which is allowed by the theory. k
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