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\Particular Solutions of Linear Order 2 ODESI

Two methods have been presented:

e Method of Undetermined Coefficients
e \ariation of Parameters

We now consider two examples:

y" — 3y’ — 4y = 2sint

y" — 3y’ — 4y = —8e’ cos 2t

and derive their general solutions with both of the methods.
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‘ Example.

y" — 3y’ — 4y = 2sint
r?—3r—4=0—1r =4, ro=—1
{y1,y2} = {e*, e” "} fundamental set

For Undetermined Coefficients= 2sint is not a solution to the
homogeneous ODE, therefore

Y = Asint + Bcost
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‘ Example'

y" — 3y — 4y = 2sint
{y1,y2} = {e**,e” "} fundamental set
Y = Asint + Bceost, Y/ = Acost — Bsint, Y = —Asint — Bcost
Y"'" -3Y" —4Y = 2sint
—Asint — Bcost —3Acost +3Bsint —4Asint — 4B cost = 2sint
sint[—5A + 3B| + cost|—3A — 5B] = 2sint
—bA+3B=2 and —3A-5B=0

A B g3
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‘ Example'

y" — 3y — 4y = 2sint

{y1, 2} = {e*, e7t} fundamental set

5 3 . .
Y = Asint 4+ Bcost = 17 sint + 17 cost particular solution

T 3 .
— —sint 4+ — cost general solution

. 4t —
Yy =cre " + coe 17 17




‘ Example'

y" — 3y’ — 4y = 2sint
T2_3T_4:O—>T1:4’ ’]"2:—1

{y1,y2} = {e*, 7'} fundamental set

W (y1,y2)(t) = y1ys — yoyy = —e*'e™" —de™ 't = —be!

Y = A1(t)y:r + A2(t)yo




‘ Example.

t

Y29
A = — ds
' to W(yla yz)

1 [t 2 [
—/ (e7?%)(e%)(2sins) ds = —/ e **sin s ds
5 to 5 to

¢
Y19
A :/ ds
’ to W(ylayZ)

' 9 [t
— ——/ (6_38)(648)(2 sins) ds = —5/ e’ sin s ds
to

to




‘ Example'

eCLCE
e sinx dr = — (asinz — cosx)
a® + 1

2 [ 2 e
A = 5/to e *sins ds = T (—4sint — cost) + ¢1
2 atig .
= —g:€ (4sint + cost) + ¢

2 1 2 e
Agz—g/to e® sin s ds:—g%(sint—cost)—l—ég

2 “(sint t)+ ¢
= ———e€ (S1nN1 1 — COS C
10 2




‘ Example'

Y =Ai1(t)y1 + A2(t)y2

9 2
= —§6_4t(4 sint + cost)e® + ¢ et — 1—Oet(sint — cost)e " + ége”"
8 2 . 2 2 . .
= (_g - 1—O)smt+ (_g T 1_())COst+cle4t + Cpe™"
5 . ~ At | o~ —t
— 17 sint + 1—7005t—|— cie + coe

Y Is a particular solution, and note the part that can be alksartio a
homogeneous solution.
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‘ Example'

y" — 3y — 4y = 2sint

{y1, 12} = {e*t,e7t} fundamental set

Y 0 t+ : t Is a particular solution
", = —— S11 — COS
17 17 P
5 . 4t —t :
Yy = 17 sint + 7 cost + c1e”" + cae IS the general solution

which is the same as derived using Undetermined Coefficients
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10




‘ Example.

y" — 3y’ — 4y = —8e' cos 2t
2 —3r—3r—4=0—r =4, ry=—1

{y1,y2} = {e*,e7t} fundamental set

For Undetermined Coefficients= —8e® cos 2t is not a solution to the
homogeneous ODE. Therefore,

Y = e'(Acos 2t + Bsin 2t)
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‘ Example.

y" — 3y’ — 4y = —8e’ cos 2t
Y = e'(Acos 2t + Bsin 2t)
Y’ =e'(A+ 2B)cos2t + e' (B — 2A)sin 2t
Y" = e'(4B — 3A) cos 2t — e'(4A + 3B) sin 2t
Y" —3Y' —4Y = —8e' cos 2t
—8¢e’ cos 2t = €' cos 2t[4B — 3A — 3A — 6B — 4A]
+e'sin2t[—4A — 3B — 3B + 6A — 4B]
e’ cos 2t[—10A — 2B] + e'sin 2t[2A — 10B] = —8¢' cos 2t
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‘ Example.

e’ cos 2t[—10A — 2B] + €' sin 2t[2A4 — 10B] = —8¢" cos 2t
—-10 =2 A I
2 —10 B 0
A 1 —-10 2 -8y 1 (80}
B 104\ —2  —10 0 104 | 16

\_
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‘ Example'

y' =3y — 4y = —8et cos 2t
{y1,y2} = {e*,e7t} fundamental set
10 ,

2 . . .
Y = 13¢ °°s 2t + 1—3& sin 2¢ IS a particular solution

10 2 . .
y = crett + coet + 1—3@’5 cos 2t + 1—3& sin2¢ is the general solution

\_ /
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‘ Example'

y"' — 3y — 4y = —8e® cos 2t
T2_3T_4:O—>T1:4’ ’]"2:—1

{y1,y2} = {e*, 7'} fundamental set

W (y1,y2)(t) = y1ys — yoyy = —e*'e™" —de™ '™ = —be!

Y = A1(t)yr + A2(t)y
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‘ Example.

t

Y249
A = — ds
' to W(y1792)
1 [t 8 [*
— 5/ (6_38)(6_8)(—868 cos2s) ds = _5/ e 3% cos 2s ds
t() tO
Y
A :/ ds
? to W(y1,y2)
1 [t 8 [*
= _5/ (e73%)(e**)(—8e® cos 25) ds = 5/ e** cos 2s ds
to to
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‘ Example'

e sinne dr =

e cosnx dx =

/
/

8
A =—¢
86_3t

5 13

24

= —e
65

ax

€ .
(asinnx — ncosnx)
&2 + n2
axr
e :
5 5 (a cosnx + nsinnx)
a‘ +n

¢
/ e 3% cos 25 ds
to

= ————(—3cos2t 4+ 2sin2t) + ¢

16

3t —3t o c
cos2t — —e “"sin2t + ¢
65 '

17




‘ Example.

. e .
e** sinnx dr = ——— (asinnx — ncosnx)
a“+n
eax
e’ cosnz dr = (a cosnx + nsinnx)
a? + n?

g [t
A2:g/ e?® cos 2s ds
to
62t 2 2 2 2
:g§[20082t+281n2t]—|—62:56tcos2t+ 5etsin2t+52

\_

18



4 N
‘ Example'

So removing the parts that can be absorbed into the homoggneo
solutions:

24 16 2 2
Y = (&e_?”5 cos 2t — %6_375 sin 2t)e*! + (5€2t cos 2t + 5€2t sin 2t)e "
24 2 2 16
— ¢t COSZt[% + 5] + etsin2t[g — %]
10 2
— —etcos2t + —elsin 2t
13 13

IS a particular solution.
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‘ Example'

The general solution derived via Variation of Parametetkaesefore
y=-ciy; +coy2 +Y
10 2
= cle4t + et 4 1—36t cos 2t + 1—3€t sin 2t
which is the same as that derived via Undetermined Coeftgien
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