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Some Important Properties

Let L{y(t)} = Y (s) andL{fi(t)} = Fi(s). (Table 6.2.1 in textbook has
summary of many imporant properties)

L{α1f1(t) + · · · + αkfk(t)} = α1F1(t) + · · · + αkFk(t)

L{y′} = sY (s) − y(0) and L{y′′} = s2Y (s) − sy(0) − y′(0)

L{−tf(t)} = F ′(s) and g(t) =

∫ t

0

f(τ) dτ ⇔ G(s) =
F (s)

s

f(t) = f(t + T ), t ≥ 0, T > 0 ⇔ F (s) =

∫ T

0
f(t) dt

1 − e−sT
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Some Forcing Functions of Interest

• unit step (Heaviside) function forc ≥ 0

• Dirac delta function

• pulse function

• square wave

• ramp loading

• saw tooth wave

• rectified sine wave
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Overview

We will consider:

• Heaviside function,uc(t), andL{uc(t)}

• Other functions defined in terms ofuc(t) and their transforms

• Dirac delta and its transform.
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Heaviside Function

Unit step (Heaviside) function forc ≥ 0

uc(t) =







0 t < c

1 t ≥ c
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Heaviside Function
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u2(t) for t ≥ 0
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Step Down via Heaviside
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1 − u4(t) for t ≥ 0
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Pulse Function

f(t) =







γ −τ ≤ t ≤ τ

0 otherwise
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Pulse Function
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Pulse withγ = 1 andτ = 2
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Square Wave

Simple square wave, e.g.,1 and0 alternately infinitely each with width1.

f(t) =































1 0 ≤ t < 1

0 1 ≤ t < 2

1 2 ≤ t < 3
...

...
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Square Wave
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Ramp Loading

f(t) =































0 0 ≤ t < 5

(t − 5)/5 5 ≤ t < 10

1 t ≥ 10
...

...
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Ramp Loading
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Saw Tooth Wave

f(t) =







t 0 ≤ t ≤ 1

f(t − 1) t > 1
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Saw Tooth Wave
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Rectified Sine Wave

f(t) =







sin t 0 ≤ t ≤ π

f(t − π) t > 1
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Rectified Sine Wave
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Heaviside Function

Heaviside function forc ≥ 0 is a unit step up att = c ≥ 0

uc(t) =







0 t < c

1 t ≥ c

1 − uc(t) gives a step down att = c
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Heaviside Function

The Laplace Transform follows easily from the definition:

L{uc(t)} =

∫

∞

0

e−stuc(t) dt

=

∫

∞

c

e−stuc(t) dt = − lim
A→∞

[e−st

s

]A

c

=
e−sc

s
, s > 0
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Heaviside Function

uc(t) can be used to translate a function

g(t) =







0 t < c

f(t − c) t ≥ c
⇔ g(t) = uc(t)f(t − c)

L{uc(t)f(t − c)} = e−csL{f(t)} = e−csF (s)

uc(t)f(t − c) = L−1{e−csF (s)}

Translatef(t) by c ⇔ scaleF (s) by e−cs

Rememberg(t) = 0 for t < c.
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Heaviside Function

It works in the other direction as well:

L{ectf(t)} = F (s − c)

ectf(t) = L−1{F (s − c)}

TranslateF (s) by c ⇔ scalef(t) by ect
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Examples

L{u5(t)(t − 5)} =
e−5s

s2

L{u10(t)(t − 10)} =
e−10s

s2

L{uπ/4(t) cos(t − π/4)} = e−πs/4 s

s2 + 1

• y = t shifted by5 for t ≥ 5

• y = t shifted by10 for t ≥ 10

• y = cos t shifted byπ/4 for t ≥ π/4
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Heaviside Function

uc(t) can be used to define a pulse of width∆ and heightγ at t = c

f(t) =







γ c ≤ t ≤ c + ∆

0 otherwise

f(t) = γuc(t) − γuc+∆(t)

F (s) = γL{uc(t)} − γL{uc+∆(t)} = γ
e−sc

s
− γ

e−s(c+∆)

s

= γ
e−sc

s

[

1 − e−s∆
]
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Heaviside Function

uc(t) can be used to define square waves:

Square wave, e.g.,1 and0 alternately ont ≥ 0 (finite or infinite)

f(t) = 1 − u1(t) + u2(t) − u3(t) 1, 0, 1, 0, 0 . . .

f(t) = 1 +
∞
∑

k=1

(−1)kuk(t) 1, 0 alternating infinitely
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Heaviside Function

uc(t) can be used to define more complicated discontinuous functions:

f(t) =



























2 0 ≤ t < 4

5 4 ≤ t < 7

−1 7 ≤ t < 9

1 t ≥ 9

⇔ f(t) = 2 + 3u4(t) − 6u7(t) + 2u9(t)

f(t) =



























2 0 ≤ t < 4

2 + 3 4 ≤ t < 7

2 + 3 − 6 7 ≤ t < 9

2 + 3 − 6 + 2 t ≥ 9
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Example
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Heaviside Function

f(t) = 2 + 3u4(t) − 6u7(t) + 2u9(t)

F (s) = 2L{1} + 3L{u4(t)} − 6L{u7(t)} + 2L{u9(t)}

=
2

s
+

3e−4s

s
−

6e−7s

s
+

2e−9s

s

=
1

s

[

2 + 3e−4s − 6e−7s + 2e−9s
]
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Example

Example 3 page 326

f(t) =







sin t 0 ≤ t < π
4

sin t + cos(t − π
4 ) t ≥ π

4

f(t) = sin t + g(t)

g(t) =







0 0 ≤ t < π
4

cos(t − π
4 ) t ≥ π

4

= uπ/4(t) cos(t −
π

4
)

28



'

&

$

%

Example
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Example

Compute the Laplace Transform:

f(t) = sin t + uπ/4(t) cos(t −
π

4
)

F (s) = L{sin t} + L{uπ/4(t) cos(t −
π

4
)}

=
1

s2 + 1
+ e−πs/4L{cos t}

=
1

s2 + 1
+ e−πs/4 s

s2 + 1
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Example

Example 5 page 328

G(s) =
1

s2 − 4s + 5

complete the square

G(s) =
1

(s − 2)2 + 1
= F (s − 2)

F (s) =
1

(s2 + 1)
→ f(t) = sin t

∴ g(t) = e2t sin t

31



'

&

$

%

Impulse of a Forcing Function

Definition 17.1. Let f(t) be a forcing function then the impulse,I(τ),

aroundt = t0 of f(t) is

I(τ) =

∫ t0+τ

t0−τ

f(t)dt

If f(t) is a pulse with heightγ whose nonzero value interval corresponds

to t0 − τ ≤ t ≤ t0 + τ thenI(τ) = 2γτ .
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Impulse of a Forcing Function

The pulse function

dτ (t) =







1
2τ −τ < t < τ

0 t ≤ −τ or t ≥ τ

has an impulse of1, i.e.,I(τ) = 1, for anyτ 6= 0.

Lemma 17.1. If t 6= 0 then

lim
τ→0

dτ (t) = 0
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Dirac Delta Function

SinceI(τ) = 1, for anyτ 6= 0 we have

lim
τ→0

I(τ) = 1

Definition 17.2. A unit impulse function or Dirac delta function is a

generalized function defined by:

δ(t − t0) = 0, t 6= t0

∫

∞

−∞

δ(t − t0) dt = 1
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Dirac Delta Function

Definition 17.3. The Laplace Transform of the Dirac delta function is

defined to be:

L{δ(t − t0)} = e−st0

L{δ(t)} = 1

Furthermore, using the Dirac delta function as a weight in integration is

defined to have the result:
∫

∞

−∞

δ(t − t0)f(t) dt = f(t0)
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