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/ Some Important Properties' \

Let L{y(¢t)} = Y (s)andL{f;(t)} = F;(s). (Table 6.2.1 in textbook has
summary of many imporant properties)

L{arfi(t) + -+ o fi(t)} = Fi(t) + - + uFi(t)

L{y'} =sY(s) —y(0) and L{y"} =sY(s)— sy(0)—y'(0)

L{—tf(t)} = F'(s) and g(t) = /O f(r) dr & Gs) = & is)
) =ft+T), t>0, T>0< F(s) = ff_fét_)sg’f
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Some Forcing Functions of Interes]

unit step (Heaviside) function far> 0
Dirac delta function

pulse function

square wave

ramp loading

saw tooth wave

rectified sine wave




Overview I

We will consider:

\_

e Heaviside functiony.(t), andL{u.(t)}
e Other functions defined in terms af(¢) and their transforms

e Dirac delta and its transform.




\ Heaviside Function'

Unit step (Heaviside) function far > 0

0 t<c
uc(t>{1 P>
> ¢




\ Heaviside Function.

us(t) fort >0




/ ‘ Step Down via Heavisidﬂ \

\ 1 —uy(t) fort >0 /




Pulse Function '

f(t){7 TEisT

0 otherwise




Pulse Function'

-8 -6 -4 -2 0 2 4 6

Pulse withy = 1 andr = 2




‘ Sqguare Wave'

Simple square wave, e.d.and0 alternately infinitely each with width.

)

1 0<t<1
0 1<t<?2
1 2<t<3

~
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‘ Sqguare Wave'
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RampLDamngI

i

0 0<t<5
(t—5)/5 5<t<10
1 t > 10
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Ramp Loading'

/
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\ Saw Tooth Wave.
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\ Saw Tooth Wave'

000000000000




\ Rectified Sine Wavﬂ

() = sint 0<t<m
) ft—n) t>1
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\ Rectifled Sine Wavﬂ

17




\ Heaviside Function.

Heaviside function for. > O isa unitstepup at=c > 0

0 t<c
1 t>c

u(t) =

1 — u.(t) gives a step down dt= ¢
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\ Heaviside Function.

The Laplace Transform follows easily from the definition:
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\ Heaviside Function'

u.(t) can be used to translate a function

g(t) = {O e g(t) = uc(t) f(t —c)

ft—c) t>c

L{uc(t)f(t —c)y = e"“LUf(D)} = " F(s)

uc(t)f(t —c) = L7 H{e " F(s)}

Translatef (¢) by ¢ < scaleF'(s) by e=¢*

Remembey(t) = 0fort < c.

\_
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\ Heaviside Function'

It works in the other direction as well:

L{e“f(t)} = F(s —c)

e f(t) = LTHEF(s — o)}

TranslateF'(s) by ¢ < scalef (t) by e

\_
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/ Examples'

6—58

L{us(t)(t —5)} =

g2

6—108

L{uio(t)(t —10)} =

g2

S

—7s/4
L{Ur/4(t) cos(t —m/4)} = e / 241

e y = t shifted by5 fort > 5
e y = t shifted by10 fort¢ > 10

\o y = cost shifted byr /4 fort > n/4
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\ Heaviside Function'

u.(t) can be used to define a pulse of widihand heighty att = ¢

v c<t<c+ A
f(t) = |
0 otherwise

ft) = yuc(t) = vueralt)
e—5¢ e—s(c—I—A)
F(s) = yLiuc(t)} —vL{ucsalt)} =7—— =7

—S8C

S

C  [1—e]

=7
S
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\ Heaviside Function.

u.(t) can be used to define square waves:

Square wave, e.gl,and0 alternately ort > 0 (finite or infinite)

f(t) = 1—U1(t)—|—’LL2(t) —U3(t) 1, O, 1, O, 0...

flt) =1+ Z(—l)kuk(t) 1, 0 alternating infinitely
k=1
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\ Heaviside Function.

0<t<4
4<t<7
T<t<9
t>9

o F(#) = 24 3uy(t) — 6us(t) + 2ug(t)

2+ 3

2+3-6
2+3—6+2

u.(t) can be used to define more complicated discontinuous furgctio

0<t<4
4<t<7
T<t<9
t>9

~
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‘ Example'

10

10
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\ Heaviside Function.

f(t) = 2 -+ BU4 (t) — 6’&7(t) + 2U9 (t)
F(s) = 2L{1} + 3L{ua(t)} — 6L{ur(t)} + 2L{uo(t)}
2 3 Ge” N 2e~ 9

_I_ S
S S S

= % [2+3e™% —6e” 7 + 2]
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Example 3 page 326

f(t)

|

‘ Example'

[
N\
INE

sin t

~ o
AVVA

INE

sint + cos(t — §)

£(t) = sint + g(t)
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‘ Example'

~

-0.5}

0.5

2.5
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/ ‘ Example'

Compute the Laplace Transform:

s

1)

f(t) = sint + uy4(t) cos(t —

s

F(s) = L{sint} 4+ L{uy/4(t) cos(t — I )}

1
=P + e ™/4 L {cost}
s2+1 s?+1
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/ ‘ Example'

Example 5 page 328

1

Gls) = s2 —4s+5

complete the square

1
(s —2)2+1

G(s) = = F(s—2)

f(t) =sint

\ - g(t) = e*'sint




Impulse of a Forcing Function'

Definition 17.1. Let f(¢) be a forcing function then the impulsg(r),
aroundt =ty of f(¢) is

If f(¢) is a pulse with height whose nonzero value interval correspond:
totg — 7 <t <tyg+ 7thenl(r) = 2.

\_ /
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Impulse of a Forcing Function'

The pulse function
QL —T<t<T
d,(t) = T
0 t< —tort>r

has an impulse of, i.e.,I(7) = 1, for anyr # 0.
Lemma 17.1. If ¢t =£ 0 then

lim d-(t) =0

T—0

\_
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\ Dirac Delta Function '

Sincel (1) = 1, for anyr # 0 we have

lim I(7) =1

T—0

Definition 17.2. A unit impulse function or Dirac delta function is a
generalized function defined by:

S(t—1t9) =0, t+#t

/OO(S(t—to)dt:l

— OO
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\ Dirac Delta Function '

Definition 17.3. The Laplace Transform of the Dirac delta function is
defined to be:

L{é(t - t())} = G_Sto

LI5(H)) =1

Furthermore, using the Dirac delta function as a weighttegration is
defined to have the result:

[ st-wis) d= s

— OO

\_ /
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