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Some Forcing Functions of Interest

unit step (Heaviside) function for ¢ > 0
Dirac delta function

pulse function

square wave

ramp loading

saw tooth wave

rectified sine wave

Some Important Properties

Let L{y(t)} = Y(s) and L{f;(t)} = Fi(s). (Table 6.2.1 in textbook has
summary of many imporant properties)

Liaifit)+ -+ o fu(t)} = a1 Fi(t) + - + apFi(t)

L{Y'} =Y (s) = y(0) and L{y"} = s*Y (s) — sy(0) — y'(0)

L{-tf(t)} = F'(s) and QSH\O (r) dr +» G(s) = F©)

s

T
Fit)=ft+T), t>0, ﬂéﬁﬂ&ng
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Overview

We will consider:
¢ Heaviside function, u(¢), and £{u.(t)}
e Other functions defined in terms of u.(t) and their transforms

o Dirac delta and its transform.
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Heaviside Function

Unit step {Heaviside) function for ¢ > 0

0 t<e
1 t>e¢

Heaviside Function
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Pulse Function

v —T<t<T

0 otherwise
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Pulse Function

Simple square wave, e.g., 1 and 0 alternately infinitely each with width 1.
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Ramp Loading -
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Ramp Loading -

Saw Tooth Wave
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Rectified Sine Wave




Rectified Sine Wave
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Heaviside Function

Heaviside function for ¢ > O is a unit stepup at t = ¢ > 0

0 t<e
1 t>e¢

1~ u.(t) gives astep downatt = ¢

Heaviside Function

The Laplace Transform follows easily from the definition:

L{u.()} = \ooo e”u (t) dt

o —st
= \ e Mu (t) dt = — lim ﬁm ﬁ»
c
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Heaviside Function

u¢(t) can be used to translate a function

aty=1{° Y g = w O£t~ o)
flt—=¢c) t>ec

Li{uc)f{t = c)} = e ™ L{f()} = " F(s)

uc(t)f(t —c) = L7He ™ F(s)}

Translate f(t) by ¢ < scale F'(s) by e~¢*

Remember g(t) = 0 fort < c.

\_
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Heaviside Function

It works in the other direction as well:

L{ef(t)} = F(s ~¢)

e f(t) = LTHF (s - o)}

Translate F'{s) by ¢ < scale f(t) by e

-
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Heaviside Function

uc(t) can be used to define a pulse of width A and height v at ¢ = ¢

v ec<t<Le+A
flt)=

0 otherwise

F(t) = vuc(t) = yuera(t)

—sc —s(c+A)
P(5) = 7L uel®)} = L {ues a0} =7 5

e~ 9¢ T. B mlmbg

=7
8
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Clus(t)(t —5)} =

g2

mISu

L{uzo(t)(t - 10)} = -

32

3 — o ms/4 §
L{uz4(t) cos(t ~m/4)} = e ™/ 5

e y=tshiftedby5fort > 5

e y = t shifted by 10 for t > 10

Kc = cost shifted by 7/4 fort > n/4
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Heaviside Function

uc(t) can be used to define square waves:
Square wave, e.g., 1 and 0 alternately on ¢ > 0 (finite or infinite)

.\.Qv HHQQHAmvuT‘CMQV |~\.va 1,0,1,0,0...

o0
fiy=1+ MA)C»:»S 1, O alternating infinitely
k=1
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Heaviside Function

u(t) can be used to define more complicated discontinuous functions:

2 0<t<4
5 1<t<7
ft) = - & f(t) = 24 3uy(t) ~ Bur(t) + 2ug(t)
-1 7<t<9
1 t>9
2 0<t<4
2+3 4<t <7
ft)=
24+3-6 T<t<9
/ 24+3~-6+2 t>9
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Heaviside Function

\Qv =2+ wﬁpﬁv - @ﬁuﬁv + MQOAS
F(s) = 2L{1} + 3L{ug(t)} — 6L{ur (t)} + 2L{ug(t)}
2 3es BemTs  2e-9s

= — + o -+
5 S 8§ S

= W [2+3e7% — 677" +2e7%]

B3 ) 2 4 ] 8 10
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Example 3 page 326
sint 0<t< X
f& =9 !
sint+cos(t - 3) t>1%
f(t) =sint + g(t)
0 0<t< X T
g9(t) = 4= Unyq(t) cos{t — =)
cos(t—§) t>7% 4
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Example 5 page 328

1
Gls) = §2—4ds+5

complete the square

1
QAmv”%”NﬂAmfwv

F(s)= S — f(t) =sint

/ ~og(t) = ePsint
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Compute the Laplace Transform:

F(8) = sint + up 4 (t) cos(t — mv

F(s) = L{sint} + L{u, /4(t) cos(t — Mvv
= ! +m:§§h?om$
52 +1
1 s
— —~ms/4
/ s2+1 te s2+1 \
30

Impulse of a Forcing Function

Definition 17.1. Let f(t) be a forcing function then the impulse, Z(7),
around t = tg of f(¢) is

to+T
I(r) = \ fitydt

o—=T

If f(t) is a pulse with height v whose nonzero value interval corresponds
totyg —7 <t <tp+ 7then I(7r) = 27,

N \
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Impulse of a Forcing Function

The pulse function

1
= —T<t<
dt)=4% " !
0 t<—~rort>r
has an impulse of 1, 1.e., I{7) = 1, forany 7 # 0.
Lemma 17.1. Ift # O then
lim d,(t) = 0

7—0

N
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Dirac Delta Function

Definition 17.3. The Laplace Transform of the Dirac delta function is
defined to be:

L{5(t — to)} = e~0

L{8(t)}=1

Furthermore, using the Dirac delta function as a weight in integration is
defined to have the result:

[ st sy a= i)

—infty

N

4 )
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Dirac Delta Function

Since I{7) = 1, for any 7 % 0 we have
a:mw I(t)=1

Definition 17.2. A unit impulse function or Dirac delta function is a
generalized function defined by:

S(t—19) =0, t#tg

\g&?gaauH

—0o0
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