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Set 19: Laplace Transform and IVPs Part 4 E

Example of time domain and Laplace domain equivalent operations

Time Domain _ Laplace Domain
linear combination linear combination
Kyle A. Gallivan differentiation multiplication by s

Department of Mathematics multiplication by ¢ differentiation
Florida State University translation by ¢ multiplication by e~ ¢*
. . Itiplication by e translati
Ordinary Differential Equations mitiprication by € anslation by ¢
Fall 2009 What about products of Laplace transforms?
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General Form -
Convolution Integral

Theorem 19.1. Let f(t) and g(t) be two functions whose Laplace

7 ! _ — 2 —
transforms are F(s) and G(s) respectively for s > a. If ay” +by" +cy =g(t),y(0) = v, ¥(0)=wp
7
H(s) =F(s)G(s), s>
(s) (s)G(s) a . (05 + By + ozl . G
then YT s i bs e as® +bs +c

ht)=L7HH ()} = | flt-m)gmdT= [ F(rglt-r)d T = frg _ B(s) + Bs) = Ble) s Hls)Ols
| | (s) + W(s) = B(s) + H(s)C(s)

where G(s) = L{g} and H(s) = (as® + bs + ¢)~ L.
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Another General Form

Y(s) = ®(s) + W(s) = (s) + H(s)G(s)
y(t) = o) + ¥(t) = o(t) + h(t) * g(t)
@(t) is a solution to the homogeneous ODE that satisfies
¥ =w, ¥Y0)=y
*(t) is a particular solution that satisfies the “at rest” conditions
y(0) = y/(0) = 0.

Y +dy=g(t), y(0)=3, ¥(0)=-1
a=1, b=0, ¢c=4

{as + b)yo + ay G(s)
Y(s)= as? +bs+c o+@mu+§+n
35 -1 G(s)
B CET R Py
B(s) = H(s)(3s — 1), U(s) = H(s)C(s), E&uﬂ%&

Another General Form

Y(s) = ®(s) + ¥(s) = B(s) + H(s)G(s)
= ¢(t) + ¢(t) = o(t) + h(t) x g(t)
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e The transfer function H(s) = (as? + bs + ¢)~! depends only on the
ODE, i.e., on the system modeled.

o It gives the response to a forcing function specified by G(s) from an
at rest condition.

s G(s)=1— g(t) = 4(t) then
Y(s) = H(s) — y(t) = h(t) « 5(t) = h(t) fort > 0.

o The transfer function H(s) is the Laplace transform of the impulse
response h(t)
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Find ¢(¢):
_ {3s-1)
(o) = (5% + 4)
_3 5 1
(s2+4) (s2+4)
3 1 2

(s2+4) 2(s2+4)

1
d(t) =3cos 2t — 3 sin 2t




\ 1
d(t) = 3cos 2t — 5 sin 2t

#'(t) = —65sin 2t — cos 2t
@' (t) = —12cos 2t + 2sin 2t

¢ +4¢ = —12cos 2t + 2sin 2t + 4{3cos 2t —

W sin w&

= ~12cos2t + 2sin2t + 12cos2t — 2s8in2t = 0

#(0) = 3cos 0 = y(0)
#'(0) = —65sin0 — cos0 = —1 = ¢/ (0)
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1 1 1
W(t) = —c cos 2t + I sin 2t + WQL
2 1 1
W'(t) = Wmmawtn WoOmmﬂt Wml
. 4 2 1
" (t) = - cos2t — —sin2t+ —e™!
5 5 5
1" 2 N 1 —t 4
P +\€H|8mww!wm~5ww+Wm !WOOmSIvA
”ml~u
. 1 1
YO0)=-=+-=0
wO) =~ +
1 1
V)= -2=0
5 5

1
0 sin 2t +

4
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Find 9(t) when g(t) = e~*
1
G =
() s5+1
1 1(s=1) 1 1
g = = - Z + =
() ($2+4)(s+1)  5(s2+4) B+ 1)
_los 111
TO5(s2+44) 5(s2+4)  H(s+1)
_ls 12 1
© 5(s24+4) 10{s2+4)  5(s+1)
1 1 1
= = —sin2t + se~t
P(t) maOmw“Jr 1g Sin N+mm
10
Find the impulse response A(t):
1 1 2
Hs)= - = - 2
(=) s2+4 25744
h(t) = S sin2t
= g sin
K (t) = cos 2t
R (t) = ~2sin 2t




Fort > 0,6(t) =0
4

h' +4h = —2sin2t + Mmm:waﬂ 0

Check at rest mnitial conditions:
1

h(0) = mB:oHo

R'(0) =cos0=1#0  Notsatisfied!

This is due to a technicality of using 6{t) as the forcing function. It is a
generalized function. The impulse response has the form
up(t)h(t) —oo<t<

where ug(t) is the Heaviside function or unit step at t = 0. A’(0) is not
éémwm defined. The textbook ignores this detail.
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