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\ First Order ODE Initial Value Problem I

etcR—y(t)eR

o (t,y) ER* > f(t,y) €R
e y'(t) is the highest order of derivative involved

e The initial value problem:
y = f(t,y), y(to) = vo

e no general solution so we consider subclasses:
— linear equations
— separable equations

— exact equations
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Undetermined Coefficients

The Undetermined Coefficients Method:

e hypothesizes a form of the solution that is a function of a$et
coefficients

e substitutes the form of the solution into the differenti@liation
e solves for the unknown coefficients if possible

This will be used later on more complicated problems but weyapto a
simple problem here.
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Undetermined Coefficients

Consider the general first order linear constant-coefficddE

y =ay—b

wherea # 0 andb are real constants.

if b = 0we knowy; = ay; — y1(t) = Ce®
Equation (1) adds a constantgpto gety’
Equation (1) sayg’ proportional toy

Hypothesize that there is a constarguch that

y(t) = (t)+k

(1)
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Undetermined Coefficients

e substitutey(t) = y1(t) + k into ODE RHS :
ay —b=ay,(t) +ak —b=aCe™ +ak — b

e substitutey(t) = y1(¢) + k into ODE LHS :

dy d d a d a
— =2 () + k) = - (Ce™) + — (k) = aCe™

e equate RHS and LHS to get conditions/oand check for
consistency with assumptions:

if aCe® = aCe® +ak—b then 0=ak —b

k= —

a
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Undetermined Coefficienta

e Sincea # 0, k Is a well-defined constant.

e Consistent with assumptions on solution, i.e., constant

e The function

b
_ at =
y(t) = Ce”" + -

should be the general solution to the ODE.

o \erify:
d b
/7 at ) — at
Y _dt<06 —i—a) aCe
b
ay—bza(C'eatJr—)—b:aCeater—b:a,Ceat
a
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/ Undetermined Coefficients

If the correct form ofy(t¢) was not the hypothesis we should get a
contradiction.

For example, hypothesize that there is a constasuch that

y(t) = y1(t) + kt = Ce™ + kt

LHS: i (Ceat + kt): aCe® + k

dit
RHS: ay — b= aCe® + akt — b
if LHS=RHS then aCe* + k = aCe®* + akt — b
b
b=k(at—1) — k=
at — 1

\This IS a contradiction to the assumption thas constant.
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‘Summary'

First order linear constant coefficient ODE:

y =ay —b

wherea € R, a # 0andb € R

b .
y(t) = Ce™ + — general solution
a
—at b at b :
y(t) = qe ¥ (yg — —) p e + — IVP solution
a a

for y(to) = Yo




Integrating Factor Method I

Consider the extension to a slightly more complicated firgeplinear
ODE:

y' +ay =g(t)
wheret € R — ¢(t) € R is a continuous function ande R is a
constant.

An integrating factop(t) is a function so that the solution of the ODE

u(t)y + p(t)ay = p(t)g(t) (2)

can be found “easily”.
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\ Basic Facts

Recall the product rule for derivatives:

i(rs) = @s—l—r@
dt Cdt dt

(rs) =1's +rs

This yields integration by parts:

/rs’dt:rs—/r’s dt + ¢
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Integrating Factor I

Compare LHS of the ODE containingt) and the product rule:

LHS: u(t)y" + p(t)ay

PR: u(t)y" + ' (t)y

They are equivalent if

=
|

ap
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Integrating Factor I

We know the solution for the ODE governingt):

at

p'=ap — p(t) = Ce
We can choose any and for now we choos€é' = 1
,LL(t) — eat

IS our integrating factor for ODE (2)

\_
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Consequence of Use of Integrating Factﬂ

u(t)y' + p(t)ay = pt)g(t)
<€at)y/ i (eata)y — eatg(t)
(eat)y/ n (eat)’y _ (eaty)’ _ eatg(t)

cetty = /e“tg(t) dt + C

Soif [ e*g(t) dt can be found we have a solution to ODE (2).

y(t) = Ce " + e_at/eatg(t) dt

\_ /
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‘ Consistencﬂ

If g(t) = —b we should have the solution derived earlier:
y(t) = Ce " + e_at/eatg(t) dt

— Ce % — pe / e dt

at
_ _ L€
= Ce ™ — pe " —
a
_ b
= Ce % — —
a

This is consistent with earlier solution gf = —ay — b.

\_
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‘ Example'

y —2y=4—1t
p(t)y' —2u(t)y = p@)y + ')y = p(t)(4 —1t)

W= —2u = p(t)=e*

(e—zty)’ _ 6—275(4 — 1)

e 2ty =C+ /e_2t(4 —t) dt

e ly=C+ 4/6_2t dt — /te_275 dt

\_
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‘ Example.

e ly=C+ 4/6_2t dt — /te_275 dt

4/6_2t dt = —2/€Z dz = —2¢* = —2¢™ 2!

ey =0 —2e% — /te_% dt
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‘ Example.

/rs’dtzrs— r's dt + ¢
r=t and s =e %

1
=1 and s= —56_%

1 1
/te_% dt = —ite_% + 5 /e—% dt

1 1
= —5756_2’5 — 16_2’5 +c
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‘ Example'

e ly=C—2e % — /te_% dt

1 1
— (O —9e~2t 4 Zpe2t 4 2
e +26 +4e

1 1 17
) =Ce?t — 24 Zta 2 =0t Zt — =
y(t) e —|—2-|—4 e —I—2 1
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‘ Example'

Verify solution:

1 7
t) =Ce®* + =t — -
y(t) = Ce™ + 5t —
1 1 7
y' —2y= (2Ce** + =) —2(Ce* + =t — =)
2 2 A4
1 7
:2062t+§—2062t—t—|—§

=4 -1
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Analysis of Behavior of Solution'

Considert > 0,

1 7
2t 0
y(t) = Ce** + 2t 1
7 1 7
y(O)——Z—>C_O, y(t)—§t—1
7 :
y(0) > 5 C >0, y(t) — oo exponentially

~
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‘Example: Integral Curves I
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‘ Summary of Solutions.

y =b—y(t)=0bt+C

at

y' =ay — y(t) = Ce
b

y' =ay—b— y(t) = Ce® + —
a

Y+ ay = g(t) — y(t) = Ce=® 4 o= / e g(t) dt
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\General Linear Form I

The general explicit first order linear ODE can be written

y' +p(t)y = g(t) (3)

The integrating factor method derivation fa(t) = a is easily adapted to
find a general solution:

if n =pt)w then

u(t)g(t) = pt)y" + p)p)y = pt)y' + pt)'y = (ut)y(t)))

/

au®y=0+/u®ﬂﬂﬁ
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\General Linear Form '

Hypothesize based qr{t) = a form

u(t) = Ce*M,  z(t) = / p(t) dt

W () = Cer D2 (1) = Ce*Dp(t) = p(t)p(t)

Note two integrations needed to solve the problem.

\_
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\General Linear Form I

For an IVP we have(ty) = yo. AssumeC' is such that

p(to) =1
We have
C 1 C 1 /!
Ut) = o+ [ utorgte) dt - maRaTs / 1(5)g(s) ds
C
Yo = ¥y(%o) 1(to) +0 — C =y
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‘ Example'

2
t>1, ty’—|—2y:4t2—>y’—|—¥y:4t

1
/p(t) dt:2/2 dt = 2 Inlt|

u(t) = Ce2mltl = C¢)? = Ct?

(t%y) = t*y + 2ty = 4t°

C
t2y=t4+C’—>y(t):t2+t—2
n=yl)=1+C —C=y -1

yr — 1
t2

y(t) =17 +
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Analysis of Behavior of Solution'

ypr — 1
t2

We have

C
y(t):t2—|—t—2:t2—|— L t>1

if 4, =1 then C =0 and y(t) =t
if 4, >1 then C >0 and y(t) —t* from above

if ¥y <1 then C <0 and y(t) —t* from below

Note what happens a@gs — 0.

\_
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‘Example: Integral Curves I
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