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Matrix Form]

2 (1) = P(Oa(t) + g(t)

pult) piz(t) pia®)
P(t) = | pa(t) pa(t) palt)
pa(t) p32(t) paa(t)

zy(t) ' (t) a1(t)
z(t) = | z3(t) a'(t) = | 24 (t) 9t =1 g2(t)
x3(t) x4 (t) ga(t)

Systems of Linear ODEs

e, :R-R,i=1,23
e Suppose z; depends on z;,4 = 1,2, 3 linearly

i (t) = pia ()21 (t) + pia()z2(t) + pis(t)za(t)
¢ System of 3 linear ODES defining 3 functions

21 (t) = pri()z1(t) + pra(t)a2(t) + pra(t)za(t) + g1 (£)

x5 (t) = p21(t)x1(t) + pea(t)x2(t) + pas(t)za(t) + ga(t)
z3(t) = pa1()m1(t) + paalt)22(t) + pas(t)zs(t) + gs(t)
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Matrix Vector Multiplication

p1i(t) pi2(t) p1a(t)
P)a(t) = | par(t) | 21(8) + | poa(t) | 22(t) + | paa(t) | z3(t)
p31(t) P32(t) p3s(t)

Linear combination of columns of the matrix with coefficients given by
the corresponding elements of the vector.
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Existence and Uniqueness

Theorem 20.1 (Textbook page 359). Ifp;;(t), 1 < i, j<n,andgt),
1 < i < n, are continuous on an open interval o < t < [3 then there
exists a unique solution 2, (t) = ¢1(t),...,2,(t) = dn(t) to the initial
value problem

() = P(t)x(t) + g(t), x(to) = z(©

or any o <ty < B and £ € R™, that exists on the entire open interval.
Yy /4
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Higher Order Equations

z) (1) = @a(t)
zy(t) = z3(t)
z5(t) = —r(t)za (1) — q(t)z2(t) — p(t)es(t) + f(1)

3 (t) 0 1 0 z1(t) 0
=1 o 0 1 o) |+] o
z4(t) -r(t) —q(t) -p(t)) \zs(t) f(t)

Higher Order Equations

A single higher order linear equation can be transformed into a
system of first order equations.

u” + p(t)u” + gt + r(t)u = (1)

o xy=u,zp =2z} =u',z3 =15 ="

System of dimension 3

z3(t) = —r(t)z1(t) - q(t)z2(t) - p(t)zs(t) + f(t)

Systems of ODEs

Given the ODE u(™ = F(t,u, u/,.. ., u™~1)), the variable definitions
Ti=u, rp=2) =, zz=zh=u",. . .2, = _, =u"Y
convert the single nonlinear ODE of order n into a system of n nonlinear

first order ODEs

Ty =X
Hm =y
/ —_—
Tpno1 = In
’
T, =F(t,zy, za,. .., zp_1)




Systems of ODEs

The general form of a system of first order ODEs is

’
Ty = WJNAH“HT Hma.‘.qhﬂﬁlwq.ﬁz\v
’
o = Fa(t,zy, T2, ., Tn_1,Tp)
’
LTy = muﬁipf.;.ﬂf Hm,...,&.ﬁ.lf.&.dv
!
T, = MAJ.:A“VHH“ HM,..‘Q&JlHQHﬂwV

Homogeneous Problem

If g(t) = OR" the problem is an homogeneous linear constant coefficient
first order system.

A= ayy Q12
Qyy Qo2
71(t) ) (t)
=" (1) =
o\ (1)
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Linear Constant Coefficient First Order System

Suppose P(t) is a constant matrix A and for simplicity take n = 2.

2(t) = P()a(t) + g(t) = Ax(t) + g(2)

A= Qi1 Qyp
oy Qpp
(t) ' (t) 91(t)
0={" () = (t) =
! z2(t) * xh(t) g 92(t)
10

Suppose we have a scalar r and a (constant( vector v € R? such that
Av=wvr

i.e., the action of A on the vector v is equivalent to scaling by r.

7 is an eigenvalue and v is an associated eigenvector of A.
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Consider:
z(t) = ve"!
(¢ viet
20 = (20 2 (v
xo(t) e’
zh(t vire™
2= (0] 2 [ = z(t)r
zh(t) vore’t

o =z(t)r = vre”™ = Ave™ = Ax

So an eigenvalue, eigenvector pair solves the homogeneous problem.

General Solution

Want the general solution to the homogeneous system
w(t) = 2V (t)ey + 2P (t)ey

¢ Need eigenvectors and eigenvalues

Need linear independence

We proceed as with scalar homogeneous problems but use
vector-valued functions as solutions.

N
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General Solution

e one solution

e general solution to the homogeneous problem has a fundamental set
of solutions so that all solutions to the homogeenous system can be
written, for n = 2,

z(t) = 2V (e + 2@ (t)ey
o What is the fundamental set of solutions for

z' = Ax

-

General Solution

s Suppose z(t) is a solution to 2’ = Az on the open interval o < t < 3
e Forany o < tg < § z(t) is the unique solution with the value z(tp).

e Find unique constants so that z(t) = 2V (t)¢; + 2 (¢)e; for two
solutions (1 (t) and () (1)




General Solution

First note that given two solutions (1) (t) and z(?) (¢) and two constants
¢y and ¢y we have

z(t) = 2D (t)er + 2P (t)eo
() = [z 0] er + 2P (1)] e

= Az (t)ey + AP (e = \ﬁ&:vg& + HGVQVQL
= Azx(t)

So z(t) = (M (t)e; + 22 (¢)eg is also a solution to the homogeneous
system.
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Linear Algebra

Lemma 20.2. Ann x n linear system of equations Av = b has a unique
solution v = A™1b for any vector b € R™ if any of the following
equivalent conditions are true:

o All of the eigenvalues of A are nonzero.
e det(A) # 0

o The linear system Av = 0 has a unique solutionv = 0, i.e., the zero
vector inb € R™

o The columns of A are n linearly independent vectors.

Note that if Av = 0 has a solution v # O then the columns of A are called
linearly dependent.

N \
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General Solution

For any solution x(t) to have this form we must have for any o < ty < 3
x(t) a unique pair of constantsc; and co:

a(to) = 2V (to)er + 22 (to) ez

i 2
zy(to) 2ty 2P (t0)\ [

za(to) 257 (to) 20 (t) ) \ e

X(to)e = z(to)

General Solution

Definition 20.1. (V) (t) and £(?)(¢) are a fundamental set of solutions to
the homogeneous system of ODEs z' = Az with n = 2 and
z(t) = 2 (t)ey + 2P (t)cy is its general solution if

e Atany point, tg, in @ < t < [ the determinant det(X (t9)) # 0
where

X(to) = T:vﬁov &@VQOL € R?x?

o or equivalently the vectors (% (t5) and (% (t5) are linearly
independent.

Note det(X (1)) = Wz (t), 2(?)(t)] is called the Wronskian of the set
of vectors.

- /
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Fundamental Theorem

Theorem 20.3 (Textbook p. 387). If the vector functions
=M(1), ..., 2™ (t) are linearly independent vectors at each point in an
open interval o < t < 3 and each solve

then any solution x(t) can be expressed as a unique linear combination of
the () (t). The vector functions z(V(t), ... x™(t) are a fundamental
set of solutions for the homogeneous ODE.

N )
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Determinant Test n = 2

Definition 20.2. The determinant of the 2 x 2 matrix A is given by

Qi1 Qg2
det(A) = = o110z — 021072
Q21 Q22
1 1 1 1
det = =-3-2=-5

23

Fundamental Theorem

Theorem 20.4 (Textbook p. 387). If the vector functions
aM(t),..., 2™ (t) solve in an open interval o < t < 3 the ODE

' =P(t)z

then the Wronskian Wiz (t), ..., (™) (t)] either is identically O or
always nonzero on the entire interval.

In other words, the solutions are linearly independent vectors at all points
in the interval if they are linearly independent vectors at any single point.

. /
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Special Case for Two Vectors

s Note that two vectors, z1 and 2z are linearly depenendent if and only
if one is a scalar multiple of the other, ie., z; = azy.

e For n = 2 this means the matrix with z; and z, as its columns has a
determinant 0.

24




General Solution n = 2

Suppose we have two eigenvalue/eigenvector pairs, ?3« 1) and
(v®) r4) we therefore have

/

Q) ryt (2) rat
zM(t) = vWent = v and z(®(t) = v@em2t = ve
: (1) rit (2) Tat

vy''e vy'e
(1) it (2) rpt
det(X (1)) = |0 € VLT 0, @ titrar _ @), () (rerae
’ (1) ryt (2) rot 172 1 Y2
vy e vy e
= ?M:e%v - &mvgm:_mﬁ:i&“ = det(X(0))elm*m2)t
So det(X (t)) # 0 « det(X(0)) # 0 or equivalently, () and v? are

/::mmlv. independent.

/
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Fundamental Theorem

Theorem 20.6. The homogeneous linear constant coefficient system of

first order ODEs

has a fundamental set of solutions
D)y =vPemt 1<i<n

and general solution
z(t) = 2P ()ey + - + 2 (#)e,

i) ), (0™ 1) are eigenvector/eigenvalue pairs with

rLETEFE - FE T

N

J
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Theorem 20.5. If Ay # Ay # - - # A, are eigenvalues of A € R**"
with eigenvectors vV 02w respectively, then

o the eigenvectors are linearly independent;

o the matrix V- € R™*™ whose i-th column is v is nonsingular, i.e.,

V=1 exists uniquely;

o The system of linear equations V¢ = b has a unique solution
c= Vb forany b € R**",

o /
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\ Independent or Dependent /

Tests for linear independence or dependence of a set of vectors (V) € R™
fori=1,...,n
s Solve X¢ =0 for c.

— If there is a nonzero solution then the vectors are dependent. In
this case there will be more than one ¢ # 0.

— If ¢ = 0 is the only solution then the vectors are independent.
o Compute the determinant of X, det(X).

— If det(XX') = O then the vectors are dependent.

— If det(X') # O then the vectors are independent.
o Check the eigenvalues of X .

— If at least one eigenvalue is O then the vectors are dependent.

/ ~ If all eigenvalues are nonzero then the vectors are independent. k

28




Determinant Test

Definition 20.3. The determinant of the 2 x 2 matrix A is given by

a1 Qi2
det(A) = = o102 — 021012

Qg1 (22

29

Eigenvalues and Eigenvector

Definition 20.4. If A is an n X n matrix then the nonzero vector z and
scalar A are an eigenvector/eigenvector pair if

Az = x)

We have

Ar=zA > (A- Az =0

. det(A - M) =0

31

1 -2 1 -2
2 —4 2 -4

o
@
ot
Il
Il

—4+4=0

Note it is also easy to see that one column is or is not a scalar mulitple of
the other.

- \
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Eigenvalues and Eigenvector

e det(A — M) is a polynomial of degree n in the variable A
o The eigenvalues are the roots of the polynomial.
¢ Any nonzero vector that solves, the system of equations
(A=-Xz=0
is an eigenvector associated with A.

e If z is an eigenvector associated with eigenvalue X then so is az for
any scalar «.

e If x5 and x5 # ax; are eigenvectors associated with eigenvalue A
then s0 is @121 + apTo.

o /
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Example 4 Textbook page 379

det =-3-M2+XN+4
4 -2-A

=X A-2=(A-2)A+1)=0
\/HHM m.:& \/wulu.

\

Example 4 Textbook page 379

4 -1
4 -1

A+1T=

add row 1 to row 2

4 -1 | 0 4 -1 ] 0
— - 4x) = Iy
4 -1 1 0 0 0 |0

So any vector with z; = 0.25z; with =3 an arbitrary value is an
eigenvector for Ay = —1.

-
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Example 4 Textbook page 379

1 -1
4 -4

A-21=

add —4 times row 1 to row 2

1 -1 1] 0 1 -1 ] 0
4 -4 | 0 0 0 | 0

for v; = 2.

N

— I = Io

So any vector with 2y = zo with x5 an arbitrary value is an eigenvector

/

Independence

Note that

1
1

AL =2, = and A = -1,

2z and 2®

This is consistent with Theorem 20.5.

N

1
4

22 =

are linearly independent
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Initial Value Problem for the Example

Suppose we impose the initial conditions z1(0) = 1 and z,(0) = 1

2t -1

e e c
z(t) = 2 (t)ey + 2P (t)ey = !
e 4et co

N.HAOV - 1 - 1 1 C1

&wAOV 1 1 4 o

GHHH, QMHO

z(t) =z V() = solves the [IVP
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Determinant Test

Definition 20.5. The determinant, det(A), of a 3 x 3 matrix A is given
by:
Qi a2 03
det(A) = lop; a2 azs
Qg; Q32 033
= (=1)"*" det(Ai )asr + (~1)"* 2 det(As) oz + (—1)73 det(Asz)auis
= (=) det(Ar;)an; + (—1)%H det(Ag;)az; + (—1)>* det(As;)os;

where A;; is the 2 x 2 matrix resulting from removing row i and column
7 from A.

N )

39

Problems with n > 3

e For this class exams will only cover ODE systems with n = 2.

¢ The textbook has discussions and examples of determining
eigenvalues/eigenvectors and solving linear systems with n = 3 and
n = 4. Read Sections 7.2 and 7.3.

o The rest of this set gives some examples.

¢ The homework will include other problems with n = 3.

N \

Use row 1:

_(_1\141 2 -2 _yI+2y -1 =2 _1)i+3 -1
R N S e I R C Rl

=0+10-9=1#£0




Use column 1:

-1

-2

+ (=1)*(-1)

=04+5-4=1#0

-1

41

3
-1

+ (= 1)°*1(2)

-2
2

Find the eigenvalues.

43

Use row 1:
1 -2 3
det(A)=1-1 1 -2
2 -1 3
1 -2 -1 =2
= (=D () + (=2 (-2)
-1 3 2 3

=B-2)+2(-3+4)+3(1-2)
=1+2-3=0

42

%:mfy:nﬁfcixw|>vﬁty !

~4  =1-2A

1 1 1 4-A

+(=D(2) +(=1)13(2)

~2 ~1-A -2

=(3-NA2 =30 +2(A~1)+2(-2A+4)
= -2+ 6AZ —11A+6
A=1, A=2 A3=3
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Let n = 3 and consider
1 -2 3
+H =] 1 , 2P =1
2 -1 -1
Solve the system
1 ~2 3 Cy 0
-1 1 -2 Co =10
2 -1 -1 C3 0

45

add 3 times row 2 to row 3

1 -2 3 | 0 1 -2 3 | 0

61 -1} 0}—]0 1 =110

0 3 -7 10 0 0 -4 1] 0
divide row 3 by —4

1 -2 3 |0 1 -2 3 | 0

01 -1} 0y—1]0 1 =110

0 0 -4 10 0 0 1 | o0

47
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Use row combinations to transform system of equations (this also works
for nonzero righthand side vectors):

add row | to row 2; add ~2 times row | to row 3

1 -2 3 | 0 1 -2 3 | 0
-1 1 -2 | o0o]=]0 -1 1 ] 0
2 -1 -1 ] 0 0 3 -7 10

multiply row 2 by —1

1 -2 3 | 0 1 -2 3 | 0

0 -1 1 | o|l—=}f0o 1 -1 10

0 3 -710 0 3 =710
46

1 -2 3 851 0
0 1 ~1 Cy =10
0 0 1 Cs 0

¢~ 202+ 3c3=0
ﬁm,cnw”o

ﬁwHO

¢1 = ¢2 = ¢3 = 0 is unique solution so the vectors are independent.

- \
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Let n = 3 and consider

1 -2 3
EYI D= 1|, 2®=|_s
2 -1 3
Solve the system

1 -2 3 Cy 0

-1 1 =2 | =10

2 -1 3 C3 0

49
add 3 times row 2 to row 3

1 -2 3 1 0 1 -2 3 0
0 1 -1 | o0o]—=f0 1 =1 0
0 3 -3 1] 0 0 0 0 0

51

g e R

due to the position modified in the matrix the same row combinations
transform system of equations:

add row 1 to row 2; add —2 times row ! to row 3

1 -2 3 | 0 1 -2 3 | 0
-1 1 =2 Jol—-]o -1 1 | o
2 -1 3 | o0 0 3 -3 1] 0

multiply row 2 by —1

1 -2 3 |0 1 -2 3 |
0 -1 1 | ol—=]0 1 -1 |

f 0 3 -7 1] 0 0 3 -3 |

o O

o

1 -2 3 cy 0
0 1 -1 cz| =10
0 0 0 c3 0

€1~ 2¢p+3c5=0
Cy — C3 == 0
0=0
c3 is arbitrary and then ¢y and ¢y follow.

Socy = ~1,c; = 1,and c3 = 1 is a nonzero solution. The vectors are

dependent.
\ J
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1 -2 3 Ci

2 -1 -1 C3

-1 2 -2 c2 } =

53

add row 1 to row 2; add —2 times row 1 to row 3

1 -2 3 |0 1 -2 3 | 0

-1 2 -2 1 0}—-]10 0 1 | o0

2 -1 -1 | 0 0o 3 -7 10
swap rows 2 and 3

1 -2 3 | 0 1 -2 3 | 0

o 0 1 }{ of={f0 3 -7 10

0 3 -7 10 0 0 1 |0

Divide row 2 by 3

0 1
0 3 -7 1 0f—=]0 1
0 0 0
c1 — 2¢9 + 3c3
7

mwliawHO

3
OwHO

So ¢; = ¢2 = ¢z = 0 is the unique solution.

N
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