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Eigenvectors of Conjugate Eigenvalues

Lemma 21.1. If the matrix A € R**" has conjugate eigenvalues
A =a+ifand Ay = A = a — 1 with eigenvectors M gnd @

respectively then

M =g+ib and P =a-ib= 0

where a € R" and b € R™
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Complex Eigenvalues

o If a real matrix A has a complex eigenvalue A = a + 13 then

A = a — i3 must also be an eigenvalue.

o This follows from the fact that det{A — AT) is a polynomial of
degree n with real coefficients.

e We want real valued solutions to

7' = Az

e The eigenvectors of A corresponding to A and X will be complex.
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Proof. This follows from direct computation. Since for any two complex

scalars we know (78) = (v &) we have




Solutions

H:VQV — NACNAD.IQX — AD + mvvmﬁn.fﬁ.mv...

= e* (acos Bt ~ bsin Bt) + ie™ (asin Bt + beos Bt) = u(t) + iv(t)

If can be shown that «(¢) and v(t) are linearly independent solutions to
the ODE.
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If the matrix A € R™*™ has conjugate eigenvalues A\; = o + 13 and
A2 = X = a — i with eigenvectors z(!) = g + iband 2 = a — ib and
distinct eigenvalues A3, . ...\, with real eigenvectors v{3), ... v(") then a
general solution of ' = Ax is
cru(t) + cav(t) + covPe?st 44 pypiMeint
u(t) = e {acos Bt — bsin 3t)
v(t) = ™' (asin Bt + beos Bt)

The result is straightforward to adapt to multiple conjugate pairs and
distinct real eigenvalues.
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