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‘ Methods for Nonhomogenesous Linear Systez's

We have methods to solve the homogeneous linear system o§ ODE

2’ (t) = Az(t)

with constant coefficient matriA.

We need methods to generate a particular solution for

2’ (t) = Ax(t) + g(t)
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I\/Iethods'

Methods we discussed earlier generalize:

e Method of Undetermined Coefficients
e Variation of Parameters
e Laplace Transforms (See textbook pages 438 and 439)

Additionally, we can use the structure 4fto transform the problem into
several scalar problems.
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Suppose we have

‘ Diagonal AI




‘ Diagonal AI

21 (t) = an1w1(t) + g1 (1)
24 (t) = agaxa(t) + g2(t)

Two independent scalar linear constant coefficient nonlymmeous
ODEs.
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‘ Diagonal AI \

We know how to solve them using techniques discussed earlier

Specifically, we can find particular solutions to combindwttte
homogeneous general solutions determined by eigenvaalgsan

This is identical to the combination you get by solving each
iIndependently with the general solutions, e.g.:

zi(t) = c;e®t + eo‘”t/e_o‘“tgi(t)dt, i=1, 2
Of course, you can use any method you wish, on the scalargmobl
and get its essentially equivalent form.

Therefore, diagonal structure #h means a particular vector solution
IS simply a vector of particular solutions from independscdlar

linear ODEs. /




‘Triangular AI

21 (t) = a1 (t) + aewa(t) + g1(t)

T4 (t) = aooxa(t) + ga(t)

Two dependent scalar linear constant coefficient nonhomemes ODEs.
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‘Triangular AI

Note that the second scalar ODE is independent of the first.

We can solve for a particular soluticmép ) (t) of
25(t) = asaza(t) + g2(t)
We can then substitute and solve for a particular solutié’f’],(t) of

(1) = anz () + aay’ () + g1 (t) = ana () + §(t)
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\General Solution of Structured ProblemEI \

To solvex’(t) = Ax(t) + g(t) whenA is diagonal or triangular:

\_

Find eigenvalues and eigenvectors (or generalized eigtang} of A.

Form fundamental solutions
2 (1) = Axp(t) — z(t) = c12V (t) + caz@ (2)

Use diagonal or triangular techniques to find a particulériso

Form general solution

x(t) = zp(t) + 2P () = 1z () + cox@ (8) + 2P (1)
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General Solution of Linear Sytema

To solvex’ = Ax + g for any A with real eigenvalues we transform the
problem. Letl" be a nonsingular matrix.

v =Ax+g
T 2 =T 1Az + T Yy
T 2 =T 'AIz+ T g
Tl =T 'ATT YD +T g
T 2 = (T AT ')+ T g
y = My+ f
Ty=x, f=T1'g, M= (T"'AT)
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General Solution of Linear Sytemﬂ

M is diagonal ifA has two distinct real eigenvalues

M is upper triangular ifA has one repeated eigenvalue with and

eigenvector and a generalized eigenvector

T 1s determined by the two eigenvectors or an eigenvector and a

generalized eigenvector

We find them when computing the homogeneous general solution

/
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‘ Example with Distinct Eigenvalueil
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‘ Example with Distinct Eigenvalueil

~

13



Example with Repeated Eigenvaluj
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Example with Repeated Eigenvaluj
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General Solution of Linear Systemj

' =Ax +g
A—M, T, T71
solve homogeneous system:’ = Az — zp, = 1zt + coz?
f=T""g
solve ¢ = My -+ f
recover particular solution:z® = Ty

~
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‘ Example.
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‘ Example'
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‘ Example.

X

J0)-

(e* [ =2t f1dt) + (e [ e fodt) )

(e* [e72 f1dt) + 4 (e7! [ €' fodt)

N ( (e* [e72t frdt) + (e [ et fodt)

(e* [e72 f1dt) + 4 (e7" [ €' fadt)
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‘ Example'

e We therefore have a general solution that can be adaptediio ea
forcing vectorg(t) applied to the system of ODEs.

e For our example of; = t* — 2t andgy = 4t* — 2t yields f; = —2t
and fy = t2

e \We have

1 1
th/e_Qt(—Zt)dt = th(—ie_Qt(—% —1))=t+ 5

e / ef(t*)dt = e H(e!(t* — 2t +2)) = (t* — 2t + 2)

/
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We therefore have

‘ Example'
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/ Verification of Solution of Example'

Verify thaty solvesy’ = My + f:

t+ %
v=1,
t2 — 2t +2

2 0
w02

\_

2t + 1 N —2t 1
o p— :y
—12 4+ 2t —2 £2 2% — 2
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Verification of Solution of Example'

Verify that z(P) solvesz’ = Ax + ¢:

2 _ 5 _
x(p) _ t t—l— 5 - (x(p))/ _ 2t 1
42 — Tt + 8t — 7
2 3] 2
Ao 4 g — 3 —1 t? —t+ 2 t2 —t

_|_
4 -2 \4t2 — 7t + 17 412 — 9t

p— —I— p—
—4t2 + 10t — 7 4t? — 2t 8t — 7

\_ /
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‘Triangular Example I

If A has a repeated eigenvalue with only one eigenvector then

T YAT = M =

Solve for a particular solutiory<p), of the second scalar linear ODE
governingys.

Solve for a particular solutiory,gp), of the first scalar linear ODE

governingy; usingyép).

Transform the solution back tg?) .
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