Set 23: Systems of First Order Linear

Equations Part 4

Methods for Nonhomogenesous Linear Systems

We have methods to solve the homogeneous linear system of ODEs

2/ (t) = Ax(t)

Kyle A. Gallivan with constant coefficient matrix A.
’ Department of Mathemati We need methods to generate a particular solution for
partm a ics
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Methods we discussed earlier generalize: Suppose we have
¢ Method of Undetermined Coefficients
e Vanation of Parameters

¢ Laplace Transforms (See textbook pages 438 and 439)

?
1
Additionally, we can use the structure of A to transform the problem into A
several scalar problems.
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Diagonal A

Pm Qv = ayyxi(t) + g1(f)
z5(t) = capma(t) + golt

—

Two independent scalar linear constant coefficient nonhomogeneous
ODEs.
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Triangular A

M.\w Qv == Q:HHQV + wa&.m?v + g1 Qv

&,\va = qpxa(t) + ga(t)

Two dependent scalar linear constant coefficient nonhomogeneous ODEs.
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e We know how to solve them using techniques discussed earlier.

e Specifically, we can find particular solutions to combine with the
homogeneous general solutions determined by eigenvalue analysis.

e This is identical to the combination you get by solving each
independently with the general solutions, e.g.:
z;:(t) = c;e® ! mgi\ml?;%ﬁi# i=1, 2
s Of course, you can use any method you wish, on the scalar problem
and get its essentially equivalent form.

o Therefore, diagonal structure in 4 means a particular vector solution
is simply a vector of particular solutions from independent scalar

/ linear ODEs. \

Triangular A

Note that the second scalar ODE is independent of the first.
We can solve for a particular solution, HWE (t) of

’

To(t) = aama(t) + g2(2)

We can then substitute and solve for a particular solution, HME (t) of

t

z1(t) = anxy(t) + QS@.MES +o1(t) = oz () + g(t)
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General Solution of Structured Preblems

To solve &'{t) = Az(t) + g(t) when A is diagonal or triangular:
s Find eigenvalues and eigenvectors (or generalized eigenvectors) of A.

e Form fundamental solutions
Th(t) = Azp(t) & zp(t) = 12V (t) + caxP (1)

¢ Use diagonal or triangular techniques to find a particular soluion
HAEQV —

« Form general solution

z(t) = zp(t) + 2P (t) = 2V (1) + 2P (1) + 2P (1)
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General Solution of Linear Sytems
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M is diagonal if A has two distinct real eigenvalues

M is upper triangular if A has one repeated eigenvalue with and
eigenvector and a generalized eigenvector

T is determined by the two eigenvectors or an eigenvector and a
generalized eigenvector

We find them when computing the homogeneous general solution.
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General Solution of Linear Sytems

To solve ' = Az + g for any A with real eigenvalues we transform the
problem. Let T be a nonsingular matrix.
' =Az+g
T =T Ae + Ty
T ' =T 'Alz+T g
T =T YATT Nz +T g
Tl = (T7YATH T o)+ Ty
y'=My-+f
Ty=a, f=T"'g, M=(T"'AT)

Example with Distinct Eigenvalues
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Example with Distinct Eigenvalues

3 -1 11 4 -1
A= T= , %LHW
4 -2 1 4 3\-1 1
. 1/4 -1\ {3 =1\ [ 1 1
T AT = =
2 U | 4 -2/ \1 4
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Example with Repeated Eigenvalue

1 -1 1 0 . 10
A= T = , T '=
13 -1 -1 -1 -1
» 1o\ (1 -1\ ({1 o
T71AT =
-1 =1)\1 3)\-1 -1
{1 0 2 1\ (21
-1 -1 \-2 -3 0 2

Example with Repeated Eigenvalue

General Solution of Linear Systems

2 =Az+g
A-M, T, T
solve homogeneous system ' = Az — zp, = c;z'V + cox®
f=T7
solve y = My+ f
recover particular solution: zP = Ty

z(t) = crzM 4 opr® 4 2@
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3 -1 2 -2t
7= Ax +g, = , o
4 -2 a2 442 — 2
Lo1fe = 2 0
T = , T = . M=
34-1 1 0 -1
h 1[4 1) (¢} _1[40—g2) (-2t
f2 3 -1 1 g2 3\-g1+02 t?
17
=Ty
HME B 1 n\ (e* Je® fidt) + (e [ €' fadt)
HmE 4 Y2 (e* Je 2 fidt) + 4 (e7! [ €' fadt)
1 1 e [ e 2 fidt) + (et [ el fodt
I A B (AR A Ry
1 4

(e Je 2 fidt) + 4 (et J €' f2dt)

4 2 0
ny _ vy L h
Ya 0 -1) \»2 Ja
7 NMN c\;WIMN.\.HQN
Y2 et [ et fodt
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e We therefore have a general solution that can be adapted to each
forcing vector g(t) applied to the system of ODEs.

e For our example of g; = t? — 2t and g5 = 4¢? — 2t yields f; = —2¢
and fy = t*
e We have
1

2t \mlsTms& = (e Mo 1)) =t W

et \mi&& =e et ~2t+2)) = (12 -2t +2)
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We therefore have
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Verification of Solution of Example

Verify that 2(P) solves 2’ = Az + g:

2 —t+2
4t - Tt I

mL mutwm, t?—t
\»H@v+mﬂ 2 +
4 —2) \a? -1+ I 4t — 2t

= -+ = =

Lm+&¢ﬂ leﬁ mTﬁ A\
(=)
~4t2 + 10t - 7 412 — 2t 8t — 7

o
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\ - | Verification of Solution of Example /

Verify that y solves y' = My + f:

Triangular Example

If A has a repeated eigenvalue, A, with only one eigenvector then

Al
0 A

T AT =M =

Solve for a particular solution, @wﬁ ), of the second scalar linear ODE

governing yo.

Solve for a particular solution, @Mu ), of the first scalar linear ODE

governing y; using yi¥’.

Transform the solution back to z(P) .
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