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\ Linear First Order ODEs I

Theorem 5.1(Textbook page 68)If p(t) andg(¢) are continuous on an

open intervall : a < t < g then there exists a unique solutigr= ¢(t)
onZ to the initial value problem

y +p(t)y = g(t)
y(to) =y0, a<ty<p

for any value ofy,.
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\ Linear First Order ODEs I

Corollary 5.2. The unique solutio = ¢(t) onZ to the initial value
problem under the conditions of Theorem 5.1 is given by

1 t
y(t) = 0 Yo + /to 1(s)g(s)ds]

u(t) = =
z(t):/t p(t)dt

(Note thatu(ty) = 1.)
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\ Linear First Order ODEs I

Corollary 5.3. All possible solutions to the differential equationn
under the conditions of Theorem 5.1 are given by the genefatien

1 t
o) = g [C+ | olo(e)as

u(t) = e

z(t):/t p(t)dt




\ Linear First Order ODEs I

Assuming the conditions of Theorem 5.1

e A general solution in explicit form is known that characzes all
solutions to the ODE.

e A particular solution to an IVP results by setting= vy
e The solution requires only two antiderivatives.

e Possible points of discontinuity or singularity of the gada y(¢) can
be identifed fronp(¢) andg(?).

e The conditions given are sufficient not necessary. It isiptesfor
the solutiony(t¢) to be continuous even wheiit) and/org(t) arelis
discontinuous.
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‘ Example'

Recall, the linear first order ODE:

2
ty’+2y:4t2—>y’+zy:4t

p(t :% and g(t) = 4t

: C
General solution: y(t) = t* + =

Possible problem points?

\_

e ¢(t)is continuous for-oco < t < oo, .. N0 problem

e p(t) is continuous fot < 0 andt > 0, .. possible problem at= 0
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Some Solutions of Interes.

Applying Theorem 5.1 tg/ + (2/t)y = 4t yields:
1
y(1) =2 — y(t) = t* + 2 0 <t<oo, discontinuous

1
y(=1) =2 —y(t) = t? + oy —o00 <t <0, discontinuous

2
y(l) = =1 — y(t) = t* — 2 0 <t<oo, discontinuous

2
y(—l) =—-1— y(t) =% — 2 —o0 <t <0, discontinuous

.. discontinuousy(t) — discontinuousp(t)
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Some Solutions of Interes.

Applying Theorem 5.1 tg/ + (2/t)y = 4t yields:

y(0) =0 — y(t) =1*, oo <t < o0
continuous on entire real line

.. discontinuousp(t) /4 discontinuousy(t)

Discontinuous points g#(t) andg(¢) only possiblya problem.
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/ ‘ Example: Integral Curves I \

Nine solutions for)’ + %y = 4t with multiple initial conditions at
r==x1, 0.
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Nonlinear First Order ODES I

Theorem 5.4(Textbook page 70)If f(¢,y) and its partial derivative
df /0y are continuous in the rectangle

R:{(t,y):oz<t<ﬁ, 7<y<(5}
then there is a unique solutian= ¢(t¢) of the initial value problem
y = f(ty), y(to) =vo, (to,y) ER
defined on some subinterval aroufyd

to—h<t<to+h

\_
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Nonlinear First Order ODEs I

d0f /0y is used because we wario be the independent variable.
The conditions are sufficient not necessary.

The solution is guaranteed to exist on a subinterval not eretttiret
Interval definingR. The subinterval is, in general, not easy to
determine from the differential equation only.

If fordf/dy are discontinuous somewherelthe theorem says
nothing about the situation. There may be none, one or more
solutions on all or part oR.

/
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/ Nonlinear First Order ODEs I \

e There is no general solution form for an arbitrary nonlinfeat order
ODE or an associated IVP.

¢ |dentifying the form of all possible solutions or the soturtiwith
y(to) = yo depends strongly on the class of nonlinear first order
ODEs.

e We have seen one such class. For separable first order evprato
have

M(z)dz + N(y)dy =0

/ M(x)de + / N(y)dy = Hi(x) + Haly) = C

x Y
/ M(z)dr+ | N(y)dy =0
0 Yo

\_ /
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‘ Example'

J = (322 + 4x + 2)
(2y —2)

y=1—1y =oco lineof interest
f(z,y) = (32% + 4z +2)/(2y — 2)

of - (32 + 4z +2)
oy Y = T g

y(z) =1+ Ve+1+ 23 + 222 + 22
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‘ Example.

Theorem 5.4 guarantees unique solution on some intervawithin
any rectanglék that does not contain any part of the lipe-= 1.

Consider initial condition$0, 3), (0, 2), (0,0), and(0, —1). All
unique but not defined on entireaxis.

Subinterval determined by where solution for a particutaral
condition crosseg = 1.

In this case the solutions become complex, i.e., they dolowt bp
In magnitude.

Consider(—2,1) and(—1, 1). Theorem 5.4 says nothing but two

solutions each!
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Example

(0,3), (0,2), (0,0), (O,—l)J

(3z* + 4z +2)/(2y — 2), (z0,%0)

\
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/ ‘ Example. \

Some times the singularities, i.e., points where solutgmio oo In
magnitude, are not expected from the ODE form.

v =y, y(0)=yo

ft,y) =y
g—i(t,y) =2y

Continuous everywhere ift, y) plane therefore a unique solution exists

\for any initial condition /
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‘ Example'

Yo
to) = t) =
y(to) = yo — y(t) 1 — ot

i [y()] = o

—
t 70

. 1
if yo > 0then |y(t)| < oo, —c0<t< —

Yo
. 1
if yo < Othen |y(t)] < oo, — <t<x
Yo
e There is a singularity at a value vthat depends on the initial
conditiony,.

e The ODE gives no indication that there is a problem!

\_
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\ Discontinuous Coefficients

Consider the linear first order ODE

y' +p(t)y = g(t), y(te) = yo

Suppose there is a jump discontinuityzit) and/org(t) at some point,.

The problem can be solved by solving the problems:

y1 +p()yr = g(t), yi(to) =wo, to <t <ty
yh +p(t)y2 = g(t), va(ta) = v1(ta), ta <t

This is done by exploiting the fact that we have two constahtaur
disposal from the two general solutions.

\_ /
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‘ Example.

y' +2y=g(t), y(0)=0
1 ifo<t<l1
g(t) = .
0 ift>1
y1 +2y1 = g(t), y1(0)=0, 0<t<1
p(t) = e*
1

yi(t) = Cre 2 4 e % / Pt = Cre™* +

1 1
p(0) =0 Cr ==, pi(t) = 5(1-e?)
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‘ Example'

y2(1) = Cae™* = 1 (1) = %(1 —e?)
%(62 —1) and ya(t) ;(62 1)

{%(162’5) fo<t<1

(2 —1)e ? ift>1
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