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/ \ First Order ODES I

Recall the chain rule and its relationship to the ODE witlugoh
y = ¢(x) and its integral curves:

U(z,¢(x)) = ¥(z,y) = C
d ov ov dy

V@) = Go@y) + 5@y g s =0
g_i(w,y) = Va(z,y) = M(2,y)
g—j(w,y) =Vy(z,y) = N(z,y)

dy

M(z,y)+ N(x,y)—= =0

dx
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So given¥(z, y)

such that

\ First Order ODES I

= (' we can always create an ODE

dy

=0
dx

M(z,y) + N(z,y)=—

[W(e.)] = M(z,y) + N(z,y) 7

dx
dy

\I!(x,y):/ M(x,y) + N(z, y)d |de =C

Direct integration works.
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\ First Order ODES I

What about the other direction?

Given an ODE

dy

does there always exist(x, y) such that

Uy(z,y) = M(z,y) and Vy(z,y) = N(z,y)?

In general, no.

\_

AssumeV (x, y) exists and determine conditions that must be satisfied.
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\ First Order ODEs I

If U.(z,y) = M(z,y) we can integrate with respectiao get a form of
v

www:/%@wm:/Mwwm

/M x,y)dr = Q(z,y) + C not general enough

/M:cy Q(z.y) + h(y)

h(y) differentiable, arbitrary function plays the role of a ctamg w/r toz.
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\ First Order ODES I

Then, if¥,(z,y) = N(z,y) we can differentiate with respect o

d

Uy (z,y) = Qy(z,y) + d—yh(y)

N(z,y) = Q,(z,y) + d%h(y) S W (y) = Nz,y) — Qy(z)

Solve ODE forh(y) and we are done?

No! We need constraints on ODE.
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\ First Order ODES I

h(y) = N(z,y) — Qy(z,y)

completely determinek(y) only if there is no dependence an

Solving the ODE

So we need the following condition:

0

% [N(:Cay) o Qy(xay)] =0




/ \ First Order ODES I

Relate the condition to the ODE:
0

I - [N (z,y) = Qy(z,y)] =0
O @y) ~ 5-Qylay) =0
%Z(w y) — 2Q:,;(:v y) =0

(9.7\7 oM
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\ First Order ODES I

So if Ny (z,y) = M, (x,y) then we can determing(y) by solving
W(y) = N(z,y) — Qy(z,y)
Givenh(y) we have:

U(z,y) = Qx,y) + h(y)
U(x,y) = C defines integral curves for

dy

U (x,y) = C defines an implicit relationship betweerandy.
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‘ Example'

(y cosx + 2ze¥) + (sinx + z%e¥ — 1)y’ =0
M, = cosx + 2xe?
N, = cosx + 2xeY
.. The system of equations
U, =ycosx + 2xe?
U, =sinx + 2%e¥ — 1

has a solutionV (z, y)
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/ ‘ Example' \

U, =M = ycosz + 2ze” (1)
\IlyzN:sinac+a:26y—1 (2)

Integrate (1)

U= /\led:r; = /Md:r; = h(y) + /(ycosac + 2xe¥)dx
= h(y) +ysinz + 2%’ = h(y) + Q
Differentiate¥ and use (2)
N=V,=Q,+n
sinz + z%e? — 1 =h +sinz + z%e?

h'=—-1—h(y) =—y

\_ /
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‘ Example.

(y cosx + 2ze¥) + (sinx + z%e¥ — 1)y’ =0
U(z,y) = Q(z,y) + h(y)
Q(x,y) = ysinz + x%eY
hy) =~y
S U(x,y) =ysine —y + z%e? =C
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/ ‘ Example' \

dy
M(z,y) + N(z,y)-— =0

(2xy* + 2y) + (22°y + 22)y’ = 0
M, = 4zy + 2
N, =4xy + 2

exact differential equation

Therefore we have the system of equations

<
8
6]
S
||
=
S
S

(3)
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‘ Example'

Use (3) to get)(x, y)
U = /M dr = /(2azy2 + 2y)dx = Q + h(y) = (x*y* + 2zy) + h(y)
Use (4) to get(y)

Qy +h' = (22%y + 22)
h = (22%y + 22) — (22%y 4+ 22) =0
U(z,y) = a’y* + 22y = C
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‘ Example'

dy
M(z,y) + N(z,y)-— =0

0
Nx:%(ﬁ"‘ﬂfy):%*‘y

not an exact differential equation
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‘ Exact Equations.

Definition 6.1. The first order ODE

dy

IS an exact differential equation on an open rectangte r < 3,
v < y < ¢ If and only if on the rectangle

My(wvy) — Nw(xay)

\_
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‘ Exact Equations'

Theorem 6.1. If M (z,y), N(x,y), M,(x,y), and N, (x,y) are
continuous on an open rectanglea < x < G, v < y < ¢ then there exists
a function ¥(z, y) such that

U,(z,y) = M(z,y) and ¥,(x,y) = N(z,y)

If and only if

My(xv y) — Nw(xv y)

\_ /
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/ ‘ Example'

Textbook p. 99 Problem 1

M(z,y) + N(z,y)y =0
(2x+3)+ 2y —2)y =0
M, =0
N, =0

exact and separable

Hi(x) = /(2x—|—3)dw =% + 32

Hy(y) = /(2y —2)dy = y* — 2y

\ ? +3x+y*—2y=C
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‘ Example.

Textbook p. 99 Problem 2

M(z,y) + N(z,y)y =0
(22 +4y) + (22 — 2y)y' =0

M, =4
N, =2
not exact
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/ ‘ Example' \

Textbook p. 99 Problem 3

M(z,y) + N(z,y)y' =0
(322 — 22y +2) + (6y* —2* +3)y' =0
My = —2x
= —2x

/M r,9)dz = Q(z,y) + hiy)
:h(y)—l—/(Sx2 — 2zy + 2)dx = h(y) + (z° — 2%y + 22)

\_ /
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‘ Example.

Textbook p. 99 Problem 3

Q(z,y) = (¢° =2y +2x) and N(z,y) =Q, + I
(6y* —2*+3) = (—z*) +h/

dh
— =6y° + 3
dy

h(y) = 2y° + 3y
U(z,y) = Q(z,y) + h(y) = =° — 2%y + 2z + 2y° + 3y

\_ /
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‘ Summary'

e General first order ODE fo§ = ¢(x)

e Separable differential equatiab, = N, = 0.
o Exact differential equation iV, = N,.

e Exact differential equation if and only #¥(x, y) = C such that
M(z,y) = Vo(z,y) N(z,y)=Vy(z,y) (5)

e EXxact equations can be solved by solving system (5).

\_ /

22




