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First Order ODEs

So given ¥(x,y) = C we can always create an ODE

d
M(z,y) + N(z,9)-L = ¢

de
such that
o
MH.IA&“@V -~ @sﬁ&gﬁv = gAHVEv
ov

U(z,y) = \E?S + Nz, Smlw% =C

ﬁ Direct integration works.

First Order ODEs

Recall the chain rule and its relationship to the ODE with solution
y = ¢(x) and its integral curves:

d 8 o dy

NMEH“S = MMCFS + M\Aaévﬁ =0

wm?s = Vole.y) = M(z,y)

First Order ODEs

What about the other direction?
Given an ODE

d
M(z,y) + N(@,y) 7 =0

does there always exist ¥(z, y) such that
Ve(2,y) = M(z,y) and ¥y(z,y) = N(z,y)?
In general, no.

Assume ¥(z,y) exists and determine conditions that must be satisfied.

N




First Order ODEs

First Order ODEs

Then, if ¥,,(x,y) = N(x,y) we can differentiate with respect to y
If U(x,y) = M(x,y) we can integrate with respect to z to get a form of

v V(z,y) = Qz,y) + h(y)
¥y = [Vois = [ Mo ¥(0,0) = Qo) + 1hY)
\\SAH;\KH = Q(z,y) + C not general enough N(z,y) = Qy(z,y) + M:@v — h'(y) = N(z,y) - Qy(z,y)
[ Mo = Q) +
h(y) differentiable, arbitrary function plays the role of a constant w/r to . Solve ODE for h(y) and we are done?

No! We need constraints on ODE.
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First Order ODEs

First Order ODEs

Relate the condition to the ODE:
0

- [Ny - Qylzy)] =0
Solving the ODE ON o
A \T, - a x, =0
W (y) = N(z,y) — Qy(=z,y) %a (#.9) = 5z Qu@:v)
N
completely determines h(y) only if there is no dependence on z.

o
—_— — —Q(z,y) =0
50 (&Y) 3@ (z,y)
So we need the following condition:
3]

2 N(@,y) - Qy(e,y)] =0 ¥(z,y) = Qz,y) + hy) — Vao(z,y) = Qulw,y) = M(z,y)
Oz ’ vy -

ON oM
L «@NANVS - I%'HQAHV@V =0
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First Order ODEs

S0 if Ne(z,y) = M, (z,y) then we can determine h(y) by solving
h'(y) = N(z,y) - Qy(=,y)
Given h(y) we have:

Y(z,y) = Qz,y) + h(y)
U(z,y) = C defines integral curves for

d
M(z,y) + N(z,y) ¥ =0

¥(z,y) = C defines an implicit relationship between  and y.

-
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Y, =M =ycosx + 2ze¥
¥, = N =sing + z%¥ — 1

Integrate (1)

Y = \en&& = \E&& = h{y) + \A@oom& + 2ze¥)dz
= h{y) + ysinz + z2e¥ = h(y) + Q
Differentiate ¥ and use (2)
N=",=Q,+h
sinz + z%e¥ ~ 1 = h' +sinx + z%e¥

h'=~1— h(y) = —y

o

0y
03

(ycosz + 2xe¥) + (sinz + z2e¥ — 1)y =0
M, = cosx + 2zxe¥
N, = cosz + 2ze¥
.. The system of equations
¥, =ycosx + 2xeY
VU, =sinz +z2e¥ — 1

has a solution ¥(z,y)

(ycosz + 2xe¥) + (sinz + z2%e¥ — 1)y’ =0
¥(z,y) = Qz,y) + h(y)
Q(z,y) = ysinz + z%eY
h(y) = —y
- U(z,y) =ysing -y + %Y = C




d
EA&V@vuTZAH“@v% =
(2zy* +2y) + 2z%y +2z) =0
M, =4zy +2
Ny =4ay+2

exact differential equation

Therefore we have the system of equations

U, (2, y) = M{z,y)
@@A&Nw\v = ZAR;\V

-

3
)

d
M(z,y) + N(z,y) 3 =0

dy
2 2 y _
Bry+y°) + (= +&S&a 0
9
Eanmlwaﬁwjfwwvnwa‘*vm@
N, IlmlAeravlm&.T
= 50 Yy) = Y

not an exact differential equation

4 )

Use (3) to get Q(z,y)
U= \g dz = \.Ama@m +2y)dz = Q + h(y) = (2%y* + 22y) + hly)
Use (4) to get h(y)

Qy+ K = (22%y + 2z2)
B = (28%y + 22) ~ (20%y + 22) = 0
U(z,y) =22 + 22y = C

Exact Equations

Definition 6.1. The first order ODE
dy
N =
M(z,y) + Aﬁ@v&s 0

is an exact differential equation on an open rectangle o < z < 3,
¥ <y < ¢ if and only if on the rectangle

My(z,y) = Na(z,y)
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Exact Equations

Theorem 6.1. If M(z,y), N(z,y), M,(z,y), and Ny(z,y) are
continuous on an open rectangle o < z < (3, v <y < & then there exists
a function ¥{z,y) such that

Vaolz,y) = M(z,y) and Ty(z,y) = N(z,y)
if and only if

g@?&w\v = ZHAH‘“QV

o /

M(z,y) + N(z,y)y' =0
2z +4y)+ (22 -2y} =0

Textbook p. 99 Problem 2

M, =4
N, =2
not exact

4 )

Textbook p. 99 Problem 1

M(z,y) + N(z,y)y’ =0
(2e+3)+ 2y~ 2y =0
M, =0
Ny=0

exact and separable

Hy(z) = \Ga +3)dz = 2% + 32

Ha(y) = \@@ - 2)dy =y* -2y

/ @ +3c+y -2 =C

Textbook p. 99 Problem 3

M(z,y) + N(z,y)y =0
(3z% — 22y + 2) + (6y° — 2® + 3)y' = 0
M, = -2z
Ny = -2z

o= \ M(z,y)dx = Q(z,y) + h(y)

= h{y) + \Aw&m = 2zy + 2)dz = h(y) + (2* ~ 2%y + 22)

N
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Textbook p. 99 Problem 3

Qz.y) = (z* ~a’y+2z) and N(z,y)=Q, +H
(6y° — 22 +3) = (—z?) + I’
dh
&'@ = @@ +3
h(y) = 2y° + 3y

U(z,y) = Qz,y) + hly) = 2° — 2%y + 2z + 2° + 3y

N
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General first order ODE for y = ¢(x)

dy
Mz, N{z,y)—= =0
(2.9) + Nz, ) 2
Separable differential equations M, = N, = 0.
Exact differential equation if M, = N,.

Exact differential equation if and only if 3¥(z, y) = C such that
M(z,y) = Uo(z,y) N(z,y) = Uy(z,y)

Exact equations can be solved by solving system (5).
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