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\ First Order ODES I

dy
M N —~ =0

(z,y) + N(x,y) 0

IS exact If
M, = N,
What can be done if it is not exact?
Find a functionu(zx, y) that makes
dy
p(z, y)M(z,y) + p(z,y)N(z, y)@ =0

an exact differential equation.
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‘ Exact Equations and Integrating Factors'

e u(x,y) May not exist
o if u(x,y) exists is it not unique

e In general, finding:(x, y) is just as difficult as solving the ODE.
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‘ Exact Equations and Integrating Factors'

M+ Ny' = Bay+y?) + (2® +ay)y’ =0

M, =3z + 2y
N, =2x+vy

ple,y) = x
(uM), = [3x2y + ny]y = 322 + 2zy
(uN), = [2° + :U2y]x = 32° + 22y
Exact ODE
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Integrating Factors I

Find a functionu(x, y) that makes

dy

A
dx

(i, y)M(z,y) + p(z, y)N(x,y)

an exact differential equation.

(M )y — (uN)z =0
M:uy—i_My:u_N,ux_Nx:u:O
Mty — Npig + (My — Ny ) =0

e In general, this PDE is just as difficult to solve as the ODE.

\. We must assume additional constraints to get a computable /
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Integrating Factor I

Suppose we look for a(z, y) that is a function ofc only:
Loy (z,y) =0
dp

po(z,y) = o = H

M:“y_N,ux‘F(My_Nx),u:O

(M, — Nz)p— Nu' =0
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Integrating Factor I

We therefore have fqu(x)
(M, — N.)p— Npy/ =0

Not necessarily solvable!

Assume
(My o Nx)

IS a function ofzx only.
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Integrating Factor I

We have

(M, — N)p— Ny' =0

M, — N,
u’—( 7 )uzﬂzu”rp(w)u
linear ODE
M, —N,) 1 ) )
| — ) Ly — 0= di(@) + N
.

separable ODE




‘ Example'

M + Ny' = (3zy 4+ ¢°) + (2° + 2y)y’ =0

M= Bzy+y*) N =(2°+azy)
M,=3x+2y Np=2x+y

(My —Ng)  (Br+2y)-Q2r+y) (v+vy)

N (22 + zy) r(x +y)

1
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‘ Example.
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/ ‘ Example'

The integrating factor may also be a functionyadnly.

33

x x
Y Y Y
M, = —8x3y 3 — 3y 2
N, =3y~ ?
p_ M, — N, _ —8x3y—3 — 6y 2
N 3xy=2 + 4y
b Ny — M, 8x3y ™3 + 6y 2

M 4x3y—2 4 3y~!

.
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‘ Example'

P is a function ofy only therefore an integrating factpry) exists
defined by

We therefore have
2
/ —dy = 21In|y| + ¢
Yy

p=Ce* = Cly* = Cy’

p=y’
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‘ Example'

Applying u(y) = y° yields

uM + pNy' = (42° + 3y) + 3z + 4y°)y’ = 0
/(4:133 + 3y)dx = 2* 4+ 32y + h
ulN =Q, + 1
(3z +4y°) =3z + 1/

h/:4y3_>h:y4

U=zgt+3zy+yt=C
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/ ‘ Example'

M + Ny' = (3zy + ¢°) + (2° + 2y)y’ =0

1
T, ) = IS also an integrating factor
u(z,y) 92z 1 1) grating
 day+y
e T T a2y (20 1 )
B 202 4 22y
My = =" 3,209 2
x2y?(2z + y)

PDE satisfied M, — Ny, + (My — Np)u =0

It generates the same solution to the ODE. But the algebraichmore

@dious.

/
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Summary for First Order ODEs I

o Linear:y' + p(t)y = g(t)
— Integrating factor

— known general solution form

e Nonlinear separable¥/ (z) + N(y)y' =0
— direct integration

— known general solution form

e Nonlinear exactM (z,y) + N(x,y)y’ =0
- M, =N,
— solve system of two equations via direct integration

— attempt to find simple integrating factor when not exact
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