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Second Order Linear ODESI

Definition 9.1. An ODE is second order and linear if it can be written

Pt)y" +Qt)y + R(t)y = G(1)

An associated initial value problem also specifies

If P(t) # 0 the explict form

v+ o)y + q(t)y = g(t)

will often be used.
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Second Order Linear ODESI

Definition 9.2. Given two function® andg, the differential operatok
associated with the ODE that maps a twice differentiabletion oft on
an intervala < t < (3 to another function of is given by

L[¢] = ¢" + pd’ + q¢




‘ Existence and Uniquenes'

Theorem 9.1(Textbook page 146)If p,q, and g are continuous functions

ontheinterval 7 : o <t < (3 that contains ¢ty then the initial value
problem

v + o)y + q(t)y = g(t)
Y(to) = Yo
y'(to) = Yo

has a unique solution that exist throughout 7.
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homogeneous ODE

and cs.
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Superposition'

Llyl = y" +p(t)y +q(t)y =0

Theorem 9.2(Textbook page 147)If y; and y, are two solutions to the

then the linear combination c;y; + coys 1S a solution for any constants c;
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Overview I

homogeneous second order linear ODEs with constant cesffeci
general solution and fundamental solution sets

Wronskian

general solution for nonhomogeneous problems

Method of undetermined coefficients for nonhomogeneoustaoh
coefficient problems

Method of variation of parameters for nonhomogeneous enhst
coefficient problems

some nonconstant coefficient problems
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Constant Coefficient Problems

Definition 9.3. If a, b, ,c are real constants, the ODE
!/ /
ay +by +cy=20
IS a second order linear ODE with constant coefficients.

e How are they solved?

e What are the important properties of the solutions?
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/ Constant Coefficient Problems

Recall the first order problem

Y +ey=0—y=e"

Hypothesis for second order problem= .

y=2=¢€
/

y = re™
1/

y" = ,,,,267“t

ay” + by + cy = a(r?e™) + b(re"t) + c(e™)
= [ar2 + br + c} et
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Constant Coefficient Problems

ay” + by +cy = [ar® + br +cle”
et A£0—ar*+br+c=0

r generates a solution to the ODE if it is a rootw@f + br + ¢

Consistent with first order

Y +ey=0
a=0, b=1

br +c=0<1r=—c
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\ Solutions'

ODE: ay” +by +cy=0

characteristic equation:ar? + br + ¢

b* — 4ac > 0 — two distinct real roots
b* — 4ac < 0 — two complex conjugate roots

b? — 4ac = 0 — repeated real root
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Distinct Real Roots.

y'—y=0, y(0)=2, y'(0)=-1
2 —1=0—7r==l
y1 = c1e', Y2 = cpe”
11 (0) =2 =rcie’ =1
Y1 (0) = —-1#ce’ =2x1=2
Cannot satisfy the initial conditions with y; solves ODE but not the
IVP.
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Distinct Real Roots'

— / —
y:cletJche t Y :Clet—CQG

y(O):Cl—I—CQI2

t

y/(O) = C1 — Cy = —1

1 3

& —, Cy = —
1 27 2 9
Ly 3

y—2e —|—26

To satisfy an arbitrary initial condition, we need two saus.

\_
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Distinct Real Roots'

ODE: ay” 4 by’ + cy

characteristic equatiomir? + br + ¢

b%> — 4ac > 0, two distinct real roots; andrs
general solutiony = cje™? 4 cpe??

anyy(to) andy’(ty) values can be satisfied by choosijgandc,

/
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Distinct Real Roots.

Three cases of asymptotic behavior:
e If both roots are negative then— 0
e If at least one root is positive then— +oo

e if one root isO and the other is negative thgn— C

The initial condtion ony’ determines the initial shape and the asymptoti

behavior determines the final shape.
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‘ Example'

y'+5y +6y=0, y(0)=2, y'(0)=3
r? +5r+6=(r+2)(r+3)

Yy = cre” ! + coe”
c1+co =2
—2c1 — 3¢9 = 3
c1 =9, cg=-—7

y = 9e " — Te
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Complex Conjugate Rooti

ay” + by +cy=0
ar’ +br+c=0
b* — 4ac < 0 — two complex conjugate roots
rn=A+iu, To=A—1U

_ e()\—l—i,u)t (A—ip)t

Y1 y Y2 =E€
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Euler's Formula '

Definition 9.4 (Euler's Formula) For any real

e’ = cos ut + i sin pt
We therefore have,
6()\—|—z’u)t _ 6)\75672“75

= e cos ut + e sin ut
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Complex Conjugate Rooti

We want a real solution~ use linear combination.

Y1 = e cos ut + e i sin wt

A

Y2 = € 1tcosut—eA

b4 sin ut
y1 + ya = (2)eM cos ut

Y1 — Y2 = (20)e™ sin pt

At A

y = c1e’" cos pt + coe” sin pit

Real initial conditions will yield reat;

~
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Complex Conjugate Rootj

ODE: ay” + by’ + cy
characteristic equationir? + br + ¢

b? — 4ac < 0, complex conjugate roots =+ i

A A

general solutiony = cie? cos ut + coe?t sin ut
anyy(tg) andy’(ty) values can be satisfied by choosijgandc,

real solutions are sinusoidal oscillations with frequen@nd
damping/expansion facter

A = 0 yields bounded oscillation
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/ ‘ Example'

16y" —8y' + 145y =0, y(0) =-2, ¢'(0)=1
1672 — 8r + 145 =0

1:|:3.
r= - 1
4

Yy = 6160'25t cos 3t + 6260'25t sin 3t
C1 ><1—|—CQ><O:—2
0.25¢1 + 3¢ =1

1
C1 — —2 Co — 5
1
Y = —2e%2% cos 3t + 560'25t sin 3t

(Srowing oscillation.
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Yy = cie

0t

‘ Example.

y' +9y =0
r*+9=0
r = +3i

cos 3t + coe

Ot gin 3t = c1 cos 3t + co sin 3t

Bounded oscillation for any real, yj,.

\_
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‘ Repeated Real Roo'

ay” + by +cy=0
ar’ +br+c¢=0
b* — 4ac = 0 — repeated real root

rn =—=To =T

yl — ert

y2 — tert
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/ ‘ Example' \

y'+4y +4y =0

(r+2)°=0
p=e 2 yp=te
Checky, in ODE
yo = e~

yh = —2e Mt +e % = e (1 — 2t
Yy = —2e (1 —2t) —2e %t = —2e7%(2 — 2t) = —4de (1 — 1)
Y+ 4y Ay = —de (1 —t) + de*H(1 — 2t) + dte”
=de™ M [-1+t+1-2t+1] =0

\_ /
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‘ Example'

o' +4y +4y =0, y(0)=1, 2(0)=-1

(r+2)°=0
yr=e 2, yy=te
Yy = Cle_Qt + Cgt€_2t and y’ — —2616_2t — 026_2t(1 — 2t)
C1 =— 1
—261 — Co = —1
y = o2t _ po—2t

y = —2e % 4 e (1 — 2t)
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‘ Summary'

ay” + by’ + cy = 0 constant coefficients
characteristic equationur? + br + ¢

distinct real roots; andrs
y = cre"t + coe™?!

complex conjugate roots + iu

A

Yy = cye t cos ut + 026>‘

bsin pt

repeated real root

y = cre’t + cote’

Proofs of general solution forms?
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