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Second Order Linear ODEs

Definition 9.2. Given two functions p and g, the differential operator L

associated with the ODE that maps a twice differentiable function of ¢ on
an interval o« < ¢ < 3 to another function of ¢ is given by

Lig] = ¢" +p¢' + q¢

Second Order Linear ODEs

Definition 9.1. An ODE is second order and linear if it can be written

Py + Q) + R(t)y = G(t)

An associated initial value problem also specifies

If P(t) # 0 the explict form

¥+ ()Y +q(t)y = g(t)
will often be used.

o

Existence and Uniqueness

Theorem 9.1 (Textbook page 146). Ifp.q, and g are continuous functions
ontheinterval T . a <t < f that contains to then the initial value

problem
¥ +p)y + q(t)y = g(t)
y(to) = yo
¥ (to) = g

has a unique solution that exist throughout T.

o




Superposition

Theorem 9.2 (Textbook page 147). If y1 and yo are two solutions to the
homogeneous ODE

Liyl =y" +pt)y +q(t)y=0

then the linear combination ¢y, + €2Ya is a solution for any constants ¢y
and ¢y.

o \

Constant Coefficient Problems

Definition 9.3. If a, b, ,c are real constants, the ODE
ay’ +by' +cy=0
is a second order linear ODE with constant coefficients.
* How are they solved?

o What are the important properties of the solutions?
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Overview

¢ homogeneous second order linear ODEs with constant coefficients
¢ general solution and fundamental solution sets

» Wronskian

e general solution for nonhomogeneous problems

¢ Method of undetermined coefficients for nonhomogeneous constant
coefficient problems

¢ Method of variation of parameters for nonhomogeneous constant
coefficient problems

¢ some nonconstant coefficient problems

\ Constant Coefficient Problems J

Recall the first order problem

YVt+ey=0—-y=e

Hypothesis for second order problem y=c¢e".

y=e
m\ . ﬁmiw
m\\ — ﬁwmi
ay’ + by +cy = a(r?e™) + b(re™) + c(e™)

= [ar® + br + c]e™




Constant Coefficient Problems

ay’ + by +cy = [ar® + br + ]
€t #0—ar’ +br+c=0

7 generates a solution to the ODE if it is a root of ar? + br + ¢

Consistent with first order
Y +ey=0
a=0, b=1
br+e=0er=—¢

Solutions

ODE: ay” + by’ 4+ cy =0

characteristic equation: ar? + br + ¢

b? — dac > 0 — two distinct real roots
b? — 4ac < 0 — two complex conjugate roots

b —dac=0— repeated real root

Distinct Real Roots

@t —y= Og @AOV = M, .@\AOV =-1

?-1=0—r=x+]
Y1 =cie, Yy = cpet
@HAOV =2= Qumo =

Yi(0)=-1#c1e®=2x1=2
Cannot satisfy the initial conditions with Y11 solves ODE but not the

IVP.

Distinct Real Roots

y=cre' +ce”t = cret ~ cpet

Y0)=c1+ey =2

Y(0)=c1—ca= -1
1 3

Sﬂm“ SHM

1, 3,
@|wm +Mm

To satisfy an arbitrary initial condition, we need two solutions
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Distinct Real Roots

ODE: ay” + by’ + cy

characteristic equation: ar? + br + ¢

b? — dac > 0, two distinct real roots r1 and rq
general solution: y = c;e™t + cpe™?

any y(to) and y'(to) values can be satisfied by choosing ¢; and ¢,

/

¥ +5y +6y=0, y0)=2 ¢(0)=3

ﬂm+ms+mﬂ?+mv?+wv

—~2t

Yy =cre” % 4 cpe3t

c1+cp=2
imﬁlwnm“w
c1 =9, cg=-7

y = @mlmn _ .lemu

Distinct Real Roots

Three cases of asymptotic behavior:
¢ if both roots are negative then y — 0
o if at least one root is positive then y — 400

e if one root is 0 and the other is negative then y — C

behavior determines the final shape.
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The initial condtion on 3’ determines the initial shape and the asymptotic
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Complex Conjugate Roots

ay’ +by +cy=0
ar +br+c=0

b? — dac < 0 — two complex conjugate roots
TE=A4idpg, ro=A—ip

yp = eOHim)t yp = e(Aimt




Euler’s Formula

Definition 9.4 (Euler’s Formula). For any real 7

et = cos ut + isin ut

We therefore have,

e(A+ip)t _ myum:;

= e cos pt + e isin ut

Complex Conjugate Roots

e ODE: ay” + by + cy

e characteristic equation: ar? + br + ¢

e b? — dac < 0, complex conjugate roots A + in

* general solution: y = c1e* cos ut + cpeM sin ut

» any y(to) and i/ (tp) values can be satisfied by choosing ¢; and ¢,

o real solutions are sinusoidal oscillations with frequency u and
damping/expansion factor ¢t

A = 0 yields bounded oscillation

Complex Conjugate Roots

We want a real solution — use linear combination.

y1 = e cos ut + e Misin ut

e cos ut — eMisin ut

Y2
v1+y2 = (2)eM cos ut
¥1 = Y2 = (2)eM sin pt

y = creM cos pt + coeM sin ut

Real initial conditions will yield real ¢;

N
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16y" — 8y’ + 145y =0, y(0) = -2, 4/(0)
16r% — 8r + 145 = 0
1

y = 1225 cos 3t + coe® Pt sin 3¢

ciXxl4+ex0=~2

0.25¢; + 3¢5 = 1
1
C; = -2 Cog = M

1
y = —2e" cos 3t + ~ 025t i 3t

2
Gnoém:m oscillation.
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¥V +9 =0
r?+9=0
r=%3
@“nwmo

“cos 3t + coe® sin 3t = ¢; cos 3t + co sin 3t

Bounded oscillation for any real Yo Yo-

N
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Repeated Real Root

ay’ +by +ey=0

ar* +br+c=0

b —dac=0 — repeated real root
T =re=7
Y = m.l

y2 = te’

w\\lepm\\l_r%@”O
(r+2)%=0

y1=e%, yp=te ™

Check y» in ODE

Y = te %
vp = ~2¢" %t e = 721 — 2)
vy = —~2e72(1 - 2¢)

- Mmlmn = —9 lquN _

e 2t) = —4e™ (1 —¢)
@\\ITNP@\ATQQHIA

4e”? (1~ t) + e (1 — 2t) + dte~2

=4e [~ 1+t+1-2+1¢] =0

J
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Yi+4y +4y=0, y(0)=1, y(0)=-1
(r+2?%=0

Vi=e, oy =t

y=cre 2 4 cate™ 2 and Y = —2c1e7 % _ Smﬁﬁﬁ - 2t)

c1=1

—2¢; —cp = ~1




ay" + by’ + cy = 0 constant coefficients

characteristic equation: ar? + br + ¢

e distinct real roots 7y and ry

Y= cremt 4 cyett

complex conjugate roots A =+ iy

v = cre* cos ut + coeMt sin wut

® repeated real root r

Yy =cre"t + cqte”

¢ Proofs of general solution forms?
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