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‘ |ntegrating Factorsfor First Order ODESI

GivenM (x,y) + N(x,y)y’ is not exact,

If P = (My;f Nz) is a function ofzr only, then
dp
—— = P(&)p — px) = exp| | P(w)dz]

IS an integrating factor.
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‘ |ntegrating Factorsfor First Order ODESI

Given M (x,y) + N(x,y)y’ is not exact,

(V.- M) S
If R= oM — yN IS a function ofz = zy only, then
dp
-, = =) — plz) = exp| [ R(2)dz]

IS an integrating factor.
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\Problem 1.1'

Textbook, p. 132, Problem 1

2y —z°)+zy =0, x#0
M=2y—-2°), N==x
M,=2 N,=1
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\Problem 1.1.

Textbook, p. 132, Problem 1

M,-N, 2-1 1

N oz =z

IM(ZC) _ efas_ldx _ Celn|x| —

integrating factor: u(x) = x
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\Problem 1.1.

Textbook, p. 132, Problem 1

2zy — ) + 2%y =0, = #0
(uM)y = (uN)o = 22
exact ODE




/

\Problem 1.1'

Textbook, p. 132, Problem 1

5
\I!:/ude=/(2zcy—aj4)dw:az2y—%Jrh:QJrh

ulN =@, +h
*=2*+h —h=C

=g’y —=C
Ty :
_C x3
y_xQ 5




/ \ Problem 1.2.

Textbook, p. 132, Problem 2

, l4cosx
y p—

2 —siny
(—cosz —1)+ (2 —siny)y =0
M = (—cosx—1), N =(2—siny)

separable

H, = —/(cosaerl)dx: —sinx — x

Hy; = /(2 — siny)dy = 2y + cosy

—sinx —x 4+ 2y + cosy = C
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\ Problem 1.3.

Textbook, p. 132, Problem 4

y =3 —6x+y—2xy
y + (2x — 1)y =3 — 62
linear ODE
plr)=2x—-1, g(x)=3—6x
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\ Problem 1.3'

Textbook, p. 132, Problem 4
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\ Problem 1.3.

Textbook, p. 132, Problem 4

Y = Ce® ™% 4 e /ex2_x(3 — 6x)dx
=2 -z, dz= (22 — 1)dzx
Yy = Ce™™ @ — 3= /ezdz
y = et _ ger—u it —u

2
=(Ce™™* —3
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\ Problem 1.4'

Textbook, p. 133, Problem 12

, 1

J :_y+1+ef’3
, 1
Yy +y= 11 o
linear ODE
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\ Problem 1.4'

Textbook, p. 133, Problem 12

B 1
14 e’

ea;
:C — X — T

z=e"+1, dz=¢e"dx

1
y=Ce " +e 7 / —dz
z

=Ce * +e lnle® + 1]

p(r) =1, g(z) p=e"

=Ce ¥ +e *In(e” +1)
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\ Problem 1.5.

Textbook, p. 133, Problem 13

y =14 22+ 3% + 2xy” = (1 + 22)(1 + y°)
1
(1+9?)

y' = (1+2z)

—(1+ 2z) + y' =0 separable ODE

1
(1 +9°)
le—/(1+2x)daz:—az—x2

1
Hy = dy = arctan
? /(1+y2) y /

U =—z — 22+ arctany = C
y = tan(z + z° + O)

15




//’*

\ Problem 1.6'

Textbook, p. 132, Problem 10

(@?y +zy —y) + (2®y — 22%)y =0
M = (z®y +zy —y), N = (a°y—227)
My::v2—|—a:—1, N, =2xy — 4x

not exact
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/ \ Problem 1.6.

Textbook, p. 132, Problem 10
Try the usual integrating factor forms:

M, — N, _332+:U—1—2:Uy—4:v

N x2y — 222
not a function ofr only

Ny — M, 2oy + 4 —x? —x + 1
M N x2y + 2y — vy
not a function ofy only

Ny — M, 2oy + 4 —x? —x + 1

eM —yN  (23y + 22y — xy) — (2292 — 222y)
not a function ofz: = xy only
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\ Problem 1.6.

Textbook, p. 132, Problem 10

Notey = 0 Is a solution and that it = 0 — not an ODE

Assume thay # 0 andx # 0.

Division is OK then, so take a common factor outddfand V:

(@?y +zy —y) + (2®y — 22%)y’ = 0

18




/ \ Problem 1.6'

Textbook, p. 132, Problem 10

(1+5—%)+(1——)y’=0
1 1. -
M= (1 ;—?LNEO—?

separable ODE

@=/M®+/N@:C
1

U = (z + In|z| + E) + (y —2Injy|) = C

19
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\ Problem 1.7'

Textbook, p. 133, Problem 15

(e + 1)y =y —ye’
(" + 1)y =y(1 —e”)
(e"+ 1)y + (" —1)y=0

xr 1 .

y' + (e >y = 0 linear homogeneous ODE
(e +1)
1 / (6:1: N 1)

-y + = (0 separable ODE
v) T e 1 1) P

20
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\ Problem 1.7'

Textbook, p. 133, Problem 15
Both need

rT—1
/(e )da: z:f, dz = 2dx
(e* + 1) 2

[ =2 [ gy

= Z/tanhz dz = 21n(cosh z)

21
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\ Problem 1.7.

Textbook, p. 133, Problem 15

Using the linear ODE general solution form:

X

= 62 In(cosh z) — (COSh 2)2 p— (COSh 5)2
C
Yy = C,Lb_l — T
cosh”(2)

22



/ \ Problem 1.7.

Textbook, p. 133, Problem 15

Using separable form:

(e —1) / 1
d —dy =C
/(6”3 Ty
2In(cosh z) + In|y| = C

exp|2In(cosh z) + In|y|| = C

(cosh 2)?|y| = C
C
~ (cosh £)2

23
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\ Problem 1.7'

Some related definitions:

1
sinhx = —(e* —e™ %)

coshx = 5(63’1 +e ")

eT — o7 62:1: —1 1 — 6—23;

tanh x = — —
eT 4+ e~ 7 62:13 + 1 1 + 62:13

sinh ¢ 4+ coshx = e*

2 . 1.2
cosh“x —sinh“x =1

24
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\ Problem 1.7'

Some related definitions:

/sinhx dxr = cosh z, /sinh L dr = a cosh L

a a

/xsinha: dr = xcoshx — sinhx
, x ..
coshx dr = sinh z, cosh — dxr = asinh —
a a

/xcosha: dr = xsinhx — coshx

/tanha: dx = In coshx

25



/ \ Problem 1.7.

Textbook, p. 133, Problem 15

Alternate separable form:

[ G+ [av=c

(e —=1) (e*—1—-e"+e®) (—1—e”+2e%)

(e” +1) (e” +1) N (e” +1)

2e” 1
-1+ d +/—d =C
/ e+ )y
—x 4+ 2In(e* +1) + Inly| =C

e (e” +1)%y| =C
Ce”

e + 1)2

thich can be shown to be equivalent.

T
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\ Problem 1.8.

Textbook, p. 171, Problem 8

16y" + 24y +9y =0
1672 +24r +9 =0
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\ Problem 1.9.

Textbook, p. 171, Problem 3

4y" — 4y — 3y =10

4r* —4r —3 =0

1 3
ri = —— To — —
1 27 2 9

y = cret? 4 cpedt/?

28



/ \Problem 1.10.

Textbook, p. 171, Problem 13 with modified initial conditson

9y + 6y’ +82y =0, 9°+6r+82=0

1
r:>\:|:ZILL, >\:_§7 M:S
y = c1e’" cos pt + coe’ sin pt

t/3

Yy =cire /7 cosdt + cze_t/3 sin 3t

/

Yy =cy [Ae” cos ut — pe’t sin put] + co [Ae” sin ut + pe™ cos it

1
y = c [—ge_t/ 3 cos 3t — 3e/? sin 3t]

1
+c9 [—ge_t/?’ sin 3t + 3e~ /3 cos 375}

\_
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\Problem 1.10'

Textbook, p. 171, Problem 13

46 6)-()-

7
Yy = e t/3 cos 3t + §e_t/3 sin 3t

|

RIS B
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\Problem 1.11'

Textbook page 144 Problem 20

2y" =3y +y =0
212 —3r+1=0

1
r1 =1, r2 =5

Yy = clet + czet/2

1
y =cre’ + §C2€t/2

31



/ \Problem 1.11.

Textbook page 144 Problem 20
Applying initial conditions yields

32
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\Problem 1.11'

Textbook page 144 Problem 20

To find the maximum we solve

y/:_et+get/2:o
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\Problem 1.11.

Textbook page 144 Problem 20

To find the zero crossing we solve

34
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\Problem 1.12'

Textbook page 155 Problem 2

Y1 = cost

Yo = sint
W y1,y2)(t) = y1y5 — Y213
= costcost — sint(—sint)

= cos’t+sint=1#0

Therefore{cost, sint} is a fundamental set of solutions.

\_ /
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\Problem 1.13.

Textbook page 155 Problem 3

yp=e

yo = te >
W (y1,y2)(t) = y195 — Y2y3
— (6—275)(6—275 . 2t6—2t) . (te—Qt)(_26—2t)

—e M1 —-2t4+20)=e* #£0

Therefore{e2¢, te2!} is a fundamental set of solutions.

\_

/
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/ \Problem 1.14. \

Textbook page 155 Problem 8

(t — 1)y" — 3ty + 4y = sint
y(=2)=2, y(-2)=1

Putting the ODE in standard for yields

y St n 4 _ sint
RS N VAN ()
3t 4 sint
PO =gy a0 =Gg 90 =g
There is a discontinuity &= 1. We havet, = —2 so the largest interval

\of continuity containing is —oo < t < 1. /
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