Homework 12 MAP 2302/3305 Fall 2009

Solutions will be posted on Friday, 4 December

Problem 12.1

12.1.a

Textbook, p. 428, Problem 1
Solution:
To find the eigenvalues:

3 —4
(0 2)

det(A— M) =B =A)(=1—=N)+4=X-2\+1
M= =1

To find the eigenvector:

(A= MI)v =0

2 —4 U1\ 0 - U1\ 2
1 -2 (%) N 0 (%) o 1
To find the principal vector (generalized eigenvector) for A\; we solve
(A—MI)p=w

However, since (A — A\ I)v = 0 there are an infinite number of such p vectors. To see this let
i € R be any real scalar and suppose (A — A\ I)p = v. We can create other solutions by

(A= MDp+p)=A-MDp+pu(A—=MlHv=(A-MNI)p=v

Therefore when we choose p we remove any piece in the direction of v. In particular we make
sure that the vector p we choose has p = 0.
For this problem we have

(A-MI)p=v

G 2)6)=0)-()=0)



Note that

(G =)()-0)

But if we happened to choose this vector we would remove any piece in the direction of v.

o 0-0)-0

i.e., p=1. So set p =0 and take the principal vector as

()

The general homogeneous solution is therefore

z(t) = ¢ G) e+ ¢y [G) te! + ((1)) et}
12.1.b

Textbook, p. 428, Problem 2
Solution:
To find the eigenvalues:

4 -2

= (¢ )
det(A— )= (4—A)(—4—)\)+16 = \?

)\1 :>\2 :0

To find the eigenvector:

(A-)q[)’l)zo

4 -2 U1y 0 R U1\ 1
8 —4 (%) - 0 V2 N 2
To find the principal vector (generalized eigenvector) for A; we solve

(A-=XMI)p=v

¢ D666 ()

The vector p has no piece in the direction of v and the general homogeneous solution is

therefore
z(t) = e (;) o KD o (—O%H



12.1.c

Textbook, p. 428, Problem 4
Solution:
To find the eigenvalues:

-3 5/2
A:(—5/2 2)

det(A— M) =(=3—-X)(2—\)+25/4=)\+ ) +1/4
)\1:>\2:—1/2

To find the eigenvector:

(A—)\l.[)UZO

=5/2 5/2) (v\ _ (0\ _ (w) _ (1
—5/2 5/2) \wvy) = \0 w) 1
To find the principal vector (generalized eigenvector) for A\; we solve

(A—MI)p=v

(302 2 ()= () = () = ()

The vector p has no piece in the direction of v and the general homogeneous solution is

therefore
_ -y IR 0\ ¢
z(t) = <1> e % 4 ¢y [(1) te” "7 4 2/5 e

Problem 12.2

12.2.a

Textbook, p. 439, Problem 1
Solution:



To find the eigenpairs:
det(A—=A)=X—1— X =1 M=—1

1 -1 ne 0 ne
(A=W = (3 _3) (U?J - (0) . U?) (
3 -1\ (v 0 v 1
— (2 — 1 — _ " —
(A= XI)v (3 _1) (09)) (0) <U§2) (3>

Therefore we have:

(1 0 (11 o 13 -1
M‘(o —1)’ T‘(1 3)’ =5l 1

We now solve ¢y = My + f for a particular solution vector y:
1, (A L3 =1 (et _ 1 [3ef—t
f=T g_<f2)_2(—1 1)(75 2\ —et 4+t
y) 1 0 Y1 1 (3e —t
3 + 3 t
Yo 0 -1/ \w 2 \—e" +1t

t 3 1 1
Yy = %/et(?)et —t)dt = —te' + ~t + =

2'¢ T3

e_t/ Myt = ety 1y L
=— [e(t—e)dt=—-€e"+-t— =
277 1 T Ty

Next we transform the solution back to the original domain to get a particular solution:



The general solution to the nonhomogeneous ODE is therefore

co-a () ()20 ) 1) )0
12.2.b

Textbook, p. 439, Problem 2
Solution:

¥ =Ar+yg

A 1 V3 B et
vz -1) T \VBe
To find the eigenpairs:

det(A— X)) =X —4— X\ =2 \g=—2
o= (3 ()0~ (5)- ()
(A= dol)0® = (jg ‘{g) (Zg) - (8) — (Z;i) = (_1@)

Therefore we have:

2 0 V3 o1 . 1 /-3 -1
M = T = 71— _=
(%) 7= (Y e) e ()
We now solve 3y = My + f for a particular solution vector y:
1 —\/g —1 et ﬁet ﬁe_t
o= () =5 (0 ) () - (R 2
! 2 0 V3t 4 V3ot
y} _ Y1 1 41€t + A _et
Y 0 =2 Y2 1€ — 3¢

2/3 3 1
Y = %_ /e‘zt(et +e')dt = —%et +——e!

43
—2t 1 3
Yo = eT / e (et —3e)dt = ﬁet — Ze_t



Next we transform the solution back to the original domain to get a particular solution:

P =Ty

(P (L)

<_2 t —1 t
3 —
- (Zn)e+ ()

— 7

The general solution to the nonhomogeneous ODE is therefore
_ 2t \/§ —2t 1 _ % t —1 —t
x(t) = cre (1)+026 <_\/§> (\/?g e+ \/% e
12.2.c

Textbook, p. 440, Problem 3
Solution:

¥ =Ax+g

2 =5 —cost
A_(1 —2)’ g_<sint)
det(A— M) =X +1— Iy =i

Since this problem has a conjugate pair of roots we use it to exemplify the use of Laplace
transforms to solve a system without any initial transformation to a special form.

In order to do this we first consider generating the Laplace transforms of some func-
tions that tend to appear in solutions of oscillation problems, i.e., problems with complex



eigenvalues. Specifically we will derive the following:

L{tsint} = (823_—81)2
L{tcost} = (32251)2 T (& :_ 1) - (;22_:11)2
L{tcost+sint} = (5227821)2
L{—tsint + cost} = — 2 t— = —

@+ @) (@Ep

_ 252 2 2
L{tcost —sint} = TEr1? (D) (1)

Recall that

L{f(1)} = F(s)
L{f' ()} = sF(s) = f(0)

L{=tf(t)} = F'(s)

We have
L{tsint} = —L{—tsint} = —F'(s)
) 1
where F(s) = L{sint} = 11
, B 2 . B 2s
S F'(s) = EFE L{tsint} = [EFmE
L{tcost} = —L{—tcost} = —F'(s)
where  F(s) = L{cost} = 211
25> 1 25> 1 s?—1

L F(s) = — tcost} = - =
- F(s) (s2 4 1)? T (24 1) — L{tcost} (24+1)2  (s2+1) (s2+1)2



From these we can derive the others:

L{tcost +sint} = L{tcost} + L{sint}
25> 1 1 25°

B (32%—1)2_(32+1)+(32+1)_(32+1)2

Note also that this follows from differentiation:

L{(tsint)'} = L{tcost +sint} = sL{tsint} — 0sin0

28
(s2 4+ 1)2
We also have
25 s 2 —s
L{—tsint t} = L{—tsint} + L{cost} = — =
{=tsintdcost) = Li=tsint} + Licost} = G + a7y ~ (1)

Note also that this follows from differentiation:

L{(tcost)'} = L{—tsint + cost} = sL{tcost} —0cos0
s —1 -5

3(52+1)2 - (s2+1)2

Finally we have

L{tcost —sint} = L{tcost} — L{sint}
252 1 1 2

(2+1)2 (s2+1) (241)  (s2+1)?

This also follows from integration:
/—tsint dt =tcost —sint
: . 1 .
L{tcost —sint} = L{ | —tsint dt} = —L{—tsint}
s
Care must be taken however when using integration and differentiation with the constants
of integration and the constants, e.g., f(0) in the Laplace transform expressions. In the

cases considered here all were 0. Also these formulas are easily generalized to have nontrivial
frequencies and scales by exponentials which are also encountered in oscillation problems.



Returning to the solution of the system of ODEs using Laplace transforms we have

sl — A= (8:12 si?) — det(s — A) =s*+1

=y (70

o) = (") = 60 - -

sint 1

(s2+1)
The Laplace transform of a particular solution of the system is given by

X®(s) = (sI — A)'G(s)

XPs)) _ 1 (s+2 —5) 6T
xPis))  (+1) 1 s—2 .

D)

We can recover xgp ) (t) using the Laplace transforms derived above:

2 2s 5
X(p) — S _ _
1 (s) (s2+1)2 (s2+1)2 (s2+1)2
1 28 2s N 5 (—2)
C2(s241)2 (s241)2 0 2(s241)2

xgp)(t) = E_I{Xl(p)(s)} = 2tcost — 3sint — tsint

We can recover :cgp ) (t) using the Laplace transforms derived above:

2

(p) _
Xy (s) = —(32+1)2

xép)(t) = ‘C_l{XQ(p)(S)} =tcost —sint

To verify the fact that this is a particular solution to the system of ODEs we can differ-
entiate these two solutions and compare them to

Ax+g

9



We have

xy = —tcost — 2tsint — cost — sint

rh = —tsint

and it is easily verified that

xy = 221 (t) — Bag(t) — cost
xhy = x1(t) — 229(t) + sint

Note that when comparing this to other particular solutions they may differ by a homoge-
neous solution.

12.2.d

Textbook, p. 440, Problem 6
Solution:

¥ =Ax+g

—4 2 t~1
A_(Q —1) 9‘<2t1+4>

det(A— M) =AA+5) =X\ =0, X=-5

(A= MW =0
3 (”%13) H( )
(A— Ag 0

12\ (o)
2 4) )

() (-
AV
The general homogeneous solution is therefore

ol ()

10



We have therefore

We solve

y'=My+f
f=T""g
_1/1 t tt+8/5
5 21 2! 4/5
Yy =0y, +t 1 +8/5

Yy = =5y +4/5

So ¥, is simply computed by integrating 5¢t~! + 8 since the 0 eigenvalue removes 3, from
the differential equation. We have, since ¢ > 0

—lnt+§t
Y1 = 5

4

9222—5

Next we transform the solution back to the original domain to get a particular solution:

2P = Ty
1 -2
1 1\ 8 4 (-2
= (2> Int + (2> 5t+ 55 < 1 )
The general solution to the nonhomogeneous ODE is therefore

2(t) = o (;) + o0 (_12) T (;) Int+ (;) % + (

11

=24,

)

N



12.2.e

Textbook, p. 440, Problem 9
Solution:

¥ =Ar+g

=t 2 o= ()

1
det(A—A) =025(A+8)(A+2) = N = ~5 Ay = —2

Associated eigenvectors are easily seen to be

1 1
(1) _ @ _
w=() =)

Therefore the general homogeneous solution is

l’h(t) =C (}) €7t/2 + C (_11) 672t

-G )

We have

B 1 /-1 —1\ /2t t+ Let
B S _ 2
f=T"9= 2 (—1 1><et) <t—%et

12



The particular solutions in the y coordinate system are

I = L —i—t—i—let
Y = 2y1 5

Y = e—t/Z/tet/2 + 1€3t/2
2

1
=2t —4+ —¢
+36

1
yh=—2ys+t— =€

2
Yy = 6—2t/t€2t_ 3t
1 1
:—t—Z——et

So we have the particular solution

L) — G) y + (_11> Yo = (g?g) t+ G?g) e’ — Gg?i)

and the general solution to the nonhomogeneous problem is

o) ea () () () ()

13



